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MHssile  ballistics,  Lebedev,  A.  A.,  Geraeyuta, 

N.  P.,  "Mechanlial  engineeRlng,"  1970,  p.  244. 

' '  I  ' 

This  book  is  devoted  to  an  examination  of  the 
methods  of  solving  certain  problems  of  the 
ba:).llstlcs  of  long-range  missiles.  Considerable 
attention  is  allotted  to  questions  of  the  inter¬ 
action  of  various  parts  of  the  rocket  and  the 
*  ’  control  system,  and  also  to  the  interdependent 

solution  of  problems  of  ballletios,  dynamics, 

I  ooptrol  and  firing’,  to  the  subordinate  require¬ 
ment  of  optimising  the  basic  characteristics  of 
the  missile  -  maximum  range  and  firing  accuracy. 

The  flight  conditions  of .the, missile,  the  Charac¬ 
teristics  of  the  missile  as  a  guided  mechanical 
'  1  system,  the  general  equations  of  motion  of  the 

rocket,  setting  data  for  firing,  maximum  range, 

.launching  dynamics  and  separation  processes,  the 
'  dynamics  of  the  ungulded  nose  section,  mlsslle- 
dof lection,^  the  selection  of  the 'optimum  trajec¬ 
tory  are  examined. 

This  bbok  is  intendel  for  engineers  and 
j  scientists  who  are  involved  with  questions  of 
I  miesilq  design  and  researohl  and  missile  control 
systems.  It  will  also  be  useful  to  students 
’  '  i  pursuing  advanced  college  courses  In- correspond¬ 

ing  specialities. 

<  96  li lustration?.  9  tables.  .31  biblio¬ 

graphic  entries. 

1  .  .  ( 

i  .  *  .  '  ■ 

Biivleifed  by  Doctor  of  Phyoloo-Nathottfttlcal  Soionces  0.  S«  Narlttanov 

» 

i  ,  .  - 

•  s  ,  . 

— - - - -  ,  . 

^Translator's  note:  Tlje  Kusslen  term  Is  more  at  dispersion]. 
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FOREWORD 


This  book  examines  some  problems  of  the  ballistics  of  longorange 
guided  missiles.  The  selection  of  these  problems  was  Influenced  by 
the  monograph  "Ballistics  of  Long-Range  Quided  Hissiles"  by  R.  F. 
Appazov»  S.  S.  Lavrov  and  V.  P.  Mishin.  The  authors  of  this  book 
have  first  of  all  attempted  to  develop  those  sections  of  ballistics 
which  were  only  covered  briefly  or  completely  omitted  in  the  mentioned 
monograph. 

In  the  practical  work  of  engineers  Involved  In  designing  any 
products)  the  necessity  of  £^>vlng  and  correlating  numerous  Inter¬ 
dependent  problems  and  questions  for  the  purpose  of  ensuring  diverse 
utd  usually  Inconsistent  technical  specifications,  imposed  on  a 
product  Is  characteristic.  In  this  case  the  solution  of  any  design 
problem  Is  begun,  as  a  rule,  by  the  engineer  by  oomplllr^;  or  sub¬ 
stantiating  a  rational  laathematloal  model  of  the  product,  sufficiently 
complex  for  obtaining  the  correct  answer  to  the  posed  question,  and 
at  the  same  time  surficlently  sliiq>le,  so  that  the  expenditures  of 
labor  and  time  on  the  calculations  are  not  excessively  great. 

In  connect  Ion  with  the  introduction  of  contemporary  coit‘>  uter 
technology  into  engineering  praotlce  making  it  possible  to  solve 
very  complex  technical  problems,  the  importance  of  operations  In  the 
compiling  and  substantiating  mathematical  models  has  increased  and 
the  expenditures  of  labor  by  engineers  on  these  types  of  operations 
have  become  greater.  Considering  what  has  been  stated,  in  stating 
the  main  problems  of  ballistics  (investigating  the  motion  of  a  missile 
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in  the  transitional  phases  of  the  trajectory,  investigating  the  motion 
of  the  nose  section,  calculating  the  dispersion  of  the  nose  section 
impact  points,  selecting  of  the  type  of  missile  trajectory,  determining 
the  setting  data  for  missile  launching,  ensuring  the  lAgxloum  firing 
range)  the  authors  intend: 

1)  to  show  the  characteristics  of  a  long-range  guided 
ballistic  missile  as  a  very  complex  object  of  dynamic  design  and  to 
show  the  connections  between  ballistics,  dynamics,  control,  firing, 
strength,  construction  and  operational  questions; 

2)  to  examine  the  mathematical  models  employed  in  solving 
various  ballistic  problems,  to  show  the  dependence  of  the  relationships 
considered  in  the  models  on  the  purpose  of  the  investigation  and  the 
design  specifications  imposed  on  a  missile,  snd  also  to  show  the 
necessity  of  taking  numerous  random  perturbing  factors  into 
consideration. 

tho  calculation  methods  and  the  results  of  actual  solutions  of 
ballistic  problems  are  not  examined  in  this  book  It  is  assumed  that 
the  basic  method  of  obtaining  the  numerical  results  are  by  oalculattona 
on  digital  computers. 

The  preaentatiori  of  the  above  enumerated  problems  and  questions 
is  carried  out  using  long-range  balllatie  missiles  with  liquid- 
pix>pellant  engines  as  examples  whose  thrust  is  governed,  By  examining 
long-range  missiles,  it  is  possible  to  very  graphically  show  the  efftet 
of  various  faotorn  on  the  solution  of  ballistic  problems.  Since 
llquid*^propellant  with  controlled  thrust  have  comparatively 

simple  oohtroS  Systems,  many  Interrelations  between  various  questions 
of  dynamic  design  are  substantially  simplified,  which  in  turn  makes 
it  possible  to  simplify  the  presentation  and  the  study  of  the  material 
In  this  book. 

Xn  their  ‘«:ork  on  this  book  the  authors  constantly  obtained 
friendly  cooperation  from  their  many  comrades,  to  whevt  they  with  to 
express  their  deep  appreciation,  tite  authors  are  also  grateful  to  the 
iHeviewer,  footer  of  fhysloo-Mathceatical  sciences  d.  S.  ttarisiinov 

PTO-Ht-pa-iito-n 


for  a  number  of  useful  remarks,  which  made  it  possible  to  improve  the 
contents  of  their  book. 

It  is  requested  that  opinions  and  suggestions  concerning  this 
book  be  sent  to  the  following  address:  Moscow,  B-66,  No.  1  Basmannyy 
Alley,  3,  "Mechanical  engineering"  publishing  house. 
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CONVENTIONAL  DESIGNATIONS 
(for  missile  and  nose  section) 
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-  speed  of  sound  in  the  atmosphere;  semimajor  axis  of 
terrestrial  ellipsoid; 

-  seralminor  axis  of  terrestrial  ellipsoid; 

-  coefficients  of  drag,  lift  and  side  force 
respectively; 

-  coefficients  of  axial  aerodynamic  force; 

-  coefficients  of  normal  aerodynamic  force; 

-  coefficient  of  transverse  aerodynamic ‘  force ; 

-  diameter  of  maximum  cross  section; 

-  eccentricity  of  terrestrial  ellipsoid; 

-  resultant  of  complete  aerodynamic  force  and  the 
attractive  force; 

-  gravitational  constant; 

-  force  of  gravity  (weight  of  the  object); 

-  launch  weight  of  the  missile; 

-  attractive  force  of  the  earth; 

-  weight  of  fuel; 

-  weight  per-second  rate  of  fuel  consumption 

-  acceleration  due  to  gravity; 

-  acceleration  due  to  gravity  on  the  surface  of  the 
earth; 


-  acceleration  due  to  attractive  force  (gravity); 

h  -  height  of  the  center  of  mass  of  the  object  over  the 
surface  of  the  terrestrial  ellipsoid; 

J  -  controlling:  functional; 
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of  inertia  relative  to  the  body  axes  Ox^^, 

Oyj^,  Oz^,  coinciding  with  the  main  central  axes; 

J  -  acceleration  of  the  center  of  mass  of  an  object. in 
a  relative  (terrestrial)  coordinate  system; 

J  -  absolute  acceleration  of  the  center  of  mass  of  an 
^  object; 

Jy  -  centrifugal  acceleration; 

Jg  -  coriolls  acceleration; 

K  -  ratio  of  oxidizer  weight  to  fuel  weight; 

L  -  missile  flight  range; 

Z  -  length  of  the  object; 

M  -  Mach  number; 

M  -  moment  of  force;  mass'  of  the  earth; 

M^l,  -  moments  of  bank,  yaw  and  pitch  respectively; 

m  -  mass  of  the  object; 

ih  -  mass  flow  rate  per  second  through  the  nozzle  exit 
cross  section; 

”*xl*  *"yl*  "'zl  “  coefficients  of  bank,  yaw,  pitch  moments  respectively; 

P  -  rocket  engine  thrust; 

-  the  specific  rocket  engine  thrust; 

p  -  air  or  gas  pressure; 
q  -  dynamic  pressure; 

-  generalized  coordinates  of  a  missile; 

-  dynamic  pressure  taking  wind  velocity  into  account; 

R  -  radius  of  the  terrestrial  sphere;  complete  aero¬ 
dynamic  force; 

Re  -  Reynolds  number; 

r  -  distance  between  the  center  of  mass  of  the  object 
and  the  center  of  the  earth; 

S  -  area  of  maximum  cross  section; 

s  -  apparent  path; 

T  -  absolute  air  or  fuel  temperature  in  ®K; 
t  -  time; 

t^  -  moment  of  the  termination  of  powered-flight  phase 
"  (separation  of  nose  section); 

V  -  ground  speed  of  the  center  of  mass  of  the  object 

(when  there  is  no  wind,  it  coincides  with  airspeed); 
the  volume  of  fuel  or  fuel  system; 


-  velocity  of  the  center  of  mass  of  the  object  relative 
to  the  atmosphere  (and  also  relative  to  the  earth 
when  there  is  no  wind); 


W  "  wind  velocity  relative  to  the  earth j 
w  -  apparent  missile  velocity j 
X  -  drag; 

“  axial  force; 

Xg  -  coordinate  of  the  center  of  mass  of  the  object  along 
terrestrial  axis  Ox^; 


AB 


-  distance  from  the  apex  of  the  object  to  the 
controlling  engines  or  other  control  elements; 

-  distance  from  the  apex  of  the  object  to  the  center 
of  pressure; 

-  distance  from  the  apex  of  the  object  to  the  center 
or  mass  (center  of  gravity); 

Y  -  lift; 


A  - 


a  - 


6  - 
Y  - 
5  - 


dg,  6^  - 


normal  force; 

coordinate  of  the  center  of  mass  of  the  object  along 
terrestrial  axis  Oy^; 

side  force; 

lateral  force; 

coordinate  of  the  center  of  mass  of  the  object  along 
terrestrial  axis  Oz^; 

geodetic  azimuth  of  the  direction  of  firing 
(Chap.  VII  and  VT.Ix); 

angle  of  attack;  ^.-lar  compression  of  terrestrial 
ellipsoid; 

angle  of  attack  taking  wind  velocity  into  account; 

angle  of  sideslip; 

specific  gravity;  angle  of  bank; 

angle  of  deflection  of  the  control  elements; 

angle  of  deflection  of  the  control  elements  by  pitch, 
yaw  and  bank  respectively; 

angles  of  deflection  of  the  control  elements; 


C  -  coordinate  of  the  center  of  mass  of  the  missile  along 
inertial  axis  OC; 

n  -  angle  of  bank  of  missile  relative  to  initial  launch 
coordinate  system;  coordinate  of  the  center  of  mass 
of  the  missile  along  inertial  axis  On: 

S  -  angle  between  the  velocity  vector  and  the  local 
horizon; 
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**  airspeed  vector  and  the  local 

♦  -  angle  of  pitch; 


geocentric  and  geodetic  longitude; 

angle  of  yaw  of  a  missile  relative  to  the  Initial 
launch  coordinate  system;  coordinate  of  the  center 
of  mass  of  a  missile  along  inertial  axis  OC; 
air  density; 


“  geodetic  latitude; 


•fry  -  geocentric  latitude; 


V  -  azimuth  of  the  projection  of  the  velocity  vector 
on  the  horlzonal  plane; 

^  angle  of  yaw  firing  azimuth  (Chap.  II); 

*^W  ^^^****^th  of  wind  direction; 

‘^xl*  “yl»  “zi  "  projections  of  the  angular  velocity  vector  of  the 
object  on  the  body  axes  Ox^^,  Oy^,  Oz^^; 

U3  -  angular  spin  rate  of  the  earth.- 
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INTRODUCTION 

By  balli&Ho  miaeile  is  customarily  understood  a  guided  flight 
vehicle  with  a  rocket  engine,  intended  for  the  delivery  of  a  payload 
over  long  distances  along  an  assigned  open  flight  path,  the  greater 
part  of  which  is  an  unpowered  flight  path. 

Characteristics  of  ballistic  missile  trajectories.  Depending  on 
the  forces  acting  on  a  ballistic  missile,  its  flight  path  can  be 
divided  into  three  sections  (Pig,  0.1): 

A  -  powared-flight  pfcaae,  l.e,,  the  flight  phase  with  the  engine 
system  operating  ,  in  which,  as  a  rule,  missile  flight  control  is 
being  carried  outj 

B  -  unpowered- flight  phaae^  in  which  the  missile  moves  as  a  free 
body.  Usually  this  phase  occurs  at  a  comparatively  high  altitude, 
where  the  aerodynamic  forces  are  very  low  and  the  missile  moves 
practically  only  under  the  effect  of  gravity; 

C  >  deaoent  phase  in  the  dense  layers  of  the  atmosphere,  in  which 
the  aerodynamic  forces  have  a  significant  effect  on  missile  flight. 

Since  in  phases  B  and  C  the  engine  system  Is  not  working  and  the 
rocket  is  affected  only  by  gravity  and  aerodynamic  forces,  the 
corresponding  flight  path  Is  ballistic,  but  the  B-C  flight  phase  itself 
of  a  ballistic  missile  is  called  the  passive  ^  or  ballistia  phase. 
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Pig.  0.1.  Trajectory  of  a 
ballistic  missile. 

KEY:  (1)  earth. 


The  unpowered-flight  phase  is  determined  by  the  parameters  of 
missile  motion  at  the  beginning  of  unpowered  flight  (i.e.  at  the  end 
of  the  powered  phase):  by  the  coordinates  of  the  center  of  mass  of 
the  missile  and  by  the  projections  of  its  velocity.  In  particular, 
the  coordinates  of  the  point  of  impact  of  a  rocket  on  the  surface  of 
the  earth  depend  on  the  parameters  of  the  motion  of  a  missile  at  the 
end  of  the  powered-flight  phase  and  on  a  number  of  other  factors,  for 
example,  on  the  condition  of  the  atmosphere  In  the  descent  phase,  on 
anomalies  In  the  gravitational  field  of  the  earth,  etc.  Thus,  In 
order  that  a  missile  carry  out  the  mission  assigned  to  It,  it  Is 
necessary  at  the  end  of  "the  powered-flight  phase  that  it  have 
completely  definite  values  of  the  parameters  of  motion  of  the  center 
of  mass  of  the  missile. 

Rocket  complex.  The  preparation  of  ballistic  missile  for  launch¬ 
ing  is  performed  by  a  mietHc  oompltx  which  ensures  the  carrying  out 
of  the  prelaunch  cycle  of  operations  and  the  launching  of  missiles. 
Included  in  a  missile  complex,  besides  the  missiles  which  are  the 
means  for  delivering  warheads  to  a  target  area,  are: 

1)  launching  installations  with  aggregates  of  operational 
equipcient,  servicing  and  communications  systems; 

2)  the  launch  control  system  with  the  control  center  and 
communications; 


B 
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3)  the  aiming  system  and  the  outboard  [that  which  is  not  onboard] 
flight  guidance  equipment. 

The  characteristics  of  missile  complex  in  many  respects  are 
determined  by  the  type  of  launch  positions.  Depending  on  the 
conditions  of  missile  application  and  the  requirements,  imposed  for 
protecting  the  launch  positions,  various  types  of  launches  can  be 
employed;  from  mobile  ground-based  launchers,  from  silo-launching 
structures,  etc. 

The  basic  characteristics  of  a  missile  complex  are  range  and 
firing  accuracy,  warhead  effectiveness,  capability  of  overcoming 
antimissile  systems,  combat  readiness,  reliability,  service  life, , 
production  and  operational  economy,  ease  of  servicing.  These 
characteristics  are  Intimately  connected  with  each  other  and,  as  a 
rule,  are  conflicting. 

A  missile  complex  is  a  complex  system  consisting  of  a  large 
number  of  elements  connected  with  each  other.  However  the  complexity 
of  a  missile  complex  is  due  not  only  to  the  large  number  of  inter¬ 
connections.  It  is  very  significant  and  oharacterlstlc  that  the 
connections  between  the  individual  elements  of  a  complex  are 
qualitatively  different  and  each  of  them  has  an  individual  importance. 
The  latter  means  that  the  malfunction  of  only  one  connection  can 
disturb  the  launch  or  the  normal  flight  Of  the  missile. 

In  creating  a  missile  complex  its  elements  are  examined  as  parts 
of  an  entirety  and  each  of  the  elements  is  developed  so  as  to  ensure 
the  required  characteristics  of  the  complex  as  a  whole . 

A  missile  and  Its  component  systems.  Contemporary  balllstlo  mis¬ 
siles  are  distinguished  by  the  diversity  of  their  etruotural  shapes. 
They  can  be  single-  and  multistage  with  sequential  ("tandem"  config¬ 
uration)  and  parallel  ("packet"  configuration)  stage  arrangement,  used 
as  a  liquid  or  solid  fuel  working  body,  etc.  The  difference  in  the 
designs  depends  upon  the  purpose  of  the  missile  and  the  requirements, 
imposed  on  it,  and  also  on  the  level  of  the  development  of  technology. 
These  conditions  also  determine  the  seleotion  of  the  structural  layout 
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of  a  missile,  type  of  propellant  and  engine,  method  of  launch,  etc. 

According  to  the  type  of  propellant  employed  ballistic  missiles 
are  divided  into  liquid-  and  solid-propellant  rockets.  With  respect 
to  specific  thrust  impulse  liquid  rocket  propellants  have  advantages 
as  compared  with  the  existing  solid  propellants.  A  significant 
advantage  of  liquid-propellant  rocket  engines  is  the  possibility  of 
multiple  starting  and  stopping  and  also  the  possibility  of  controlling 
the  thrust  magnitude  in  flight  for  reducing  the  flight  path  deflection 
of  a  missile  during  the  powered-flight  phase. 

Solid-propellant  rockets  as  compared  with  liquid-propellant 
rockets,  as  a  rule,  have  a  simpler  design.  However  as  a  result  of  the 
large  deviations  in  the  basic  characteristics  of  solid-propellant 
engines  (thrust  and  weight  flow  rate  per  second)  great  deflection  in 
missile  flight  path  in  the  powered-flight  phase  from  their  optimum 
values  occurs.  This  gives  rise  to  complication  of  the  flight  control 
system.  Subsequently  we  will  examine  the  individual  questions 
connected  with  missile  design,  as  Illustrated  by  liquid-propellant 
rockets. 

Intercontinental  ballistic  missiles,  as  a  rule,  are  made  multi- 
staged,  most  frequently  two-staged  with  sequential  stage  arrangement. 
Such  missiles  consist  of  three  sequentially  positioned  parts:  the 
separable  first  stage  part,  the  second  stage  housing  and  the  nose 
section  (Fig.  0.2).  In  flight  after  a  mlssi.le  has  attained  the 
assigned  velocity  (or  upon  burnout)  the  control  system  issues  the 
command  for  the  shut-down  of  the  first-stage  engines,  stage  separation 
and  the  starting  of  the  second-stage  engine.  At  the  end  of  the 
powered-flight  phase  upon  a  ooimnand  which  is  shaped  by  the  control 
system  on  the  basis  of  information  about  the  parameters  of  missile 
motion,  the  second-stage  engines  are  shut  down  and  the  nose  section 
is  separated  from  the  seconi-atage  housing. 

Bach  of  the  stages  of  a  liquid-propellant  rocket ,  as  a  rule, 
consists  of  a  fuel  compartment,  a  compartment  for  positioning  of 
Instruments  and  the  control  system  apparatus  and  a  tail  section  for 
accomodation  of  the  engine  system.  To  ensure  the  operation  of  the 
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Pig.  0.2.  Diagram  of  a  two-stage  liquid-propellant 
ICBM. 

KEY:  (1)  1st  stage  separating  part}  (2)  2nd  stage 
housing;  (3)  nose  section;  (4a)  2nd  stage  (4b)  1st 
stage. 

engine  system  a  number  of  special  systems  is  included  In  this  stage: 
pressurlaatlon  of  the  fuel  tanks,  synchronous  en^tylng  of  tanks, 
checking  of  the  fuel  levels  and  others. 

The  fuel  tank  pressurizing  system  is  Intended  for  creating 
pressure  excesses  in  the  tanks  before  starting  the  engines  and  during 
their  operation. 

The  system  for  the  synchronous  emptying  of  the  tanks  is  installed 
to  regulate  the  volumetric  expenditure  of  the  fuel  components.  This 
system  shapes  command  signals  in  such  a  way,  so  as  at  the  moment  of 
engine  shut-down  durlttg  1‘lritig  for  maximum  possible  range  to  ensure 
complete  consumption  of  both  propellant  components*  In  the  case  of 
the  absence  of  this  system  as  a  result  of  an  unavoidably  srlsing 
deviation  in  the  ratio  of  the  weight  consumption  rate  par  steot^  of 
the  propellant  ec^onents  toward  the  end  of  the  operation  of  the 
engine  systems  in  one  of  the  rooket  tanks  the  unused  working 
propellant  suppliea  remain,  which  lead  to  a  reduction  in  the  maximum 
firing  riuage. 
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The  level  monitoring  system  serves  for  the  remote  monitoring  of 
the  oxidizer  and  fuel  levels  In  the  tanks  during  servicing  arid  for 

I  I 

giving  conunands  to  the  servicing  units  at  the  end  of  servicing.  The 
level  monitoring  system  also  makes  it  possible  'to  periodically  monitor 

t 

the  levels  of  the  propellant  constituents  in  the  tanks  during  the 
prolo^ed  storage  of  a  fueled  rocket.  , 

...  '  ■  ' 

Each  stage  of  a  missile  has  oontrol  Hvnunia  whose  deflection  for 
the  creation  of  controlling  moments  is  acoompllshhd  by  control  acj^uators;. 
At  the  present  time  a  large  number  of  diverse  ballistic  missile  control 
elements  is  known*  among  which  the  most  frequently  used  fu*e  tufnlng 
combustion  chambers.  ’  ' 

I 

I  t 

1 

The  flight  control  system  is  the  totality  of  Instruments  and  ' 
devices  which  ensure  in  accordance  with  the  executed,  aiming  the 
controlled  flight  of  a  missile  and  the  impact  of  its  nose  section  in 
the  vicinity  of  the  target  with  the  required  koouraoy. 

t 

The  baste  staves  In  the  developaent  of  a  atsstle  qoaplex.*  Nlssile  ^ 
complex  is  developed  on  the  basis  of  the  taotleal-teohnioal  speolfioa^ 
tions,  which  define  Its  purpose*  technical  and  operational’  oharaoteris^ 
tics,  and  the  interaction  of  its  component  parts.  Among  the  basic 
characteristics  of  a  missile  it  is  possible  to  include  range  and 
firing  accuracy,  type  of  payload  and  its  weight,  the  possibility  of'  > 
its  overcoming  the  means  of  antimissile  defense,  ^launch  veii^t, 
type  of  launch,  engine  model  and  propellant' components,  the  number  pf 
rocket  stages,  the  type  of  flight  control  system,  co^t  readiness,  *  ) 
and  reliability. 

.  ■  \  '  « 

The  procese  of  developing  a  missile  rqi^lex  includes  a  nus^er  of 
phases.  In  the  first  phase  various  types  of  exploratory  pro<^edures 
and  preliminary  investigations  are  earried  out,  a  large  number  of  i 
diveree  variants  of  missile  complex  layouts  is  examined.  The  problems 
of  this  phaae  are  evaluating  the  possibilities  of  creating  a  missile  ' 
complex,  emtisitying  the  aesigned  taotlco-technical  iNquiremepts,  the 


*See,  for  example,  book  C20l. 
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selecting  of  eui  optimum  v^irlant  (or  vdrlants)  and  the  obtaining  of 
orlgljfial  data  for  table  plannlrig,  which  are  absent  In  the  tactloo- 
■  technical  requirements,  and  also  estimating  the  cost  for  carrying  out 
all ‘the  operations  and  their  exeoqtlon  times.  ' 

I  .  •  * 

df  the  large  number  of  questions,  usually  examined  during  pre¬ 
liminary  planning,  let  us  take  note,  f6r  example,  the  following: 
selection  of  the  missile  .layout ,  evaluation  of  the  welc^t  and 
centering  [c.g]  characteristics,  selection  of  the  propellant  com- 

■  I p<ment3 , Selection  of  the  nmdn  and  control  engines. 

.  !  _  ! 

I  * 

The  result  of  the  first, phase  operations  Is  a  pre-draft  design 
of  the  missile.  -  In  the  pre-draft  design,  prelWnary  materials  on 
ballistics  (flight-path,  calculations),  aerodynamic  characteristics, 
strength,  controllability,  missile  stability,  etc.,  are  presented. 
Furthermore,  materials  on  the  possibility  using  existing  ground 
equipment,  and  also  the  existing  px^uotion  o'apaoities  are  presented. 

'  ,  I  * 

■  The  second  development  phase  is  the  heeie  d«$i§ning  which  by 

tradition  is  frequently  called  $k$tok  deigning .  Before  the  beginning 
,  of  this  phase  the  individual  tactical  and  .teohnioal  data  of  the  missile 
comply,  ti\e  ooB^osition  and  the  ohhraotertstioe  of  ita  basic  parts 
i^e  made  more  precise. 

J  '  '  ' 

*  *  ' 

In  the  basic  designing  phase  in-depth  studies  of  all  questions 
connected  with  the  creating  of  a  miaeile  and  the  ground  equiimient  of 
the  complex  are  carried  4ut.  For  this,  besides  calculations,  labora¬ 
tory  investigations  and  experimental  ad^atment  of  various  unite, 
aubasiemblies  and  systems  are  employed.  Thus,  for  instance,  labora- 
^tory  inyestigatlona  and  lidjustiaent  of  the  inatrwseAts  and  subiaaembliee 
of  the  control  systtf^  ground  equipment,  strength  teetlng  of  the 
houalng,  tanka  and  the  individual  units  of  vne  mlaaile,  bench  testing 
of  the  engines,  experimental  iqveitigatifns  of  the  vlbrationa  of 
'  fluid  in  the  taidts,  etc*,  are  carried  out. 

the  problem  of  this  phase  of  opfratlons  la  the  preparation  of 
vhiid  materiaie  for  the  lumlng  out  of  technleal*4rawiiti  documentation 

■  .  I  ■  ■  » 

.s  ^  XX  .  ;  ' 

J  «  ' 


and  the  manufacture  of  prototypes  of  a  missile  and  the  ground  equip¬ 
ment  . 


The  next  phase  In  the  creation  of  a  missile  complex  is  the  working 
out  of  technical-drawing  documentation  and  the  manufacture  of  proto¬ 
types.  It  is  difficult  to  separate  this  phase  In  time  from  the  basic 
designing  phase  because  the  turning  out  of  the  technical-drawing 
documentation  and  the  manufacture  of  individual  units  and  systems  is 
frequently  carried  out  in  the  basic  design  period.  In  particular  this 
pertains  to  equipment  and  units  having  a  prolonged  technological 
manufacturing  cycle. 

The  next  phase  of  operations  is  the  ground  adjustment  of  proto¬ 
types  of  the  materiel  (individual  elements  and  systems)  using  test 
stands,  etc.  This  phase  to  a  greater  or  less  extent  can  also 
coincide  in  time  with  the  previous  phases. 

The  final  phase  is  the  final  adjustment  and  evaluation  of  the 
prototypes  by  flight  testing.  This  phase  of  operations  is  preceded 
by  the  preparation  of  the  documentation,  necessary  for  carrying  out 
the  flight  testing  and,  especially,  by  the  turning  out  of  instructions 
for  all  the  types  of  operations  carried  out  on  the  test  range.  It 
is  expeclally  necessary  to  note  the  working  out  of  questions  of 
ballistic  ensuring  of  the  flight  tests  (the  selection  of  the  test 
range,  the  firing  routes,  the  impact  area  of  the  separating  elements 
of  the  missile  and  of  the  nose  sections,  the  .selection  and  validation 
of  the  flight  control  programs,  flight-trajectory  calculations  and 
control  system  adjusting  data). 

The  flight  testing  of  prototypes  is  Intended  for  checking 
conformity  of  the  actual  and  assigned  technical-flight  characteristics 
of  a  missile,  control  equipment,  ground  equipment,  for  finding  ways 
of  Improving  them,  etc.  This  phase  plays  an  Important  role  in  the 
creation  of  a  missile  complex.  On  the  basis  of  the  test  results  the 
necessary  changes  are  Introduced  into  the  design  of  the  complex.  Thus 
this  phase  Is  usually  called  the  ftight-deeign  teeting  phase.  In  the 
course  of  testing  operational  questions  are  defined  more  precisely, 
the  operational  reliability  of  all  systems  and  units  Is  evaluated, 
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an  evaluation  of  the  operation  of  the  missile  complex  as  a  whole  is 
carried  out,  operational  documentation  is  prepared. 

The  place  of  dynamic  planning  In  developing  a  missile  complex.. 

In  creating  a  missile  complex  and,  especially,  the  missile  Itself  a 
very  large  role  is  played  by  dynamic  planning  which  mainly  Involves 
the  solution  of  problems,  of  ballistics,  dynamics,  control  and  firing. 
The  basic  characteristics  of  the  missile  and  its  layout  are  determined 
from  the  results  of  dynamic  planning. 

In  solving  a  question  concerning  the  possibility  of  creating  a 
missile  which  satisfies  the  assigned  tactico-technlcal  specifications, 
a  large  number  of  ballistic  calculations  is  carried  out,  on  the  basis 
of  vrhlch  the  most  rational  variants  of  the  layout  scheme  and  the  basic 
design  parameters  of  the  missile,  the  weight  and  c.g.  characteristics, 
optimum  flight  paths  are  determined. 

Questions  about  the  possibility  of  ensuring  the  controllability 
and  stability  of  a  missile  are  solved  by  means  of  research  on  its 
dynamic  layout.  The  latter  is  described  by  differential  equations  of 
perturbed  motion  the  coefficients  of  which  are  determined  by  the  lay¬ 
out  scheme  and  by  the  design  parameters  of  the  missile,  and  also  by 
the  parameters  of  the  motion  of  the  missile  along  the  optimum  flight 
path. 


By  examining  the  diverse  variants  of  the  solutions,  the  most 
rational  dynamic  and  therefore,  layout  scheme  of  the  missile  is 
selected.  In  this  case  it  is  necessary  to  overcome  a  number  of 
inconsistencies.  It  is  possible,  that  the  layout  scheme  of  a  missile 
which  satisfies  the  ballistic,  technological-design  and  operational 
specifications,  will  not  satisfy  the  controllability  and  stability  . 
specifications.  For  instance,  a  decrease  in  the  rigidity  of  a  missile 
for  the  purpose  reducing  its  weight  leads  to  a  reduction  in  the 
frequencies  of  the  elastic  vlhratlons  of  a  missile,  which  creates 
significant  difficulties  in  ensuring  flight  stability.  The  use  of 
sufficiently  effective  control  elements  (control  combustion  chambers, 
Jet  vanes,  etc.)  always  gives  rise  to  a  reduction  in  the  specific 
thrust  of  an  engine  system  or  to  an  increase  in  the  "dry"  weight  and 
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thus,  negatively  affects  the  energetic  poasibilltles  of  the  aisaile. 

In  connection  with  this  the  determination  of  the  most  rational  missile 
variant,  its  layout  scheme,  servicing  methods,  cost ,  development  time, 
etc . ,  to  a  great  extent  depends  on  how  correctly  the  problems  of  the 
dynamic  planning  of  a  missile  are  solved. 

In  the  basic  design  phase  the  role  of  dynamic  planning  is  still 
greater.  In  this  phase  it  is  necessary  to  give  a  comprehensive 
answer  to  the  question  of  the  sufficiency  of  the  accepted  solutions 
with  respect  to  ensuring  the  assigned  range  and  firing  accuracy, 
controllability  and  stability  under  all  possible  operating  conditions 
for  the  missile  being  planned,  i.e.,  under  all  geophysical  launching 
conditions,  in  diverse  meteorological  conditions,  deviations  in  the 
parameters  of  the  missile  and.  guidance  equipment  from  the  rated  values, 
variatlcns  in  the  missile'  assembly,  etc. 

The  presence  of  a  large  number  of  perturbing  factors  (variance  in 
the  atmospheric  parameters,  propellant  and  design  parameter  character¬ 
istics,  errors  in  the  operation  of  assembly  units  and  systems,  etc.) 
causes  deviations  in  the  parameters  of  missile  motion  from  the  rated 
values.  ,Thi8  fact  predetermines  thie  use  of  probability  and  statistical 
methods  in  solving  many  problem*-  of  the  dynamic  planning  of  a  missile 
(for  instance,  in  ensuring  assigned  maximum  firing  range,  in  evaluating 
nose  section  Impact  point  dispersion,  etc.). 

In  solving  the  problems  of  the  dynamic  planning  of  a  missile 
complex  the  method  of  complex  development  manifests  itself  brightly, 
in  which  a  complex  is  considered  as  a  single  unit.  In  dynamic  planning 
it  is  necessary  to  find  rational -•compromise  solutions  for  numerous  . 
Interdependent  questions.  Thus,  for  Instance,  the  selection  of  the 
control  method  affects  the  layout  and  the  power  engineering  of  ,a 
missile}  the  selection  of  flight  paths  is  connected  with  the  energy 
characteristics  of  the  missile,  the  temperature  and  strength  limitations 
the  firing  accuracy  requirements,  the  type  of  control  system 
(autonomous  or  electronic),  and  also  the  keep-away  areas  Intended 
for  the  falling  of  the  .  eparating  parts  of  the  first  stages,  and  by 
many  other  factors;  the  selection'  of  the  site  for  the  mounting  of  , 
gyroscopic  instruments  is  connected  with  the  question  of  ensuring  the 


stability  of  aj3  elastic  loJssilej  the  selection  of  the  method  of  stage 
sep«tratlon  and  the  separation  of  the  nose  section  -  with  the 
specifications  imposed  on  the  characteristics  of  the  engine  systems; 
the  selection  of  the  munber  and  site  for  installing  devices  dan^jlng 
the  oscillations  of  the  liquid  propellant  in  the  tanks,  -  with  the 
layout  of  the  missile  and  its  energetic  characteristics. 

The  role  o^  dynamic  planning  in  developing  a  silo  launching 
structure  is  great.  In  this  case  an  analysis  of  the  diverse  variants 
of  missile  motion  in  a  silo  structui*e  (free  motion  and  motion 
along  guides)  can  be  carried  out,  the  necessary  diameter  of  the  silo 
shaft,  inside  which  the  missile  moves,  the  sizes  of  the  gas  flow 
passage  cross-sectionals  areas  and  other  data,  necessary  for  the 
plannlp.g  of  a  silo  structure,  are  determined. 

In  selecting  a  variant  of  a  silo  structure  for  use,  besides  these 
data,  the  characteristics  of  the  reliability  of  the  exit  of  a  missile 
from  the  silo,  the  cost  of  the  silo  structure  and  other  factors  are 
taken  into  account. 

The  Intimate  interrelationship  between  the  various  questions  of 
the  dynamic  planning  of  a  missile  complex  makes  it  necessary  to  carry 
out  the  planning  in  several  phases,  correlating  the  obtained  results 
for  each  of  them  with  all  the  co-operators.  It  is  necessary  to 
approach  the  selection  of  the  command  instruments  and  the  other 
equipment  of  the  control  system  with  great  care  because  of  the  great 
complexity  of  their  manufacture  and  their  relatively  high  cost. 

Computer  technology  is  broadly  employed  in  solving  dynamic 
planning  problems.  Specifically,  the  calculations  of  the  powered  and 
unpowered  flight  paths  of  nose  sections  and  the  separating  parts  of 
missile  stages  and  other  ballistic  calculations  are  conducted  with  the 
aid  of  electronic  digital  computers  (UBM  *  EDO). 

In  analyzing  the  stability  of  motion,  the  basic  method  of 
investigation  is  the  simulation  of  perturbed  missile  motion  on 
electronic  analog  computers  (ABK  -  EAC)  using  real  onboard  control 
equipment.  This  method  makes  it  possible  to  obtain  a  rather  complete 


picture  of  the  actual  processes  occurring  in  flight. 

Recently  for  investigating  the  stability  of  missile  motion 
analog-digital  complexes  (AI4H  =  ADC)  are  beginning  to  be  widely  used 
which  are  a  combination  of  analog  and  digital  computers  with  the 
actual  equipment  of  a  flight  control  system.  Such  a  complex  makes  it 
possible  to  much  more  efficiently,  comprehensively  and  at  a  high 
technical  level  solve  the  problems  of  the  dynamics  of  missile  motion., 
One  of  the  problems  solved  with  the  aid  of  an  analog-digital  complex, 
is  the  problem  of  determining  the  worst  combinations  of  parameters  of 
missile  and  control  system  equipment  and  the  checking  of  the  reliabil¬ 
ity  of  ensuring  the  stable  motion  of  a  missile  under  various  adverse 
conditions . 

The  use  of  electronic  computer  technology  makes  it  possible  to 
carry  out  missile  flight  simulation j  taking  the  majority  of  random 
factors  into  account,  i.e.,  in  other  words,  for  a  given  model  of  a 
random  process  (missile' flight)  to  obtain  a  number  of  executions  of 
this  process  -  the  "electronic  launching"  of  a  missile  and  to  evaluate, 
for  example,  the  nose  section  Impact  point  dispersion. 

Besides  the  calculations  on  digital  computers  and  simulations  on 
analog  computers,  graphical-analytical  methods  of  investigation  are 
broadly  employed  in  dynamic  planning,  especially  in  the  preliminary 
design  stage.  The  use  of  graphical-analytical  methods  requires  a 
significant  simplification  of  the  dynamic  layout  of  a  missile.  Prom 
the  number  of  necessary  numerous  simplifications  it  is  necessary  to 
indicate  linearization  of  the  equations  of  motion  of  the  missile  and 
the  replacement  of  the  variable  coefficients  of  these  equations  with 
constant  coefficients  (the  method  of  "freezing"  coefficients).  Thus, 
for  Instance,  in  the  preliminary  investigation  of  the  stability  of 
motion  of  the  missile  the  noted  simplifications  are  assumed,  in  order 
t-'  ^hen  use  the  frequency  method  or  the  root-locus  technique.  The 
linearization  of  the  equations  during  the  investigation  of  firing 
accuracy  makes  it  possible  to  use  the  appropriate  methods  of  the 
probability  theory.  When  it  is  not  possible  to  disregard  the  non¬ 
linear  properties  of  a  missile  or  control  system,  such  methods  of 
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approximation,  afe  tha  method  of  harmonic  balance  or  the  method  of 
statistical  linearization  are  employed.  The  graphical-analytical 
methods  make  it  possible  for  the  engineer  to-  penetrate  deeply  into  the 
essence  of  the  phenomenon  being  Investigated,  which  facilitates  a  more 
successful  subsequent  solution  of  the  problems  of  dynamic  planning  with 
the  aid  of  more  precise  methods  using  digital  and  analog  computers  and 
digital-analog  complexes . 

The  basic  problems  of  missile  ballistics.  Missile  ballistics 
solves  the  following  basic  problems. 

1.  The  investigation  of  the  dependence  of  the  flight  character¬ 
istics  of  a  missile,  and  primarily  of  its  flight  range,  design  para¬ 
meters  for  the  purpose  of  selecting  the  most  advantageous  combination 
of  these  parameters  (ballistic  design). 

2.  The  determination  of  flight  path  and  other  basic  character¬ 
istics  of  the  motion  of  a  missile  with  known  design  parameters  and 
control  system  with  assigned  aiming  data  (ballistic  test  calculations). 

3.  Determining  the  initial  data  for  the  nose  section  design  and 
investigating  nose  section  dispersion  (the  problem  of  nose  section 
ballistics). 

Ensuring  maximum  aiming  firing  range  under  conditions  of  the 
effect  of  various  perturbing  factors  -  variance  in  design  parameters, 
variations  in  the  ambient  flight  conditions  and  others  (ensuring 
maximum  firing  range). 

5.  Investigating  the  effect  of  various  perturbing  factors  on  the 
powered-flight  phase  and,  especially,  the  errors  of  the  control  system 
elements  on  nose  section  Impact  point  dispersion  (investigating 
missile  deflection). 

6.  Determining  aiming  data  from  the  given  coordinates  of  the 
launch  point  and  target  (compilation  of  flight  mission) . 
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7 .  The  selecting  of  the  optlmuiu  flight  path  which  ensures  the 
best  use  of  the  missile’s  capabilities  (selecting  the  control  program). 

8.  Determining  the  initial  data  for  the  flight-design  testing  of 
missiles  and  analyzing  the  results  of  these  tests. 

All  these  problems  are  Intimately  connected  with  the  solution  of 
a  number  of  other  questions  relating,  especially,  to: 

—  aerodynamics  (.determining  aerodynamic  forces  and  aerodynamic 
heating  of  the  surface  and  structural  elements  of  a  missile  or  nose 
section); 

—  structural  dynamics  (calculating  the  elastic  vibrations  and 
the  vibrations  of  the  liquid  in  the  fuel  tanks); 

—  missile  control  (ensuring  the  stability  of  motion  and 
controllability  of  a  missile  taking  into  account  the  elastic  vibrations 
and  the  vibrations  of  fluid;  selecting  the  design  and  the  basic 
parameters  of  the  control  system); 

—  the  dynamics  of  non-steady-state  modes  —  launch  and  the  processes 
of  stage  separation  and  separation  of  the  nose  section  (ensuring  the 
separation  and  the  controllability  of  the  missile  during  these  phases); 

—  calculating  of  the  missile  design  for  strength  (determining 
structw'al  loads  for  various  flight  paths). 

Ballistic  design  plays  a  very  large  role  in  the  development  of  a 
missile  when  selecting  the  design  layout  of  the  missile,  its 
arrangement  and  the  values  of  its  structural  and  energetic  character¬ 
istics,  in  the  very  best  manner  conforming  to  the  specifications, 
imposed  on  the  missile.  At  the  prasent  time  ballistic  design  has 
developed  into  an  independent  discipline.  In  connection  with  this, 
this  book  does  not  Include  ballistic  design.  The  basic  questions  of 
ballistic  design  are  examined,  for  example,  in  book  [2]. 
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Ballistic  test  calculations  and,  especially,  the  calculation  of 
the  nose  section  unpowered  flight  phase,  is  not  of  direct  interest  for 
the  present  book  dedicated  to  the  complex  solution  of  the  basic  problems 
of  ballistics,  especially  since  the  methods  and  the  characteristics  of 
these  calculations  are  also  presented  in  book  [2]. 

Ballistic  calculations  for  flight-design  testing  are  inseparably 
connected  with  these  testing  methods.  The  latter  are  a  separate 
discipline,  requiring  independent  exposition. 

Thus,  included  within  the  scope  of  this  book  are  such  ballistics 
problems,  as  nose  section  ballistics,  ensuring  maximum  firing  range, 
investigating  missile  deflection,  determining  the  setting  data  for  a 
rocket  launching,  selection  of  optimum  trajectory.  Furthermore,  this 
book  touches  upon  certain  other  related  questions. 
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CHAPTER  I 

MISSILE  FLIGHT  CONDITIONS,  PECULIARITIES 
OF  A  MISSILE  AS  A  GUIDED  MECHANICAL 
SYSTEM 

The  solution  to  any  ballistics  problem  begins  with  the  compilation 
of  a  mathematical  model  (dynamic  layout)  of  missile  flight  which  Is 
described  more  or  less  by  the  complex  equations  of  missile  motion. 

The  mathematical  model  Ij  determined,  in  the  first  place,  by  the  posed 
problem,  depending  on  which  model  of  flight  conditions  the  investigator 
selects,  the  mechanical  model  of  the  missile  Itself,  the  model  of  the 
forces  and  moments,  applied  to  the  missile,  etc.  The  success  of  the 
investigation  depends  on  how  rationally  the  mathematical  model  of 
missile  flight  is  comiidsed.  The  basic  information  about  the  flight 
conditions  of  the  missile  and  the  characteristics  of  the  missile  as  a 
guided  mechanical  system,  which  must  be  kept  in  mind  when  compiling 
the  mathematical  model  of  missile  flight  in  ballistics  problems  are 
presented  below. 

1.1.  MOTION,  SHAPE  AND  GRAVITATIONAL 
FIELD  OF  THE  EARTH 

The  Notion  of  the  Earth 

The  earth  carries  out  complex  motion  which  mainly  consists  In  the 
following  components. 

1.  Rotation  around  its  axis  from  west  to  east  with  a  period  of 
23  h  56  min  A. 091  s  ■  86164.091  s  of  mean  solar  time,  or  24  h  « 
m  86400  8  of  sidereal  time;  the  angular  velocity  of  rotation  in  this 
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case  Is  respectively  equal  to 


2n 


86164.091 


==7,292M0-« 


rad/s. 


The  vector  of  the  angular  velocity  of  the  earth  Is  directed 
along  the  axis  of  rotation  from  the  south  pole  tq.  the  north  pole  in 
accordance  with  the  rules  of  signs  for  right-handed  coordinate  systems. 

2. 

velocity 

3. 

of  about 

4.  Precessional  motion  relative  to  the  axis  of  the  ecliptic  with 
a  period  of  25 « 800  years. 

5.  Notion  together  with  the  solar  system  relative  to  the  other 
stars . 

In  investigating  the  flight  of  a  ballistic  missile  all  these 
components  of  terrestrial  motion,  except  diurnal  rotation,  are  not 
taken  into  account  because  their  effect  on  flight  path  is  extremely 
small.  It  is  assumed  that  the  center  of  mass  of  the  earth  moves 
reotillnearly  and  uniformly  and  the  earth  rotates  uniformly  around 
its  axis  whose  direction  does  not  vary.  The  phenomena  connected  with 
the  rotation  of  the  earth,  play  an  extremely  large  role  in  missile 
dynamics.  Thus,  in  calculating  the  flight  paths  of  missiles  it  is 
necessary  to  consider  the  forces  of  inertia  caused  by  the  diurnal 
rotation  of  the  earth. 

As  a  result  of  its  rotation  the  earth  is  an  oblate  spheroid,  in 
which  the  distance  between  the  polea  is  less  than  the  diameter  of  the 
equator.  This  fact  together  with  other  deviations  In  the  shape  of  the 
earth  from  spherical  shape  and  the  non-uniform  distribution  of  masses 
inside  the  earth  make  it  difficult  to  determine  the  magnitude  and  the 
direction  of  the  attractive  force  of  the  earth  acting  on  a  missile. 


Annual  revolution  around  the  sun  with  an  average  orbital, 
of  29.893  km/8. 


Nutational  oscillations  of  the  terrestrial  axis  with  a  period 
18.6  and  with  an  amplitude,  not  exceeding  9.2". 
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The  Shape  of  the  Earth 


The  earth  is  a  body  of  complex  shape.  The  surface  of  the  earth 
with  all  its  irregularities  is  called  the  physical  surface  of  the 
earth.  All  kinds  of  geodetic  measurements  are  being  carried  out  on  it 
for  the  purpose  of  obtaining  initial  data  for  solving  various  geodetic 
problems.  The  physical  surface  of  the  earth  is  practically  impossible 
to  describe  mathematically ,  because  it  cannot  be  used  as  a  surface  for 
processing  the  results  of  the  measurements.  As  such  a  surface  it  is 
necessary  to  use  a  body  surface  which  most  closely  approaches  the 
earth  as  a  whole  in  shape  and  dimensions »  and  whose  surface  is  expressed 
by  a  mathematical  dependence  suitable  for  practical  use.  Of  the 
geometric  bodies  which  describe  the  shape  of  the  earth,  the  body  which 
has  received  the  name  gecid  most  closely  approximates  the  actual  earth. 
In  order  to  define  this  body  let  us  recall  the  concept  of  equlgravita- 
tional  potential  surface  [level  or  equipotential  surface  of  the  earth's 
gravity]. 

As  is  known,  the  diurnal  rotation  of  the  earth  creates  centrifugal 
inertia  which  acts  on  a  body  located  on  the  surface  of  the  earth. 

Thus,  It  Is  not  possible  by  experimental  means  to  separate  centrifugal 
inertia  from  the  force  of  terrestrial  attraction.  The  resultant  vector 
of  these  forces  Is  the  vector  of  the  force  of  gravity  (Pig.  1.1)  whose 
direction  in  space  can  be  determined  with  the  aid  of  a  plumb  line  or 
level. 

Equigravltatlcnal  potential  surface  is  a  surface,  at  each  point 
of  which  the  normal  to  the  surface  is  col linear  to  the  direction  of 
the  force  of  gravity.  A  Kcoid  is  a  body,  limited  by  an  equigravita^ 
tlonal  potential  surface  which  coincides  with  the  surface  of  oceans 
(undisturbed  by  tides  and  waves)  and  extending  under  the  continents 
(Fig.  1.2).  The  surface  of  a  geoid  is  continuous,  closed  and  does 
not  have  sharp  creases  and  folds.  Since  the  direction  of  the  force 
of  gravity  depends  on  the  attracting  action  of  masses  non^uniformly 
distributed  inside  the  earth,  then  the  surface  of  a  geoid  la  extremely 
complex  and  cannot  be  described  mathematioally.  For  this  reason  the 
geoid  is  replaced  by  a  simpler  body  in  such  a  way  that  its  surface 
differs  as  little  as  possible  from  a  geoid,  and  the  carrying  out  of 
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calculations  on  this  surface  does  not  present  significant  difficulties 


Pig.  1.1.  Diagram  of  the  application  of 
attractive  force,  centrifugal  force  and 
gravity . 

Pig.  1.2.  The  physical  surface  of  the 
earth,  a  geoid  and  a  general  terrestrial 
ellipsoid . 

KEY:  (1)  the  physical  surface  of  the  earth; 

(la)  geoid;  (2)  the  center  of  mass  of  the 
earth;  (3)  General  terrestrial  ellipsoid; 

(4)  the  Equatorial  cross  section  of  a  geoid; 

(5)  Equatorial  cross  section  of  a  terrestrial 
ellipsoid. 


As  a  first  approximation  it  is  possible  to  consider  the  earth  a 
sphere  whose  volume  is  equal  to  the  voliune  of  the  earth.  The  radius 
of  such  a  sphere  is  R  =  6,371,110  m.  In  some  ballistics  problems  this 
approximation  fiatlsfles  the  required  calculational  accuracy,  in  others 
for  example,  in  preparing  flight  tests  and  in  analyzing  results  of  a 
launch  such  an  approximation  Introduces  a  large  error  in  determining 
nose  section  Impact  points. 

In  most  cases  a  geoid  is  replaced  with  sufficient  practical 
accuracy  by  an  ellipsoid  of  revolution  obtained  by  revolving  an 
ellipse  around  its  minor  axis.  Such  a  properly  oriented  ellipsoid, 
which  in  the  very  best  manner  approximates  the  surface  of  a  real 
geoid,  is  called  a  general  torveetrial  ellipeoid  (see  Fig.  1.2). 


I 


A  general  terrestrial  ellipsoid  is  defined  on  the 
following  conditions: 


I 

basis  of  the 


1)  the  center  of  the  ellipsoid  coincides  with  the  center  of  mass 

of  the  earth,  and  the  plane  of  Its  equator  ,1s  parallel  to  the  equatorial 
plane  of  the  earth; 

:  I  ,  I 

'  \ 

2)  the  volumes  of  the  ellipsoid  and  the  geold  are  equal; 

3)  the  sum  of  the  squares  of  the  deviations  (with  respect  ,to 
height)  of  the  surface  of  a  general  terrestrial  ellipsoid  from  the  ! 
surface  of  a  geold  should  be  minimum. 

The  determining  of  the  dimensions  of,  a  general  terrestrial 
ellipsoid  is  one  of  the  basic  problems  of  geodesy.  At  the  present  ' 

time  this  problem  is  still  not  completely  resolved  because  the 
appropriate  measurements  (geodetic,  astronomical  and  gravlmetrid ) , 
being  employed  as  the  initial  material  for  the  solution  tO'  the  indicated 
problem,  have  still  not  been  carried  out  ont all  the  continents.  All’ 
the  available  dimensions  of  the  general  terrestrial  lellipboid  are 
approximate  and  to  one  or  another  degree  differ  from  the  dimensions  of 
the  real  general  terrestrial  ellipsoid.  .  Subsequently  we  will  proceed 
on  the  basis  of  the  following  approximate  values  of  the  parameters 

determining  the  dimensions  of  the  general  terrestrial' ellipsoid :  i 

.  ! 

-  somimajor  axis  (radius  of  the  equator)  a  *  6,378,137  m;  ' 

! 

-  compression  o  =  =  298.25»  "hqre  b  -  the  semlmlnor  axis 'of 

the  general  terrestrial  ellipsoid.  ' 

•  I 

•  ,  I 

The  surface  of  even  an  accurate  (with  respect  to  dimensions) 
general  terrestrial  ellipsoid,  correctly  oriented  with  respect  to  the 
earth,  can  deviate  from  the  surface  of  the  geoid  with  respect  to 
height  by  tens  of  meters.  In  the  opinion  of  a  number  of  scientists,  ' 
the  greatest  values  of  these  deviations  are  located  within  the  limits 
of  ±150  m.  In  certain  cases  for  the  purpose  the  reducing  the  errors  i 
in  the  replacement  of  a  geoid  by  the  general  terrestrial  ellipsoid  the 
concept  of  reference-ellipsoid  Is  introduced.  ' 

!  ■  . 

5  :  , 
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A  r0f0rfnoe-‘0llipaoid  Is  an  ellipsoid  of  revolution  with 
appropriate  dimensions,  oriented  in  a  definite  manner  relative  to  the 
earth  and  to  whose  surface  the  results  of  geodetic  operations  on  an 
investigated  part  of  the  'terrestrial  surface  (in  a  given  country) 
pertain.  The  following  conditions  are  imposed  on  the  orientation  of 
a  reference-ellipsoid:  ’  ' 

j  ■  .  I 

a)  the  greatest  proximity  of  tihe  surface  of  the  reference-ellipsoid 

to  the  surface  of  the  geold  only  on  the  examined  part  of  the  terrestrial 
.surface  i  i  ‘ 

1  '  .  i 

I 

b)  the  parallelness  of  the  axis  of  revolutJ^on  of: the  reference- 
ellipsoid  and  the  axis  of  rotation  of  the  earth  (coincidence  of  its 

,  I  ( 

center  of  mass  with  the  center  of  mass  of  the  earth  is  not  mandatory). 

On  the  territory  of  the  USSR  for  the  dimensions  of  the  reference- 
ellipsoid  it  is  possible  to  use  the  dimensions  of  the  Krassowskl 

I  I  I  ■  • 

ellipsoid,  namely:  the  semimajor  axis  a  *»  6,-378,2^5  m;  compression  • 
a  =  1/298.3.,  The  center  of  the  Krassowskl  ellipsoid  is  removed 
a  certain  distance  from  the  center  of  mass  of  the  earth.  Clarke, 
Kayford,  Everest  ellipsoids  are  also  used  as  reference  ellipsoids. 

I  ,  !  _  ! 

Coordinate  Systems  Defining  the  Position 
of  a  Polnlf  on  the  Terrestrial^  Surface 

The.  following  coordinate  systems  are  used  for  defining  the 
position  of  appoint  on  the  terrestrial  surface,  a  mathematical 
description  of  the  gravitatjional  field  of  the  earth  and  a  number  of 
other  problems. 

I 

I 

The  geocentric  coordinate  system  (Pig.  1.3).  The  position  of 
point  M  on  the 'surface  of  the  Krassowskl  ellipsoid  is  determined  by 

the  two  coordlnktes  X  and  ♦  .  1 

I  ,  y  • 

'  Longitude'  X  -  the  dihedral  angl9  between  the  planes  of  the  prime 

I  ' 

(Greenwich)  meridian  ;and  the  local  meridian,  passing  through  point  M. 
East  longitudes,  l.e.,  the  longitudes  of  the  points  located  to  the  east 
of  the  Greenwich  meridjian,  ar».  considered  positive,  and  the  western 
longitudes  -  negative.  1 
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Pig.  1.3«  ; . The  geocentric 
coordinate  system:  NABS  -  the 
prime  (Greenwich)  meridian: 
NMLS  -  local, meridian;  QBLQ  - 
equator;  -180®  <  X  <  180®, 

-90®  <  ♦  <  90®~  "* 


Geooentria  latitude  -  the  angle  Included  between  the  equatorial 
plane  and  radius-vector  r,  drawn  from  the  center  of  the  ellipsoid 
through  point  M.  North  latitudes,  l.e.,  the  latitudes  of  the  points 
located  to  the  north  of  the  equator,  are  customarily  considered 
positive,  the  south  latitudes  -  negative. 

The  geodetic  coordinate  system  (Pig.  1.^).  In  this  system  point 
M  on  the  surface  of  the  Krassowski  ellipsoid  has  the  following  two 
coordinates:  geodetic  longitude  X  which  is  defined  in  the  same  way 
as  in  the  geocentric  coordinate  system,  and  geodetic  latitude  which 
is  the  angle  Included  between  the  equatorial  plane  and  the  normal  to 
the  surface  of  the  ellipsoid  at  point  M.  The  geodetic  azimuth  of 
direction  is  the  angle  computed  clockwise  from  the  northern  direction 
p  of  the  geodetic  .nerldlan  of  the  given  point  to  assigned  direction  T. 
The  geodetic  coordinate  system  has  found  extensive  application  in 
ballistics  for  determining  the  launch  and  target  coordinates. 

Geocentric  and  geodetic  latitudes  are  connected  with  each  other 
by  the  relationship 

sin  (<Pr— <Pa)  sin  qv  cos 

where  e  -  the  eccentricity  of  the  meridional  ellipse  of  the  general 
terrestrial  ellipsoid. 
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Pig.  1.4.  The  geodetic 
coordinate  svetem:  NABS  -  the 
prime  (Oreemrich)  meridian: 

NMLS  -  local  meridian;  QBLQ  - 
equator;  pp  -  a  tangent  to  the 
local  meridian  of  the  Kraasowakl 
elllpaold  at  point  H; 

-180®  1  A  <  180®,  -90®  <  ♦r  <  90® 


The  astronomical  (geographic)  coordinate  system.  In  contrast  to 


geodetic  coordinates  determined  on  the  basis  of  geodetic  measurements 
and  pertaining  to  the  curfaee  of  the  ellipsoid  of  revolution, 
astronomical  coordinates  are  deteralned  on  the  basis  of  astronos^cal 
observations  ai^  pertain  to  the  surface  of  the  geold. 

In  this  coordinate  system  astronomical  (geographic)  latitude  is 
defined  as  the  angle  between  the  plumb  line  at  a  given  point  and 
the  equatorial  plane.  Astronomleal  (geographic)  longitude  is  the 
angle  between  the  plane  of  the  prime  meridian  and  the  plane  of  the 
astrontNsieal  meridian,  passing  through  the  plumb  line  at  a  given  point. 
The  reference  directions  and  the  siii^s  of  astronomical  latitude  and 
longitude  are  detemined  in  the  same  way  as  for  geocentric  and  geodetic 
coordinator. 

Aatroncttical  istltude  and  longitude  do  not  coincide  with  the 
corresponding  geodetic  values,  since  in  the  ioneral  case  a  normal  to 
the  geoid  and  to  the  ellipsoid  do  not  coincide  with  each  other.  The 
angle  included  between  a  normal  to  the  cDipsold  and  the  plumb  line  at 
the  point  being  examined  is  called  complete  plumb-line  deflection. 

The  mean  plumb-line  deflection  with  respect  to  the  surface  of  the 
earth  is  about  the  maximum  about  1*. 


lBgSiBS;Ur'"Wli'*iH  IWI  wa 


The  Gravitational  Field  of  the  Earth 

According  to  Newton’s  law  of  gravitatioji  every  particle  with  mass 
M  attracts  another  particle  with  mass  m  with  a  force  of  gi*avitational 
attraction  (gravity)  G^,  determined  by  the  dependence 

0,=  -/^.  ,  ,  (1-1) 

4 

where  f  =  65.^1 ‘10“^^  — 2 — jr  -  gravitational  constant;  r  -  the 

kgf*s^. 

distance  between  the  particles. 

During  the  flight  of 'a  missile  the  attractive  forces  of  the  earth 
and  the  other  celestial  bodies  act  on  it.  For  ballistic  missiles 
whose  flight  paths  lie  in  the  Immediate  proximity  of  the  earth,  the 
attractive  forces  of  the  celestial  bodies  are  extremely  small  (thus, 
the  attractive  forces  of  the  moon  and  sun  give  rise  to  an  insignificant 
variation  in  the  acceleration  due  to  the  attractive  force  and  plumb-line 
deflection;  the  effect  of  the  remaining  celestial  bodies  is  still 
less).  In  connection  with  this  we  will  subsequently  examine  only  the 
gravitational  field  of  the  earth. 

Attractive  force  is  conservative,  i.e.,  having  a  force  function. 

The  force  function  of  a  material  particle  with  mass  M  is  called 
Newtonian  potential  and,  is  equal  to 

U-2)  ■ 

where  r  -  the  distance  from  the  material  particle  to  the  point  in 
space  being  examined.. 

The  Newtonian  potential  of  an  arbitrary  body  with  mass  M  can  be- 
written  in  the  form 


where  r  -  the  distance  from  the  particle  having  mass  dm,  to  the  point 
in  space  being  examined. 


As  a  first  approximation,  if  it  is  considered  that  the  mass  of 
the  earth  is  concentrated  at  a  point  or  distributed  inside  the  sphere 
so  that  the  density  at  all  points,  equidistant  from  the  center  of  the 
sphere,  is  identical,  the  potential  function  of  the  earth  is  written 
in  the,  form  of  (1,2).  in  this  case  value  r  is  the  distance  from  the 
center  of  the  earth. 


Using  the  property  of  force  function,  it  is  possible  to  determine 
the  projections  of  the  attractive  force  of  a  particle  of  unit  mass  on 
the  axis  of  a  certain  coordinate  system  Oxyz: 


(1.4) 


In  particular,  the  projection  of  the  attractive  force  on  radius- 
vector  r  la  determined  , by.  the  expression 


dr  •'/«* 


(1.5) 


In  this  case  the  acceleration  imparted  to  the  particle  of  unit 
mass  by  a  spherical  earth,  is  directed  to  the  center  of  the  earth,  and 
is  equal  to 

_ _ iE. 

■  A*  •  (1.6) 

The  product  of  the  gravitational  constant  f  and  the  mass  of  the 
earth  m  is  constant  and  for  approximate  calculations  can  be  taken 
equal  to:  fM  »  3- 986004 ‘10^^  mVs^. 

The  normal  potential  of  the  earth.  In  general  form  the  problem 
of  determining  potential  function  U  for  the  real  earth  having  a  complex 
shape  and  non-uniform  distribution  of  mass,  is  extremely  difficult. 

In  gravimetry  it  is  customary  to  represent  the  potential  of  the  earth 
in  the  form  of  an  infinite  series 

y('-.  7.)=^+^  (1.7) 
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in  which  the  associated  Legendre  polynomials  are  determined  by  the 
expressions: 

Pso(sln9,)=YSln’?,-Y; 
P«(slii9j=|.sln*9.— ^  sln»7,+± 

etc . 

Being  limited  in  expression  (1.7)  by  the  terms  which  are  the 
main  spherical  functions  of  the  zero,  second  and  fourth  orders,  a 
convenient  formula  for  attractive  potential  is  obtained  called  the 
normal  potential  of  the  earth: 

TT  +i)  • 

where  Sqq,  a2Q,  a^Q  -  the  constant  coefficients  dependent  on  the 
angular  velocity  of  rotation  m  and  the  parameters  of  the  accepted 
model  of  the  earth: 


g  -  the  gravitational  constant  at  the  equator. 

3 

The  normal  potential  of  the  earth  corresponds  to  the  potential 
of  a  certain  spheroid  which  represents  an  idealized  earth,  and 
differs  somewhat  from  the  potential  of  the  earth.  This  dlfferepoe  is 
expressed  in  the  form  of  an  anomaly  in  gravitational  field  and  is 
taken  into  account  in  accurate  calculations. 

The  normal  potential  of  the  earth’s  attraction  depends  only  on 
the  distance  r  to  the  point  in  question  and  the  geocentric  latitude 

The  intensity  vector  of  the  normal  gravitational  field  is  always 
located  in  the  plane  of  the  meridian,  passing  through  the  axis  of 
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rotation  of  the  earth  and  the  point  in  space  being  considered.  This 
vector  g^  of  the  acceleration  due  to  the  forces  of  normal  attraction 
can  be  assigned  two  components:  and  g^^^-  lying  in  the  plane  of  the 

meridian  (Fig.  1.5),  in  this  case 


The  relative  error  in  these  formulas  is  comparatively  small  (it 
does  not  exceed  3*10'^)  and  is  entirely  permissible  in  solving  the 
majority  of  ballistics  problems  connected  with  flight -trajectory 
calculation  and  with  preparing  aiming  data  for  firing. 


grl— 


’IT’  au' 


(1.9) 


+-f  ^  (S  sln»  ^  sln’f.+  -i) ; 
&sln2p,+-|-  ^cos<p,{7sln»?.-3  sin  tJ. 


(1.10) 


In  deriving  the  equations  of  motion  of  a  missile  it  is 
convenient  to  examine  the  following  two  components  of  acceleration 
due  to  attractive  force  (see  Fig.  1.5);  directed  toward  the 

center  of  the  earth]  g^^  directed  parallel  to  the  rotation  axis  of 
the  earth. 


Pig.  1.5.  The  components 
of  acceleration  due  to 
gravity . 

KEY;  (1)  normal  to  the 
ellipsoid. 
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In  order  to  find  them,  it  is  necessary  to  separate,  in  turn,  the 
meridional  component  of  acceleration  due  to  attractive  force 
two  components  in  the  direction  of  radius-vector  r  and  the  rotation 
axis  of  the  earth: 

(1.11) 

a  — 


Component  gj^^  is  directed  opposite  to  component  g^j^.  Thus 


(1.12) 


We  will  finally  obtain 

4.^  i^(21sln<9,-l4slna?,4-l); 
^,.=-3  Msln<p„-±^sIn?,(rsIna9,-3). 


(1.13) 


(1.14) 


If  especially  high  oalculational  accuracy  is  not  required,  then 
it  is  possible  to  be  limited  to  the  first  terras  of  the  expanrlon  in 
the  series,  l.e.,  to  take 


(1.15) 


(1.16) 


where 


floBS«3,986!679»10M  .«»/<?«#«*; 

4*  050-26, 32785-  \C^ 


mVs^ 

mVs^ 
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1.2.  THE  ATMOSPHERE. 


The  flight  of  a  ballistic  missile  in  the  initial  and  final 
phases  of  its  trajectory  occurs  in  the  atmosphere.  Aerodynamic  forces 
arising  here  substantially  depend  upon  the  parameters  of  the  atmos¬ 
phere  -  density,  pressure  and  air  temperature.  These  parameters,  in 
turn,  depend  upon  the  flight  altitude,  the  geographic  latitude  of  the 
site,  the  season,  time  of  day,  and  a  number  of  other  factors,  for 
example  on  the  degree  of  solar  activity. 

For  determining  the  design  parameters  of  a  missile,  calculating 
trajectories  and  other  investigations  carried  out  in  dynamic  designing, 
the  tables  of  standard  atmosphere  (SA)  are  usually  used  which  give 
certain  mean  values  of  the  parameters  of  static  atmospheric  conditions 
depending  on  altitude.  Deviations  in  the  atmospheric  parameters  from 
standard  values,  and  also  wind  are  atmospheric  perturbances  which 
affect  missile  flight  and,  especially,  the  dispersion  of  the  impact 
points  of  its  nose  section. 

The  standard  atmosphere  SA-64  has  been  accepted  in  the  USSR  for 
altitudes  up  to  +200,000  m  (QOST  41*01-64).  For  altitudes  of  200,000- 
300,000  m  the  atmospheric  charaoteristios,  recommended  by  the  co¬ 
ordination  commission  of  the  Academy  of  Sciences  of  the  USSR  on  the 
compilation  of  the  DOST  for  standard  atmosphere,  are  given  in  this 
same  OOST. 

For  solving  problems  of  dynamic  design,  besides  the  standard 
values  of  atmospheric  parameters,  it  is  also  necessary  to  know  the 
ranges  of  the  possible  deviations  in  these  parameters,  which 
correspond  to  a  definite  level  of  probability,  and  for  various 
conditions  both  not  allowing  for  the  season  and  the  site  on  the 
terrestrial  sphere  and  also  taking  them  into  account.  Furthermore, 
for  more  precise  investigations  It  is  necessary  to  know  the 
statistical  dependences  between  the  random  deviations  of  each 
parameter  at  different  altitudes,  between  the  deviations  in  different 
parameters  at  a  given  altitude,  etc. 
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Various  methods  of  describing  the  perturbat5 ons  In  atmosphere 
parameters  are  possible.  Let  us  examine,  one  of  them.  Temperature 
T  and  atmospheric  density  p  can  be  i^resented  In  the  form 

r(*)=r„(*)+47-(*):  a.,?) 

4  .  (1.18) 

Where  T„,(h)  and  p„.,(h)  -  the  standard  values  of  temperature  and 
density;  AT(h)  -  the  deviation  In  temperature  from  the  standard 
temperature;  ^  (h)  -  the  relative  deviation  in  air  density  from  the 

‘'CT 

standard  air  density. 


For  assigning  random  functions  AT  and  Ap/o„,  it  is  possible  to 

wT 

use  the  method  of  canonical  expansions  [53. 

With  respect  to  the  case  In  question  atmospheric  parameters  as 
random  functions  of  the  altitude  of  a  point  above  the  surface  of  the 
earth  are  represented  In  the  form  of  a  canonical  expansion  In  the 
following  manner; 


4r(4>-if(*)+S4r,(W*,; 


l-l 


Htf  fttf 


fie? 


(1.19) 


(1.20) 


where  Z?(h),|£  ;'h)  ~  average  deviations  SA  values  corresponding  to 


'OT 


Ap 


the  point  in  question;  AT^  Ch),  ^p^h)  ->  certain  nonrandom  deviation 


OT 


from  the  mean  deviations  Sr  (h)  and  (h). 


Such  a  recording  of  the  parameters  of  a  "random  atmosphere" 
corresponds  to  its  representation  in  the  form  of  the  sum  of  a  certain 
number  of  m  "atmospheres"  with  the  random  coefficients  b^  and  o^. 
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^P4 

These  coefficients  and  the  coordinate  functions  AT>(h)  and  ^  (h) 

are  determined  on  the  basis  of  cumulative  statistical  data  which 
characterize  the  state  of  the  atmosphere.  A  rather  accurate 
representation  of  the  random  parameters  of  the  atmosphere  is  given  by 
an  expansion,  including  10-11  tezmis. 

The  use  of  the  method  of  canonical  expansions  of  random  atmos¬ 
pheric  parameters  makes  it  possible  to  solve  various  problems  which 
arise  during  the  designing  of  missiles.  One  of  most  frequently 
encountered  problems  is  the  problem  of  evaluating  the  statistical 
characteristics  of  atmospheric  parameters  taking  into  account  the 
random  character  of  the  variation  in  the  coordinates  and  the  flight 
time  of  the  missile  (the  geographic  coordinates  of  the  motion  of  the 
missile  and  the  flight  time  were  unknown  earlier).  A  typical  example 
of  this  type  of  problem  is  the  problem  of  missile  deflection.  The 
structure  of  the  canonical  expansion  in  this  case  reduces  to 
determining  the  unknown  random  variables  and  the  coordinate  functions 
for  a  rather  extensive  area  from  the  data  obtained  by  meteorological 
sounding  of  the  atmosphere. 

In  missile  design  another  group  of  calculations  (for  instance, 
when  evaluating  the  strength  of  an  apparatus)  is  encountered,  the 
purpose  of  which  is  the  study  of  the  characteristics  of  an  object  for 
the  worst  (extreme)  flight  conditions  and  an  evaluation  of  the  effect 
of  maximum  deviations.  The  most  important  of  the  calculations  of  this 
type  are  the  calculations  at  points  which  correspond  to  the  greatest 
(in  value)  deviations  In  theroodynamlo  parameters.  Since  there  can 
be  different  combinations  of  large  deviations,  it  is  possible  to 
recommend  two  sets  of  functions:  one  corresponds  to  typical  adverse 
winter  conditions,  and  the  aeoond  »  to  autamer  conditions.  The  lowest 
temperatures  and  the  greatest  densities  near  the  earth  and  the  loweat 
densities  of  high  altitudes  are  oharaoterlstlc  of  an  adverse  point  in 
winter.  In  summer  the  adverse  point  is  characterised  by  very  high 
temperatures  snd  low  densities  near  the  earth  and  high  densities  In 
the  stratosphere* 


In  certain  oases  for  the  purpose  of  simplifying  calculations 
Instead  of  using  canonical  expansions  for  extreme  conditions  it  is 
possible  to  use  the  maximum  values  of  atmosplterlc  temperature  with 
respect  to  altitude.  As  maximum  temperature  distributions  in  this 
case  temperatures  for  the  so-called  "staiidard  days"  -  the  maximum 
temperatures  of  a  warm  day  and  the  minimum  temperatures  of  a  cold 
day  -  are  taken. 

The  corresponding  maximum  values  of  relative  air  density  are 
determined  by  the  equation  of  state  aiul  the  differential  equation  of 
equilibrium. 

Wind  characteristics  are  determined  by  analogy  with  the  deter¬ 
mination  of  random  atmospheric  parameters.  In  solving  the  first  type 
of  problems  a  systematic  wind  of  constant  direction  [prevailing  wind!) 
(from  west  to  east)  and  a  random  witxi  component  are  distinguished. 

In  calculating  the  controllability  and  the  strength  of  a  missile  an 
envelope  of  wind  speeds  with  respect  to  height,  which  corresponds  to 
maximum  values,  is  used. 

1.3.  AEROOYNANIC  mCES  AND  KOMENTS. 

The  aerodynamic  forces  arising  during  the  motion  of  a  missile  in 
the  atmosphere,  can  be  reduced  to  one  resultant  force  lY,  passing 
through  the  center  of  mass  of  the  missile  and  the  so-called  total 
aerodyaamlo  force,  and  resultant  moment  acting  relative  to  the 
center  of  mass  of  the  missile  and  called  total  a*t>0dyiMmta  Momewt. 
the  value  and  the  direction  of  vectors  ft  and  If  depend  on  a  number  of 
factors,  including  the  orientation  of  the  missile  relative  to  the 
velocity  vector  of  the  airstream,  incident  on  the  mlasile,  air 
density,  etc. 

In  flight  vehicle  dynsmlcs  for  determining  the  orientation  of  a 
vehicle  relative  to  the  airspeed  vector  and  expanding  force  ft  and 
moment  If  along  the  coordinate  axes  wind  and  body  systema  of  coordinate 
nxea  are  usually  used. 
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The  body  ayateo  of  coordinate  axea  Is  a  Cartaalan, 

rectangular,  right-hand  systea  of  coordinate  axes,  fixed  relative  to 
the  Blsslle  or  nose  section  (Pig.  1.6).  The* axes  of  this  systen  are 
called  body  cant*  for  short. 

The  origin  of  the  coordinates  of  a  body  systen  Is  placed  at  the 
center  of  nass  of  the  nlsalle}  axis  Ox^  Is  directed  along  the 
longitudinal  axis  of  the  alsalle  In  the  direction  of  the  nose  section; 
axis  Oyj^  Is  placed  In  that  plane  of  synaetry  of  the  nlsslle  which  at 
the  aonent  of  launch  coincides  with  the  plane  of  firing  -  with  the 
plane  Ox^y^  of  the  Initial  launch  coordinate  systea*.  If  alalng  Is 
aoe(»pllshed  without  turning  the  alsslle  on  the  launching  device, 
then  for  plane  Ox^y^^  any  plane  of  syaaetry  of  the  alsslle  can  be 
taken. 


Pig.  1.6.  Nlsslle  with  body  coordinate  axis 
systea. 


Per  the  nose  section  the  directions  of  the  axes  Oy^  and  Ot^  art 
conveniently  selected  in  such  a  way  that  on  the  nose  section  connected 
with  the  rocket,  axis  Oy|^  is  oriented  in  the  direction  of  stabiliser 
111,  and  axis  OSj  in  the  direction  of  stabiliser  IV  (Pig.  1.7). 


*see  Sect  2.1. 


t 


'  Pig.  1.7.  Nose  section 
wltN  a  body  coordinate 
axis  system. 

1  : 


The  wind  coordinate  axis  agstem  ^ 

rectangular  right-handed  (Pig.  1.8).  Itie  orl^n  of  the  coordinates  of 
this  system  coincides  iflth  the  center  of  Bass  of  the  nlsslle;  axis 
0Xj2  la  directed  along  velocity  vector  of  the  Bissile  relative  to 
the  air  nediuai  axis  Oy lies  in  the  plane  of  symnetry  of  the;  ^ 
missile  Oxj^yj^.  > 


The  orientation  of  the  miaaile  relative  to  the  airspeed"  vector 
in  the  general  case  is  determined  by  the  ai^ea  of  attack  a  and 
sideslip  8»  i.e. •  by  angle  $  ~  between  the  velocity  vector  and  , 
the  plane  of  symmetry  of  the  missile  Ox^y^  and  by  angle  a  -  between 
the  projection  of  the  velocity  vector  T|,  on  the  plane  of  symmetry  of  < 
the  missile  Ox^y^  and  the  longitudinal  axis  of  the  missile  Ox^. 

the  trsnsformation  to  the  arbitrary  position  of  .the  body  axes 
relative  to  the  wind  axes  Is  accoiapli&hed  by  means  of  two  rotations 
-  by  turning  the  body  axes  relative  to  exls  Oy^  by  angle  of  sideslip 
8  and  then  relative  to  axle  Os^  by  angla  a  1.9). 
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4 


given  In,  Table  1.1. 


Table  1 1.1.  I  The  cosines  of  angles  between  body  and  Mnd  axes. 


(1)  OCH 

>  i 

Ox„ 

1 

Oyn 

0*m 

Oxt 

cosacos9 

siiro  1  —cos  a  sin  3 

'  Oy\ 

—sin  a  cos  3 

cosa  .  1 

slii  a  sin  3 

dzi 

sinp 

0 

cos3 

KEY;  (1)  Axes.  ' 


The  total  aerodynamic  force  R,  dependent  on  angles  a  and  3, 
is  usually  broken  down  into  the  components  X,  Y,  Z  for  wind  coordinate 

I 

^es  or  into  components  Yj^,  for  body  axes; 

’  ,  ' ^,+F,+2,.  (1.21) 

Since,  the  projection  of  force  on  the  wind  axis  is  always 

negative,  it  is  customary  to  examine  the  components  JC  and  X^^  of 
force  R  with  respect  to  negative  directions  of  axes  OXj||.  and  0X||^. 

Thus,  the  projections  of  force  R  on  these  axes—  the  drag  and  axial 
force  are  respcfctlvely  equal  to: 

Jfi. 

I 

1 20,  I 

I  I  ' 


A  ballistic  mlsalle  (without  fin  stabilization  or  with  a 
cruciform  fin  assembly)  is  practically  an  aerodynamioally  axlsymmatrlo 
body.  If  the  axis  of  a  missile  is  directed  along  the  airspeed  vector 
(a  »  P  =  0),  then  the  flow  of  the  missile  will  be  symmetrical  relative 
to  its  axis  and  therefore,  forces  Y  and  Z  (or  and  will  be 
equal  to  zero. 

If  the  axis  of  a  missile  forms  a  certain  angle  with  the  airspeed 
vector,  then  the  flow  will  be  symmetrical  relative  to  the  plane, 
passing  through  the  axis  of  the  missile  and  the  airspeed  vector.  In 
this  case  the  total  aerodynamic  force,  and  consequently  its  component 
also,  for  example  lift  Y  or  normal  force  Yj^,  will  be  located  in  this 
plane.  Hence  It  follows  that  for  an  aerodynamioally  axlsymmetrlc 
missile  the  dependences  of  force  Z  and  Z^^  on  angle  B  are  analogous 
to  dependences  Y  and  Y^  on  a.  Moreover,  it  is  generally  possible  not 
to  examine  the  angle  of  sideslip  B,  if  the  angle  Included  between  the 
longitudinal  axis  of  the  missile  and  the  airspeed  vector  Is  taken  for 
the  angle  of  attack  and  the  position  in  space  of  the  plan,  passing 
through  the  axis  of  the  missile  and  the  velocity  vector  Is  determined. 
Subsequently  we  will  proceed  precisely  in  this  way. 


On  the  basis  of  the  theory  of  aerodynamic  similarity  aerodynamic 
forces  are  usually  expressed  in  the  following  manner; 


’s=xCj,gSi,  "  X\—c^qS\  \ 
—CyqS;  yi—c„gS,  j 


(1.22) 


where  g  =  Q 


-  dynamic  head;  p  —  air  density;  S  —  characteristic 


area  of  the  missile,  usually  the  area  of  the  maximum  cross  section; 


and  Cj^  —  dimeneionleea  aerodynamic  ooeffieiente . 


Aerodynamic  coefficients  depend  on  the  shape  of  a  missile,  the 
orientation  of  a  missile  relative  to  the  airspeed  vector  (l.e.,  on 
angle  a)  and  on-  the  criteria  of  aerodynamic  similarity  -  Mach  number 


—  and  Reynolds  number  KC*" - , 

la  v 

where  a  —  sound  propagation  velocity  In  air;  I  —  the  characteristic 
dimension  of  a  missile,  usually  its  length;  v  -  the  kinematic 
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coefficient  of  air  viscosity. 


Using  Table  1.1  for  the  ease  3*0  and  taking  into  account  that 
the  negative  directions  of  the  axes  OXjj  and  correspond  to  the 
positive  values  x  and  x, ,  we  obtain 


COS  a— Cy  s!n  o; 
Cn=Cjt  stno-|“C^  cos  a. 


(1.23) 


Since  during  the  flight  of  a  missile  in  the  atmosphere  angle  a 
is  small  —  of  the  order  of  a  few  degrees,  it  is  possible  to  consider 
that  cos  a  ~  1,  and  sin  a  =  a.  Then  we  will  obtain  the  expression  of 
(1.23)  in  the  approximate  form 


c/i; 


(1.2l|) 


The  aerodynamic  characteristics  of  the  missile  are  studied  in 
detail  in  specialized  literature  and  thus  we  will  not  dwell  on  them 
hsre  in  any  great  detail.  Let  us  only  note  the  basic  features  of  the 
aerodynamic  characteristics  of  a  missile. 

Aerodynamic  Investigations  show  that  at  small  angles  of  attack 
(o  <  10®)  the  coefficient  of  axial  force  c^  depends  little  on  the 
angle  of  attack,  and  the  coefficients  of  lift  Cy  and  normal  c^^  forces 
are  proportional  to  the  angle  of  attack: 


(1.25) 


where  c®  and  c®  -  partial  derivatives  depending  on  the  corresponding 
coefficients  for  angle  of  attack. 


The  derivative  of  the  coefficient  of  normal  force  e“  depends, 
mainly,  on  M  number  (Pig.  1.10).  In  the  transonic  speed  range  for 
a  missile  (M  s  1)  this  ooelTlolent  has  a  peak  value,  and  with  a 
further  Increase  In  M  numbers  diminishes,  tending  toward  a  certain 
constant  value. 


22 


Pig.  1.10.  The  approximate  dependence  of 
aerodynamic  coefficients  c^  and 

c^  on  M  number, 
n 


The  coefficient  of  axial  force  depends  substantially  on  the 
shape  of  the  missile,  the  angle  of  attack,  M  and  Re  numbers.  The 
approximate  form  of  the  dependence  c^(M)  is  shown  in  Pig.  1.10.  Since 
the  speed  of  sound  and  the  kinematic  coefficient  of  viscosity  v 
depend  on  altitude,  then  at  a  given' velocity  M  and  Re  numbers,  and 
with  them  and  coefficients  c“  and  c^  vary  with  altitude,  coefficient 
0“  weakly,  and  coefficient  c^  aubstantlally . 

It  must  be  noted  that  the  coefficient  of  axial  force  also  depends 
on  rocket  engine  operation.  When  the  engine  is  not  operating  axial 
force  Xj^  Increases  by  the  magnitude  of  the  corresponding  lncrea.se  in 

wake  drag. 

Considering  what  has  been  said  above,  it  is  possible  to  state 
that  aerodynamic  forces  depend  upon  the  shape  and  the  dimensions  of 
the  missile,  the  angle  of  attack,  and  the  flight  velocity  and  altitude.’ 

The  total  aerodyn^lc  moment  acting  on  a  missile,  is  usually 
broken  down  into  the  components  ^or  the  axes  Ox^,  Oy^,  OZj .  These 
components  ^yl»  ^zl  respectively  called  bank,  yaw  and 

pitch  monents. 

TlTiff  value  asid  direction  of  total  aerodynamic  moment  depend  on  a 
number  of  factors,  among  which  tlio  characteristics  of  missile  motion 
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relative  to  the  air  ntedlum  have  a  significant  value  ~  the  orientation 
of  the  missile  relative  to  the  velocity  vectors  of  the  center  of  mass 
and  the  angular  velocity  of  the  missile  and  the  magnitudes  of  these 
velocities  and  o>. 

Let  the  center  of  mass  of  a  nonrotating  missile  lie  on  its 
longitudinal  axis  at  distance  from  the  tip  of  the  nose  section,  and 
the  center  of  pressure  be  located  at  a  distance  from  the  tip  of  the 
missile.  Then  the  value  of  total  aerodynamic  moment  relative  to  the 
center  of  mass  will  be  equal  to 

M^CnqSiXt-Xa)  (1,26) 

or  at  small  angles  of  attack 

M=CnqS(X^^Xa)<l.  (1.27) 

This  moment  as  well  as  total  aerodynamic  force,  acts  in  the 
plana,  passing  through  the  longitudinal  axis  of  the  missile  and  the 
velocity  vector. 

The  position  of  the  center  of  pressure  in  the  general  case 
depends  on  the  shape  of  the  missile,  K  number  and  the  angle  of  attack. 
Figure  1.11  shows  a  typical  displacement  of  the  center  of  pressure  of 
a  missile  with  variation  in  M  number,  it  can  usually  be  considered 
that  the  position  of  the  center  of  pressure  remains  constant,  if  the 
angle  of  attack  varies  in  a  ce’*taln  small  vicinity  of  its  zero  value. 


Pig.  1.11.  The  position  of 
the  center  of  pressure  of  a 
missile  depending  on  M  number. 


When  the  missile  is  rotating,  atmospheric  drag  is  manifested, 
mainly,  in  the  form  of  aerodynamic  moment  of  resistance  to  rotation. 

This  moment,  called  damping  moment t  is  always  oriented  in  the  direction, 
opposite  to  the  rotation  and  tends  to  cancel  the  angular  velocity  of 
rotation. 

Damping  moment  depends  on  the  value  of  angular  velocity  as  well 
as  on  its  orientation  relative  to  the  missile.  Usually  the  damping 
moment  vector  is  broken  down  with  respect  to  the  body  axes  into 
components,  proportional  to  angular  velocity  relative  to  the  corre~ 
spending  axes : 


where  D  and  I  —  the  diameter  and  the  length  of  the  missile  respectively. 

Each  of  the  dimensionless  coefficients  is 

always  negative.  The  values  of  these  coefficients  in  the  flight  range 
of  angles  of  attack  depend,  mainly,  on  the  geometric  shape  of  the 
missile,  its  centering  [position  of  its  c.g.]  x^  M  number. 

1.4.  CHARACTERISTICS  OF  ROCKET  ENGINES. 

The  basic  characteristics  of  a  rocket  engine  are  its  thrust  P, 
specific  thrust  P  ,  propellant  consumption  per  second  rngj.  and  its 
propellant  components  ratio  K. 

As  is  known,  the  thrust  force  of  a  rocket  engine  P  is  connected 
with  its  mass  consumption  per  second  m,  the  exhaust  velocity  of  the 
products  of  combustion  w,  the  gas  pressure  at  the  nozzle  exit  section 
p^,  the  atmospheric  pressure  p  and  the  area  of  the  nozzle  exit  cross 
section  Sy  by  dependence 

P«ma;+  (p«—p)5«,  (i .  29 ) 
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As  Is  evident,  thrust  force  depends  upon  altitude.  At  sea  level, 
where  p  ■  Pq,  thrust  force  has  its  least  value 

/»o-ma+  (p«— po)S«,  (1.30) 

and  in  a  vacuum  —  its  greatest 


(1.31) 


The  Increase  in  thrust  force  with  a  change  in  atmospheric 
pressure  from  Pq  to  zero  can  attain  25iK  of  thrust  Pq  at  sea  level. 

The  dependence  of  thrust  force  on  altitude  can  be  written  in 
the  form 

(1.32) 


The  ratio  of  engine  thrust  to  mass  consumption  per  second  is 
usually  called  specific  thrust: 


(1.33) 


Specific  thrust  is  the  thrust  force  created  by  an  engine  during 
the  combustion  of  1  kg  of  propellant  in  1  s,  and  characterizes  the 
efficiency  of  the  engine  system.  Specific  thrust  in  a  vacuum  is 
determined  by  the  formula 


P, 


yA.« 


iro  mfy 


(1.34) 


Using  the  concept  of  specific  thrust  in  a  vacuum,  expression  (1.32) 
can  be  rewritten  in  the  form 


(1.35) 


The  following  formula  for  determining  thrust  is  also  finding 
application  in  design  practice: 

P'^Aptr^pSa,  :  (1.36) 
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where  p  -  the  combustion  chamber  pressure  of  the  engine;  A  -  the 
proportionality  factor  whose  magnitude  is  determined  on  the  basis  of 
engine,  bench  tests. 

On  the  basis  of  expression  (1.36)  it  is  possible  to  write  the 
appropriate  formulas  for  determining  specific  thrust,  for  example: 


i4-A. 


(1.37) 


The  convenience  of  formulas  (1.36)  and  (1.37)  consists  in  the 
fact  that  thrust  and  specific  thrust  are  connected  in  them  by  a  linear 
dependence  with  the  combustion  chaJJiber  pressure  whose  magnitude  is 
measured  by  bench  tests. 

The  propellant  components  ratio  K  =  characterizes  the 

pi’opellant  mixture  composition.  Here  and  (3^  are  the  mass  con¬ 
sumption  rates  respectively  of  the  oxidizer  and  the  fue],  per  unit  of 
time. 


Knowing  the  total  propellant  consumption  in  one  second 

•  . 

Ofonn^f^So  magnitude  of  parameter  K,  it  is  possible  to 

determine  the  mass  consumption  per  second  of  oxidizer  and  fuel  by  the 
formulas : 


Q  ^JL^d  » 


(1.38) 


Rocket  engine  thrust  substantially  varies  in  time  under  transient 
conditions  (in  starting  and  switching  down  the  engines).  The 
dependence  of  thrust  on  time  (the  transient  characteristics  of  a 
rocket  engine)  Is  represented  in  Pig.  1.12.  As  is  evident,  the 
combustion  chamber  pressure,  and  thus,  the  thrust  force  also  attain 
their  optimum  values  not  immediately  after  starting  of  the  engine. 

A  certain  time  passes  from  the  moment  of  the  introduction  of  the 
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command  for  starting  the  engine  before  the  beginning  of  ignition. 
Thrust  practically  appears  at  the  moment  of  ignition. 


P 


Pig.  1.12.  The  variation  in  the  thrust  force 
of  a  liquid-propellant  rocket  engine 
[WPA  ■  LPRE]  during  the  time  of  a  rocket  flight; 
1  ~  command  for  starting;  2  -  ignition;  3  - 
separation  of  the  rocket  from  the  launch  pad; 

^-5  “  optimum  thrust  phase;  6  -  command  for 
engine  shut-down;  5-6  -  the  aftereffect  [thrust 
tralloff]  phase. 


Upon  switching  off  of  an  engine  the  thrust  does  not  also  dis¬ 
appear  Instantaneously  -  a  so-called,  aftereffect  phenomenon  is 
observed.  After  the  command  for  engine  shut-down  due  to  the  after¬ 
burning  of  a  specific  quantity  of  propellant  a  certain  thrust  continues 
to  be  created  whose  Impulse,  called  the  aftereffect  impulse,  is 
expressed  by  the  formula 


where  t„  -  the  time  of  the  introduction  of  the  command  for  engine 
shut-down;  tp^Q  -  the  moment  of  time  corresponding  to  zero  thrust. 

The  aftereffect  Impulse  la  a  random  variable  whose  variance  can 
constitute  up  to  15X  of  the  mean  value  of  this  impulse  [12].  This 
feature  of  the  transient  engine  characteristics  affects  the  conditions 
of  stage  separation  and  the  separation  of  the  nose  section  of  missiles. 


The  variance  in  the  value  of  the  impulse  aftereffect  depends  on 
the  time  variance  corresponding  to  zero  thrust ,■  and  the  thrust 
variance  which,  in  turn,  depends  oh  the  pressure  variance  in  the 
combustion  chamber,. the  variance  in  parameter  K  and  other  factors. 

IS.  THE  MISSILE  AS  A  BODY  OF  VARIABLE  COMPOSITION. 


The  Mass  of  a  Missile,  the  Position  of  the  Center 
of  Mass,  Inertia  Moments. 


In  connection  with  the  continous  burning  of  propellant  the  mass 
of  a  missile  varies  during  flight  and  it  can  be  found  from  the 


expression 


mas% 


(1.39) 


where  m 


dm 

aF 


■  -  the  mass  consumption  per  second  j  t  ■  0  -  the 


moment  of  engine  aotivatloni  m^  -  initial  mass  of  the  rocket. 


Mass  consumption  per  second  m  consists  of  the  mass  consumption 
per  second  passing  through  the  combustion  chambers  of  the  main  engines, 
through  the  exhaust  pipes  of  the  turbopump  unit  [THA  ■  TPU]  as  well 
as  through  the  combustion  chambers  of  the  controlling  engines. 


Usually  during  flight  variations  take  place  in  the  mass  con¬ 
sumption  rate  per  second,  caused  by  a  variation  in  the  engine  operating 
mode,  and  also  by  various  random  factors.  The  most  significant 
variations  in  consumption  per  second  occur  In  the  transient  modes  of 
engine  operation  (activation,  switching  to  smaller  thrust,  complete 
shut-down). 


The  position  of  the  center  of  mass  of  a  missile,  determined  by 
coordinate  x^  (Fig.  1.13)f  and  the  moments  of  inertia  of  a  missile 
vary  in  proportion  to  propellant  burnup.  These  values  can  be  taken 
into  account  dependent  on  the  mass  of  a  missile,  i.o,, 

JfT(m); 
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Figure  1.14  for  example  contains  graphs  which  illustrate  the 
nature  of  the  variation  in  mass  and  moment  of  inertia  relative  to  the 
tremsverse  axis  for  the  first  stage  of  a  two-stage  rocket. 


Pig.  1.13.  The  variation  in 
the  dimensionless  coordinate 
of  the  center  of  mass  of  a 
single-stage  rocket 

x^  ■  x^/l  during  the  time  of 

flight:  tp  --  the  moment  of 

engine  shut-down. 


Fig.  I.l4.  The  variation  in 
mass  and  inertia  moment  of  a 
two-stage  rocket  during  the 
time  of  flight:  tp,^,  -  the 

moment  of  the  preliminary 

command:  t„  -*  the  moment  of 
P 

stage  separation* 


The  Principle  of  Composing  Equations  of  Notion 
of  a  Nisslla  as  a  Body  of  Variable  Composition. 


During  the  flight  of  a  rocket  with  the  engine  operating  emission 
of  the  products  of  oombuotion  takes  place  and  the  composition  of  the 
rocket  is  oontinuously  varying.  In  examining  the  motion  of  a  rocket. 
It  is  convenient  at  each  moment  of  time  to  Include  in  its  composition 
only  those  material  particles  which  at  that  moment  are  located  inside 
the  specific  volume  occupied  by  the  rocket  itself.  When  the  problem 
is  composed  in  this  way  the  rocket  with  the  engine  operating  is  a 
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system  of  variable  composition,  to  which  it  Is  hot  possible 
to  directly  apply  the  theorems  of  the  dynamics  of  rigid  bodies. 

However,  based  on  these  classical  theorems.  It  is  possible  to  prove 
analogous  theorems  for  a  system  of  variable  composition  and  to 
establish  the  principle  for  composing  the  equations  of  motion  of  a 
rocket. 

Rejecting  the  proofs  presented,  for  example,  in  book  [6].  let  us 
examine  the  principle  for  ooa^oslng  the  equations  of  motion  of  a  rocket. 

The  equations  of  motion  of  a  reaction  flight  vehicle  at  an 
arbitrary  moment  t  can  be  written  in  the  form  of  the  equations  of  the 
motion  of  a  solid  body  which  Is  obtained  as  a  result  of  the 
"solidification”  of  reaction  vehicle  at  this  Instant.  If  we  include 
the  reactive  forces  among  the  forces,  applied  to  this  fictitious 
solid  body. 

Thus,  the  vector  equation  of  the  motion  of  the  center  of  mass  of 
the  rocket  can  be  written  In  the  form 

a.*o, 

Here  m  «  m(t)  •>  the  mass  of  the  rocket  at  moment  of  time  tj 

~  the  acceleration  of  the  center  of  mass  in  an  inertial  coor¬ 
dinate  system:  i  -  the  sum  of  the  external  forces,  applied  to  the 

rocket ;  -  the  sum  of  the  reactive  forces. 

By  the  external  forces,  acting  on  a  ivcNt.  are  meant  such  forces . 
as  gravity  7^.  total  aerodynamic  force  Hf,  the  force  of  the  lid^er- 
action  of  the  rocket  with  the  launch  pad  or  with  a  separated  stage  r 

As  Is  evident,  the  composing  of  equations  of  motion  of  a  body  of 
variable  composition  reduces  to  the  determination  of  the  reactive 
forces,  which  la  a  rather  complex  proMem.  The  main  one  of  these 
forces  is  the  reactive  force  mw.  which  cannot  be  directly  measured. 

Thus  it  is  customary  to  determine  the  thrust  force  of  a  rocket  engine 
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by  formula  (1.29)>  In  which  Is  Included  the  force  caused  by  atmospheric 
pressure  and  by  the  gas  pressure  at  the  nozzle  exit  section  (p^^^  - 
Although  this  force  Is  external.  It  Is  combined  with  the  strictly 
reactive  power  mw,  since  during  the  testing  of  an  engine  on  a  stand 
the  force  acting  on  the  stand  mounts,  determined  by  dependence  (1.30), 
Is  measured.  Accordingly  the  force  (p^  -  p)Sjj  Is  eliminated  from  the 
number  of  external  forces 

Besides  thrust  force  P,  determined  by  formula  (1.29)«  the 
following  are  Included  In  the  composition  of  the  reactive  forces: 

1)  the  forces  caused  by  the  nonsteady-state  of  the  motion  of  the 
propellant  and  the  products  of  combustion  relative  to  the  missile  body; 


2}  the  Coriolis  forces  caused  by  the  motion  of  propellant  and  the 
products  of  combustion  In  a  rocket  rotating  relative  to  an  Inertial 
coordinate  system; 

3)  the  forces  caused  by  the  displacement  of  the  center  of  mass  of 
a  rocket  relative  to  Its  housing. 


The  enumerated  forces  are  very  small  in  comparison  with  thrust 
determined  by  the  formula  (1.29)t  end  their  direct  measurement  Is 
not  possible.  Depending  on  the  assumptions  made,  different  authors 
^taln  different  theoretical  expressions  for  them.  In  ballistics  the 
liullcated  smll  reactive  forces  are  usually  disregarded  and  the 
thrust  fore os  of  rocket  engines  are  determined  by  the  expression  (1.29). 


the  vector  equation  of  the  rotary  motion  of  a  rocket  relative  to 
the  center  of  mass  is  composed  in  an  analogous  manner: 


(l.U) 


Here  K  the  main  moment  (relative  to  the  center  of  mass  of  the 
rocket)  of  the  momenta  of  the  particles  of  a  ^solidified"  missile 
XNilatlve  to  the  axes,  passing  through  the  center  of  mass  of  the 
rocket  and  moving  translationally  with  velocity  relative  to  the 
Inertial  system; 
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-  the  main  moment  (relative  to  the  center  of  mass  of  the 

rocket)  of  all  the  external  forces  acting  on  a  nflsslle,  with  the 
exception  of  the  forces  of  atmospheric  pressure  and  gas  pressure  In 

the  nozzle  exit  section;  the  mainimoment  ((relative  to  the 

center  of  mass  of  the  rocket)  of  the  thrust  force  of  a  rocket  engine, 
and  also  the  forces  caused  by  the  motion  of  the  propellant  and  the  , 
gases  Inside  the  rotating  missile,  by  the  nonsteadi^-state  of  this 
motion  and  by  the  displacement  of  the  center  of  mass  of  the  rocket 
relative  to  Its  h  using* 

Subsequently  for  the  sake  of  simplifying  the  equations  of  rotary 
motion  of  a  missile  relative  to  Its  center  of^mass  We  will  disregard  > 
the  moments  of  forces  caused  by  the  nonsteady-state  of  the  motion  of 
the  propellant  and  the  gases  inside  the  rocket  and  by  the  displacement 
of  the  center  of  mass  of  the  rocket  relative  to  Its  housing,  since 
these  moments  are  rather  small. 

It  Is  necessary  to  note  that  significant  (In  value)  moments  » 
caused  by  oscillations  of  the  fluid  in  the  tanks  of  the  missile 
occur  when  a  free  surface  exists.  However  with  an  appropriate 
selection  of  the  parameters  of  a  stabilization  system  the  oscillations 
of  the  missile  due  to  the  mobility  of  the  fluid  in'  the  t,anks  are  smair 
and  their  effect  on  the  missile  trajectory  is  insignificant.  In  this 
connection  we  will  omit  the  study  of  moments  caused  by  the  interaction 
of  the  fluid  with  the  missile  body,  especially  because  these  questions 
are  the  subject  of  investigation  by  special  sections  of  missile 
dynamics. *  ' 

1.6.  PIKTUftBt  116  FORCES  AND  MOMENTS.  '  . 

In  actual  flight  perturbing  forces  and  moments  caused  by  y«rious)i 
perturbing  factors  always  act  on  a  missile. 


‘See,  for  example,  works  tl2>  ClT}. 
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^  In  coiiQ>03lng  a  matheinatloal  mo(ieI  of  a  missile  k'llght  and  its 
investigation  it  is  not  possible  to  take  all  theae  perturbing  factoi’s 
into  account.  Depending  on*  the  actual  condltl9ns  it  is  necessary  to 
consider  .only  those  of  them  which  substantially  affect  the  solution 
of  the  given  problem'.  ^Thus  here  we  will  limit  ourselves  to  only  a 
brief  survey  of  the  basic  groups  of  perturbing  factors,  presenting  a 
mot e  detailed  examination  of  them  in  the  appropriate  sections  of  this 
book.  i 

e  Such  perturbing  factors  as  the  deviations  in  the  parameters  of 
a  missile  and  its  engines  (the  weight  of  the  missile,  the  thrust  force 
of  the  main  engines,  the  fuel  consumption  per  second  and  others)  fx*om 
their  optimum  values,  are  caused,  mainly, ‘  by  production  errors  in  the 
manufacture  and  the  assembly  of  ele{Qents  and  subassemblies  making  up 
a  missile,  and  by  the  variance  in  the  propellant  characteristics. 

These  deviations  in  the  parameters  of  a  missile  and  engines  from  the 
‘optimum  values  aild  such  manufacturing  errors,  as  thrust  eccentricity 
in  the  mala  engine,  ndsslle  asymmetry,  body  misalignment,  etc.,  cause 
the  appearance  of  random  perturbing  forces  (the  forces  of  gravity, 
reactive  and  aerodynamlq  forces)  their  moments. 

*  '  ■  .  j  - 

The  atmosphere  la  another  source  of  perturbances.  Deviations  in 
tW  parameters  of  the  atmosphere  from  standard  values  give  rise  to 
the  appearance  of  perturbing  ae^odyimmie  forces  and  moments  and  to 
the  d«y lotion  in  thrust  from  the  eptimum  value.  Wlr4  effects  on  a 
uisalle  also  cause  the  perturbances  in  aerodynaslic  forces  and  moments. 
Atmospheric  perturbances  are  a  ran^  «  piH>ceso  and  are  accordingly 
described  by  random  functions. 

■■i  3  ?  ; 

All  these  perturbing  forces  and  moments  are  applied  directly  to 
the  missile,  fief ides  these,  perturbing  forces  and  moments  arising  as 
a  result  of  various  ertors  in  control  elemert  deflection  are  always 
acting.  The  common  sources  of  louch  perturbing  effects  are  noises, 
errors  in  the  operation  of  e^juipment  and  deviatibna  In  the  parauseters 

•  1|  V 

of  the  equipment  from  their  dpti»Mm«  values,  leading  to  various  false 
signals  in  the  control  elenents.  As  a  result  perturbing  forces  and 
moments  appear  which  are,  generally  speaking,  random  variables. 

II  ■  '  .  ’ 
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Perturbing  factors,  acting  directly  on  a  missile  and  on  the 
control  processes,  finally,  lead  to  a  reduction  in  maximum  flight 
range  and  to  deflection  of  the  flight  paths  of  the  missile  and  nose 
sections. 

1.7.  CONTROLltNG  FORCES  AND  NONENTS. 

The  control  of  the  translational  and  rotary  motion  of  a  missile 
Is  iiu'viea  cut  by  varying  the  controlling  forces  and  moments  which 
arc  created  with  the  rocket  control  elements  upon  commands  from  the 
control  system.  The  selection  of  the  type  of  oont^t'ol  elements  and 
their  effectiveness  is  one  of  the  most  is^ortant  questions  In  the 
dynamic  designing  of  a  missile.  Its  solution  Is.  directly  connected 
with  the  selection  of  the  structural  layout  of  a  missile. 

Controlling  Forets. 

In  the  general  case  the  following  forces  act  on  a  missile  during 
flight:  gravity  total  aetodynoalc  force  and  engine  thrust 
force  F.  hut'ing  the  launching  of  a  missile  launch  pad  reaction  forces 
can  also  act  on  it. 

For  varying  the  flight  path  of  a  missile  it  is  necessary  to  vary 
the  »:i^‘iltude  and  the  direction  of  the  resultant  forces  Indicated 
above.  Mnee  It  is  not  jp^sible  tc  affect  gravity,  flight  control  is 
practically  accomplished  onU^  by  vai'ying  the  magnitude  and  the 
direction  of  th?  resultant  of  thrust  forces  of  the  engines  and  of 
the  aesN^ynamic  forces.  The  resultant  H  can  be  broken  down  iinto  two 
citmtHnients  and  directed  respectively  along  velocity  vector  F 
and  perpet^lcular  to  it  (Fig.  1.1$). 

Tangential  component  equal  in  valH' ' 

can  serve  to  regulate  flight  veicf.liy.  the  vari%ii^>n  in  tangential 
component  1^^  for  ballistic  rookety  s  attained  by  varying  the  thrust 
of  the  main  engines  (for  instasice,  by  r^egulatirig  the  pi'^>pellani 


eonsus^tlon  per  eesond.  If  the  engine  Is  llquld-propellant)  and  by 
activating  or  shutting  do»n  various  engines.  That  part  of  thrust 
force  dP  which  can  be  used  for  regulating  missile  speed,  let  us  call 
tangential  controlling  force* 


t 


Pig.  1,15*  Forces  acting 
on  a  rockot  In  flight* 


Kormal  force  is  equal  to  the  sum  of  the  projections  of  total 
aerodynamic  force  thrust  forces  In  the  plane,  normal  to  the 
trajectory: 

(1*^3) 

Ite  component  in  the  firing  plane  we  call  normal  controllir^ 
force. 

By  analogy  with  normal  controlling  force  let  m  introduce  the 
concept  of  lateral  controlling  force  which  is  ^  projection  of 
force  Njj  ©n  a  perpendicular  to  the  plane  of  flight* 

By  creating  the  required  (in  ^gnitude  and  direction)  tangential, 
normal  and  lateral  controlling  forces,  it  la  possible  to  ensure  an 
assigned  flight  trajecto^^  of  a  rocket. 

Various  methods  of  creating  normal  and  lateral  centre 'ling  forces 
art  possible.  For  ballistic  rockets,  in  order  to  obtain  a  normal 
force  of  different  magnitude,  it  is  necessary  to  vary  the  angle  of 
attack  in  the  plane  of  flight  o^,  turning  the  rocket  around  its  center 
of  mass.  When  a  rocket  has  an  angle  of  attack  o^,  the  normal  force  is 
to  (Pig.  1*16} 
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Ny^P  sin  ay+y«  (P'^clqS)ag. 


In  order  to  obtain  lateral  controlling  force,  it  is  necessary  to 
the  rocki 
firing  plane. 


give  the  rocket  angle  of  attack  o_  in  the  plane,  perpendicular  to  the 


Pig.  1.16.  Diagram  of  the 
onset  of  normal  controlling 
force  in  a  rocket. 


Rocket  Control  Eleinents.  Controlling  Moments. 

As  was  stated  above,  to  obtain  the  required  (in  magnitude  and 
direction)  normal  force  it  is  necessary  in  a  specific  manner  to 
regulate  the  orientation  of  a  rocket  relative  to  the  velocity  vector. 

9 

This  problem  is  solved  by  creating  controlling  moments  which  rotate 
the  rocket  around  its  axes  Ox^^,  Oy^^,  and  Oz^^.  The  corresponding 
motions  are  usually  called  roll,  yaw  and  pitch  motions.  For  producing 
controlling  moments  there  are  control  elements  on  the  rocket.  The 
latter  create  comparatively  small  aerodynamic  or  reactive  forces,  whose 
moments  relative  to  the  center  of  mass  of  the  rocket  are  sufficient 
for  controlling  the  angular  motions  of  the  rocket. 

For  varying  normal  and  lateral  force  rotation  of  the  rocket  around 
its  and  Oz^  axes  with  the  aid  of  yaw  and  pitch  control  elements  is 
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employed.  These  same  control  elements  are  necessary  for  stabilizing 
the  required  orientation  of  a  rocket  in  space.  For  stabilizing  a 
rocket  with  respect  to  roll*  still  other  elements  controlling  roll 
are  necessary,  creating  controlling  moment  relative  to  the  longitudinal 
ax"*s  OXj^.  And  finally  a  control  element  is  necessary  for  varying  the 
thrust  force  of  the  main  engines,  if  it  is  necessary  to  regulate 
rocket  velocity. 

At  the  present  time  the  following  basic  types  of  elements  are 
employed  for  controlling  ballistic  missiles: 

,  1)  air  vanes; 

2)  jet  vanes; 

3)  turning  combustion  chambers  of  the  main  engines  (one  or 
several); 

4)  turning  nozzles  of  the  main  engines; 

5)  special  adapters  at  the  nozzle  edge  (spherical,  cylindrical 
with  an  oblique  edge  and  others); 

6)  slotted  nozzles; 

7)  extensible  flaps  operating  in  the  engine  jet  perpendicular 
to  the  flow; 

8)  the  blowing  of  generator  gas  or  the  injection  of  a  fluid  into 
the  supersonic  part  of  the  nozzle  of  the  main  engine; 

9)  multi-chamber  main  engine  opei'ating  in  a  boosting-throttling 

mode; 


‘Rotation  relative  to  the  longitudinal  axis  Ox^i^  for  varying  the 

lateral  controlling  force  of  ballistic  rockets  is  not  employed. 

However  for  simplifying  the  control  system  it  is  necessary  that  rocket 
flight  occur  without  rotation  around  this  axis,  l.e.,  without  roll. 
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10)  controlling  engines  (fixed  and  turning); 


11)  controlling  nozzles  (turning  and  fixed); 

12)  combined  control  element  (for  instance,  air  and  Jet  vanes  or 
air  vanes  with  the  main  chambers  operating;  in  a  boosting-throttling 
mode ) . 

All  the  enumerated  control  elements  can  create  controlling  yaw 
and  pitch  moments,  however  not  all  of  them  are  suitable  for  producing 
rolling  moment.  It  is  not  possible  to  obtain  rolling  moment,  if  for 
pitch  and  yaw  control,  for  example,  one  turning  engine  is  used,  or,  if 
the  forces  creating  pitching  and  yawing  moments,  are  directed  along 
the  longitudinal  axis  of  the  rocket.  In  these  cases  for  roll  control 
it  is  necessary  to  use  the  special  controlling  engines  whose  thrust 
acts  in  the  transverse  plane. 

In  all  other  cases,  when  there  are  not  less  than  two  pairs  of 
pitch  and  yaw  control  elements,  creating  transverse  forces  at  a 
certain  distance  from  the  longitudinal  axis,  for  producing  rolling 
moment  differential  control  of  the  control  elements  is  employed.  The 
latter  can  act  symmetrically,  creating  pitching  or  yawing  moment,  or 
asymmetrically,  creating  rolling  moment.  With  a  combination  of  the 
indicated  operations  pitching  (yawing)  moment  and  rolling  moment 
can  also  be  simultaneously  created. 

The  magnitude  of  the  forces  created  by  the  control  elements, 
depends  on  the  displacement  of  these  elements  (most  frequently 
angular)  or  on  the  propellant  consumption  per  second,  if  misalignment 
of  the  thrusts  of  the  main  engines  is  used  for  control. 

Let  us  examine  the  definition  of  the  forces  created  by  the 
control  elements,  and  of  controlling  momenbs  as  an  example  of  control 
of  rocket  motion  with  the  aid  of  four  controlling  engines. 

In  many  contemporary  rockets  control  of  rocket  motion  in  the 
powered-flight  phase  is  accomplished  by  four  controlling  engines. 
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The  location  of  these  engines  and  the  directions  of  their  deflection 
taken  as  positive^  are  shown  in  Pig.  1.17.  We  will  consider  its 
turning  counterclockwise  as  positive  deflection  of  a  controlling 
engine , ’ if  it  is  looked  at  from  the  direction  of  the  corresponding 
axis,  i.e.,  in  Fig.  1.17  deflections  of  engines  II-IV  downward,  and 
engines  I-III  to  the  right  will  be.  positive. 


Pig.  1.17.  Diagram  of  the 
onset  of  controlling  moment 
upon  deflection  of  the 
controlling  engines. 


Assuming  the  thrusts  T  of  all  four  controlling  engines  equal,  let 
us  write  the  projections  of  their  resultant  on  body  coordinate  axes 
in  ohe  form: 


T'.rl  T'  (cos  8,  -f  cos  -{-  CO  S  1^3  -f'  cos  84); 

sin  84)* 

r3i=~r(sln84-fsln83\ 


(1.^5^ 


where  6j^,  6^^,  ”  respectively  the  angles  of  deflection  of 

controlling  chambers  I,  II,  III,  and  IV. 


Apparently,  the  controlling  moments  in  this  case  will  be  equal 
to: 

fy  (sin  83  4-  sin  83  sin  83— sin  84); 
yWyy4«~ny(sln834sin83); 
^yn*=-ny(sin8j-)-sln84), 
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where  -  the  distance  from  the  longitudinal  axis  of  the  rocket  to 

the  longitudinal  axes  of  the  controlling  chambers;  ” 

y  * 

distance  from  the  center  of  mass  of '  the  rocket  to  the  axes  of  rotation 
of  the  controlling  engines. 

In  these  expressions  the  thrust  force  of  the  controlling  engine  ^ 
is  determined  depending  on  its  parameters  by  formula  (1.35). 

Rocket  Controllability. 

Ensuring  the  controllability  of  a  rocket  is  one  of  the  major 
problems  of  dynamic  design  which  reduces  to  the  selection  of  the  type 
and  the  effectiveness  of  the  control  elements.  We  will  estimate 
control  element  effectiveness  by  the  maximum  controlling  moment 
My  created  by  deflecting  the  control  elements,  and  by  the 

corresponding  angle  of  deflection  of  these  elements 

"'he  selection  of  the  type  and  effectiveness  of  control  elements 
is  carried  out  taking  into  account  the  possibility  of  the  design 
realization  of  the  following  conditions; 

1)  a  sufficient  amount  of  controlling  moments  (with  certain 
reserves)  for  compensating  for  the  perturbing  forces  and  moments; 

2)  minimum  energy  losses  during  controlling. 

The  energy  losses  during  controlling  and,  as  a  consequence  of 
this,  the  reduction  in  firing  range  are  due,  mainly,  to. two  causes, 
namely : 

1)  the  installation  of  control  elements  gives  rise  to  a  reduction 
in  the  specific  thrust  of  the  engine  system; 

2)  the  Installation  of  oonti'ol  elements  causes  an  increase  in 
the  "dry"  weights  of  rocket  stages  (because  of  the  weights  of  the 
control  elements  themselves,  their  driving  mechanisms  and  the  energy 
sources  for  the  latter). 


Overestimation  of  control  effectiveness  can  lead  to  unjustified 
design  complications  and  large  energy  losses  for  the  rocket.  In 
connection  with  this  the  problem  of  correct  determination  of  the 
necessary  control  element  effectiveness  acquires  very  vital  importance. 
In  solving  this  problem  it  is  necessary  to  correctly  estimate  the 
perturbing  forces  and  moments  and  to  rationally  select  the  dynamic 
rocket  layout. 

All  the  perturbing  factors  affecting  the  selection  of  the  control 
elements,  can  be  divided  into  the  following  groups: 

1)  wind; 

2)  technological  errors  in  the  manufacture  and  the  assembly  of 
a  rocket; 

3)  rocket  layout  asymmetry. 

At  the  present  time  voluminous  statistical  material  has  been 
accumulated  characterizing  the  wind  field  of  the  earth. 

Wind  velocity  W  can  be  examined  as  a  vectorial  random  variable 
with  a  nonzero  mean  value.  The  systematic  component  of  wind  velocity 
^CHCT  oriented  from  west  to  east.  The  magnitude  of  a  random 
component  of  wind  velocity  whose  direction  is  equlprobable,  is  subject 
to  the  normal  distribution  principle. 

Another  group  of  perturbing  factors  is  caused  by  technological 
errors  in  the  manufacture  and  the  assembly  of  a  rocket;  the  basic  ones 
are  the  following: 

1)  bias  and  misalignment  of  the  axes  of  the  nozzles  of  the  engine 
system  relative  to  the  mounting  base; 

2)  bias  and  misalignment  of  the  mounting  base  relative  to  the 
correct  position; 
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3)  difference  in  chamber  thrusts  and  a  possible  variance  in 
engine  thrusts; 

4)  elastic  deformation  of  the  engine  system  mount; 

5)  bias  and  misalignment  of  the  Joined  missile  sections; 

6)  errors  in  the  installation  of  the  stabilizers. 

Technological  manufacturing  and  assembly  errors  in  a  rocket  can 
be  considered  subject  to  the  normal  distribution  principle.  In 
connection  with  this  perturbing  effects  from  each  of  the  enumerated 
factors  can  also  be  considered  distributed  according  to  the  normal 
distribution  principle. 

Asymmetric  layout  of  a  missile  gives  rise  to  systematic  perturbing 
forces  and  moments: 

1)  perturbing  moment  due  to  weight  asymmetry; 

2)  perturbing  forces  and  moments  due  to  asymmetric  positioning 
of  the  exhaust  nozzles  of  engine  turbine-pump  assemblies; 

3)  perturbing  forces  and  moments  due  to  elastic  deformation  of 
the  engine  system  mount  caused  by  its  asynunetric  loading. 

To  each  group  of  perturbing  forces  and  moments  acting  on  a 
preceding  stage  of  a  rocket,  there  corresponds  a  group  of  initial 
perturbations  for  the  following  stage.  Initial  perturbations  due  to 
the  stage  separation  process  can  be  considered  random  and  distributed 
according  to  normal  distribution  principle. 

Thus,  for  evaluating  effectiveness  of  control  elements  the 
complex  of  independent  perturbing  effects,  applied  to  a  mlssire  during 
flight,  which  can  be  reduced  to  one  systematic  and  to  n  random 
independent  (between  themselves)  effects  with  the  normal  distribution 
principles. 
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During  the  various  flight  phases  the  role  of  the  perturbing 
factors  Is  not  identical. 

The  basic  perturbing  factor  for  single-stage  rockets  and  for  the 
first  stages  of  multi-stage  rockets  is  the  wind. 

Perturbing  forces  and  moments  caused  by  manufacturing  and 
assembly  errors  in  a  rocket  and  by  layout  asymmetry  (both  systematic 
and  random),  considerably  less  than  wind  forces  and  moments,  do  not 
play  a  substantial  role  when  evaluating  effectiveness  of  control 
elements.  Thus  for  preliminary  determination  of  the  necessary  angles 
of  deflection  of  the  control  elements  of  single-stage  and  the  first 
stages  of  multi-stage  rockets  it  is  sufficient  to  estimate  the  effect 
on  a  rocket  of  wind  (taking  into  account  its  variation  with  height). 

For  second  and  subsequent  stages  of  missiles  with  a  separation 
height  of  more  than  40  km  the  basic  perturbing  factors  are  manufacturing 
and  assembly  errors  and  asymmetry  of  missile  layout.  The  effect  of 
wind  in  these  cases  is  unimportant. 

In  the  initial  flight  phases  after  the  separation  of  the  stages 
it  is  necessary  to  consider  the  effect  on  the  deflections  of  the 
control  elements  of  the  initial  perturbations  caused  by  stabilization 
errors  in  the  previous  stage  and  by  the  stage  separation  process. 

For  the  preliminary  selection  of  the  type  and  the  effectiveness 
of  control  elements  it  is  possible  to  detei’mlne  total  perturbing 
moment 


and  to  start  with  a  reserve  of  lOSt,  which  is 


(1.47) 


(1.48) 


Proceeding  from  this  value  of  necessary  controlling  moment  and 
taking  the  design  characteristics  of  the  missile  into  account,  it  is 

44 


possible  to  select  the  type  of  control  elements.  After  this  it  is 
necessary  to  carry  out  evaluation  of  controllability  (in  other  words, 
to  estimate  the  sufficient  amount  of  controlling  moments),  using  the 
dynamic  layout  of  rocket  motion  examined  in  Sect.  2.^. 

The  order  of  calculations  for  determining  the  deflections 
(loading)  of  the  control  elements  in  the  first  and  subsequent  stages 
of  a  missile  is  given  below. 

The  Order  for  Carrying  Out  Calculations  for  the  First  Stage. 

A,  The  deflections  of  the  control  organs  are  determined: 

1)  due  to  the  effect  of  the  systematic  component  of  wind 

velocity  5^  ; 

"CMCT 

2)  due  to  the  effect  of  the  random  component  of  wind  velocity 


3)  duo  to  the  effect  of  the  perturbing  factors  caused  by  layout 
asymmetry  6^^; 

4)  duo  to  the  effect  of  perturbing  forces  and  moments  caused  by 
technological  errors  in  the  manufacture  and  the  assembly  of  a  missile 


B.  The  total  deflection  of  the  control  elements  is  determined 

C.  The  loading  of  the  control  elements  is  compared  (taking  into 
account  the  possible  random  deviations  in  the  parameters  of  the 
missile,  the  guidance  equipment  and  the  atmosphere  -  by  Introducing 

a  margin  of  safety  1.1)  with  the  maximum  possible  deflection 

1 ,1  ( 1  •  50 ) 
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The  Order  for  Candying  Out  Calculations  for  the  Second 
and  Subsequent  Stages. 

During  determining  control  element  loading  in  second  and  sub¬ 
sequent  stages  the  combined  effect  on  the  motion  of  a  missile  of 
wind,  technological  errors,  layout  asymmetry,  and  also  initial  per¬ 
turbations  is  considered. 

The  Initial  perturbations  due  to  stabilization  errors  at  the  end 
of  the  flight  of  a  previous  stage  cause  the  following  deflections  of 
the  control  elements: 

-  systematic  component 

-  random  component 

Random  perturbations  due  to  the  stage  sepat'ation  process  lead  to 
deflection  of  the  control  elements  5^. 

The  order  for  cart'ying  out  the  calculations. 

A.  The  compo.nont  dof  loot  ions  of  the  control  elements  are 
determined : 

to  the  effect  of  the  algebraic  sum  of  the  perturbing 

forces  and  moments  r-isultlng  from  the  systematic  component  of  wind 

velocity  and  the  layout  asyumetry  during  the  initial  perturbances 

.0 

®UMCT* 

2)  -  due  to  the  effect  of  the  random  component  of  wind 

■ 

velocity  with  zero  initial  perturbations; 


3)  6,^  due  to  the  effect  of  perturbing  forces  and  moments 
caused  by  technological  errors,  with  zero  initial  perturbations; 

k)  6..  .  6„  »  fl..  ~  due  to  initial  perturbations  6^  .  ^2* 


B.  The  total  deflection  of  the  control  elements  Is  d^etermlned  i  ’ 

1 

+  <1*51) 

j  ,  t 

C.  The  loading  of  the  control  elements  Is  composed  (taking  Into 
account  the  possible  random  deviations  In  the  parameters  of  the 
missile,  the  guidance  equipment  and  the  atmosphere)  with  the  maximum 
possible  deflection: 

(1.52) 

If  this  condition  is  not  fulfilled,  correction  of  earlier 

\  A 

selected  control  effectiveness  characterised  by  magnitude  M”  Is 
carried  out. 

K8.  THE  ROCKET  fllGHT  CONTROL  SVSTEH. 

The  Rrohlems  and  the  Hakeup  of  a  Control  Systeii.  ‘ 

S 

A  rocket  flight  control  system  controls  its  motion  In  the 
powered-flight  ptiase,  ensuring  flight  in  a  rathe, r  close  vicinity  of 
the  required  flight  path,  and  separation  of  the  stages  and  nose, 
seotlon  of  the  rocket  at  the  necessary  moments  of  time. ;  This  very 
general  formulation  of  the  problems  of  a  flight  control  system  can  be  ■ 
somewhat  more  concretely  defined  by  separating  the  overall  problem 
into  the  problems  of  guidance  atid  stabilisation.  < 

The  problem  of  rocket  stabilisation,  and  more  precise,  the 
controlling  of  Its  motion  around  the  center  of  mass,  reduces  to 
controlling  the  orientation  of  the  rocket  ^axes  in  space  and  to  main¬ 
taining  the  required  orientation.  This  problem  is  solved  by  a  group 
of  devices  located  onboard  the  rocket,  -  by  the  autorndtie  angular 
sfabitiMatian  equipwaat.  , 

(I 

Due  to  feedback  the  rocket  and  the  automatic  angular  stabilisation 
equipment  form  a  single  dynamic  system,  in  which  the  rocket  Is  one  of 


I 


I  ■  ‘ 

f  *  I  » 

t 

I  j  I  ^  ! 

the  links.  Henceforth  by  atabiliza^ioh  ayatem  we  will  understand  the 

*  r 

closed  automatic  system  conslstinlg  of  the  rocket  and  the  automatic 
angular  stabilization  equipment.  *  ■  , 

‘  i  , 

Usually  a  rocket  is  stabilized  (oriented)  relative  to  all  three 
(connected  with  It)  coordinate  axes.  Accordingly  the,  stabilization 
system  consists  of  three  channfels :  pitch,  yaw*  and  roll. 

The  problem  of  missile  guidance  (controlling  the  motion  of  the 
center  of  mass)  reduces; to  the  control  of  the  .three  components  of  the 
velocity  of  the  center  of  mass  (longitudinal,  normal,  and  lateral), 
separation  of  the  stages  and  the  nose  section  in  such  a  way  that  the 
parameters  of  the  motion  of  the  center  of  mass  of  the  rocket  at  the 
moment  of  the  separation  of  the  nose  section  ensures  the  free  flight 
of  the  latter  along  the  required  trajectory.  The  automatic  control 
system,  solving  tiUs  problem,  we  customarily  call  the  guidance  system. 

B  *  » 

In  general  a  guidance  system  consists  of  three  channels  for  con- 
t^cUing  of  lateral,  noimtai  ana  longitudinal  components  of  velocity 
and  channels  controlling  the  separation  of  the  stages  and  the  nose 
section.  The  first  three  channels  operate  with  the  use  of  feedback 
end  form  toother  with  the  rocket  a  elooed  three-channel  dynamle 
system,  . 

Control  Of  the  ,iepar!4tl'>n  of  the  rocket  parts  is  accomplished 
by  an  rpt?n  system  (without  feedback):  on  the  basis  of  the  information 
about  the  motion  of  the  center  of  the  mass  of  the  rocket  in  the 
|)owere4"f light  piiage.  th'*  momvni  of  time  Is  determined  at  which  It  Is 

I 

n^cessai^  to  separate  the  appropriate  part  of,  the  rocket  ahd  a  series 
of  single  Instructiens  Is  given  for  shuttiruc  down  the  engine  system 

3 

and  for  the  separation  of  this  part, 

3  ' 

'AS  a  result  of  the  presence  of  two  different  flight  pliases  of  a 
ballistic  missile  “  powc5w./d-and  unpowered-flight  pltasec  the  main 
problem  30 f  .guidance  is  controlling  the  separation  of  the  nose  section 
of  the  rocket  In  such  a  way  that  tn«>  nose  section  thereafter  carrying 
otit  free  flight,  impiacts  In  She  vicinity  of  the  target  on  the  surface 

•  a 

3  i 
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of  the  earth  with  the  required  accuracy.  The  execution  of  this  task 
is  ensured  by  the  channel  controlling  the  separation  of  the  nose  section 
which  is  a  group  of  devices  which  shape  the  signal  for  the  shutting 
down  of  the  engine  system  and  for  the  separation  of  the  nose  section 
at  that  moment  of  time,  when  a  certain  function  of  the  parameters  of 
the  motion  of  the  rocket  attains  a  value  which  ensures  with  the 
required  accuracy  the  transit  of  the  flight  path  of  the  nose  section 
to  the  target  whose  position  relative  to  the  rocket  launch  site  Is 
known. 


In  order  that  at  the  moment  of  separation  of  the  nose  section 
the  parameters  of  rocket  motion  are  located  in  such  «  sufficiently 
small  area  which  ensures  the  normal  operation  of  the  channel  con¬ 
trolling  the  separation  of  the  liose  section,  it  is  necessary  to  con¬ 
trol  the  velocity  component  of  the  rocket. 

The  channel  controlling  lateral  velocity  i^ifetains  the  fll^t 
of  the  pocket  during  the  powersd^flight  in  the  Indicated  plane 

of  firing.  This  is  necessary  so  thai  the  vector  of  the 

rocket  at  the  moment  of  separation  of  the  nose  section  Itas  the 
necessary  direction  with  respect  to  atiaaith.  Since  this  channel 
strives  to  reduce  i.iteral  drift  to  sero  -  the  deflection  of  the 
rocket  from  the  plane  of  firing,  then  it  also  can  be  called  the 
lateral  drift  staniU^tlon  ehamsel  or  the  e.Hannel  of  lateral 
stahiiidatlon. 

Ifhe  channei  controlling  normal  velocity  ensures  the  fligtst  of 
the  rocket  in  the  plane  of  firing  alonf  the  aasij^ed  flight  path  so 
that  at  the  msKsent  of  separation  of  the  nose  section  the  velocity 
vector  of  the  rocket  has  the  necessary  direction  in  the  plane  of 
firing. 

The  chatuiiel  controlling  velocity  ensures  the  required  principle 
o‘f  varying  flii^ht  velocity.  The  control  of  velocity  is  accomplished 
for  the  purpose  of  reducing  the  parametric  domain  of  the  motion  of  the 
center  of  mass  of  the  rocket  sn  the  plane  of  firing,  at  which 
scpat'atlon  of  the  nose  section  is  possible  for  Impacting  on  the 


atslgneci  target.  The  channel  controlling  velocity  can  be  absent,  if 
it  is  possible  to  ensure  the  required  accuracy  of  firing  without 
velocity  control. 

Each  of  the  three  closed  channels  controlling  the  components  of 
rocket  velocity  usually  carry  out  the  following  functions. 

1.  It  obtains  and  processes  Infoi'mation  oonoernlng  the  par^eters 
of  rocket  motion,  on  the  basis  of  which  the  guidance  signals  are 
worked  out. 

2.  It  transmits  the  guidance  signals  on  board  the  rocket,  if 
these  signals  are  developed  by  off-board  equipment. 

3.  It  converts  the  guidance  signals  into  lateral,  normal  and 
tangential  controlling  forces. 

Since  lateral  and  nonoal  controlling  forces  are  created  by 
vit^ing  the  angular  position  of  the  rocket  relative  to  its  velocity 
vector,  1*0.,  by  varying  the  angles  of  attack  and  sideslip,  then  for 
controlling  these  forces  two  channels  of  the  atigular  stabillxation 
system  are  used  -  the  pitch  and  yaw  channels.  In  this  ease  the 
angular  stabilisation  system  simaltaneously  executes  two  functions; 

1}  it  converts  the  ^idanct  signals  into  lateral  atsi  normal 
cofttrollii'^  forces; 

2}  it  stabilises  during  the  effect  of  perturbations  tl^  angular 
posttlon  of  the  rocket  assigned  by  the  i^i^idance  signals. 

Thus,  the  two  ehn^.^^els  v';e  angular  3»taMliaatlr»r.  syst«s  are 
design  eleoiert^  ef  -the  A n<ff:  of  tbc  guidance 

ryste«;  thus,  the  channel  ;  iiialiig  the  angle  of  pitch  is  part  of 

^  r,j,raal  veiocity,  and  the  charutel  stablliaing 
angle  of  yaw  to  included  in  the  channel  controllitig  lateral 
velocity,  these  two  channels  of  the  angular  stabilitatien  system  are 
with  respect  to  the  guidance  system  a  certain  complex  ^object  of 
'i0v;.roA .  *• 
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For  the  normal  guidance  system  operation  it  is  usually  necessary 
that  a  rocket  flight  occur  without  roll.  With  rocket  rolling  the 
guidance  signals  vjlll  be  executed  inaccurately  as  a  result  of  a 

reduction  in  normal  controlling  force  N  as  compared  with  its  required 

«  X  y 

value  N  (N  =  N  cos  n)  :ind  the  appearance  of  lateral  controlling 

y  y  ^  y 

force  N_  =  N  sin  n,  which  causes  deviation  of  the  center  of  mass  of 

w 

the  rocket  from  the  plane  of  firing.  The  problem  of  preventing  rocket 
roll  under  the  effect  of  external  perturbations  is  solved  by  the  roll 
stabilization  channel.  This  channel  is  not  included  in  the  guidance 
system,  but  it  facilitates  its  operation. 

The  principle  of  nose  section  separation  control  is  based  on  the 
assumption  a  nose  section  can  hit  one  and  the  same  target  point  (at  the 
end  of  the  unpowered-flight  phase),  moving  both  along  the  optimum 
trajectory  and  along  an  infinite  set  of  other  possible  trajectories. 
Because  of  this  it  is  not  at  all  mandatory  for  hitting  a  target,  that 
the  parameters  of  rocket  motion  at  end  of  the  unpowered-flight  phase 
be  equivalent  to  their  optimum  values.  It  is  possible  to  separate 
a  nose  section  at  that  Instant,  when  the  totality  of  pararaetic 
deviation  of  rocket  motion  from  their  optimum  values  will  ensure  the 
subsequent  motion  of  the  nose  section  along  one  of  the  trajectories, 
leading  it  to  the  target.  This  problem  is  also  solved  by  the 
appropriate  channel  of  the  rocket  control  system. 

Peculiarities  of  Rocket  Control  Syscems  With  Controllable 
and  Uncontrollable  Thrust. 

The  principles  of  ballistic  missile  control  system  construction 
are  determined  by  the  rocket  flight  conditions  and  by  the  character¬ 
istics  of  its  design,  by  the  missions  which  are  assigned  to  this  system, 
and  by  the  specifications.  Imposed  on  it,  and  also  by  the  level  of 
development  of  the  corresponding  fields  of  technology.  In  particular, 
a  large  role  is  played  by  the  fact,  of  whether  the  magnitude  of  engine 
thrust  is  controlled  or  is  not  controlled.  Rockets  with  engines  which 
make  it  possible  to  vary  the  thrust  level,  are  more  refined  objects 
of  control.  They  can  accomplish  flight  along  a  flight  path, 
sufficiently  close  to  the  optimum,  and  thus,  execute  nose  section 
separation  with  small  parametric  deviations  at  the  end  of  the 
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powered-flight  phase  from  the  optimum  values.  This  makes  it  possible 
to  obtain  a  relatively  high  firing  accuracy  when  using  comparatively 
simple  guidance  systems  and  instruments. 

For  ensuring  a  rocket  flight  along  a  trajectory,  close  to  optimum, 
it  is  possible  to  measure  three  components  of  the  acceleration  of  the 
center  of  mass  and  to  compare  them  (or  integrals  of  them,  i.e.,  three 
velocity  components)  with  the  programs  of  their  variation  which  are 
stored  as  functions  of  time  in  a  program  unit  (or  in  an  onboard 
computer) . 

By  controlling  the  normal  forces  by  varying  the  orientation  of 
the  rocket  and  by  the  thrust  level  by  boosting  or  throttling  the 
engine,  it  is  possible  to  accomplish  a  predetermined  flight  trajectory 
with  an  accuracy  determined  only  by  the  characteristics  vT  the  control- 
system  equipment.  The  narrow  "tube"  of  perturbed* trajectories  obtained 
in  this  case  makes  it  possible  to  construct  a  comparatively  simple 
automatic  device  for  controlling  the  separation  of 'the  nose  section, 
that  works  in  a  standby  mode  and  affecting  neither  the  rocket  motion 
process  in  the  powered-flight  phase,  nor  the  operation  of  the  control 
system.  The  algorithm  of  the  operation  of  this  automatic  device  can 
be  corapeiratlvely  simple,  not  requiring  a  complex  computer. 

It  is  rather  simple  to  obtain  a  channel  controlling  normal 
velocity,  maintaining  the  assigned  program  of  its  variation.  A 
characteristic  of  this  program  is  the  gradual  variation  in  normal 
speed  during  the  course  of  tens  of  seconds  (the  flight  duration  of 
a  rocket  stage).  The  representation  of  a  program  in  the  form  of  a 
frequency  spectrum  shows  that  this  spectrum  occupies  in  practice  the 
frequency  band  from  zero  to  several  tenths  of  a  radian  per  second. 

For  accurate  reproduction  of  such  a  program  high  speed  operation  is 
not  required  from  the  channel  controlling  normal  velocity  and  a 
stabilization  mode  is  more  characteristic  of  it  than  is  a  control  mode. 
In  connection  with  the  noted  fact  for  rockets  with  controllable  thrust 
the.  channel  controlling  normal  speed,  ensuring  an  assigned  program  of 
its  variation,  can  be  called  the  nomat  stabilization  channel. 
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Thus,  for  rockets  with  controllable  thrust  the  optimum  flight 
path  in  the  powered-flight  phase  is  assigned  by  programs  controlling 
the  projections  of  velocity  for  some  three  directions  and  by  programs 
controlling  the  angles  of  pitch,  yaw  and  roll,  and  a  guidance  system 
is  intended  for  controlling  a  rocket  in  the  powered-flight  phase  along 
a  trajectory,  as  close  as  possible  to  the  optimum.  This  problem  is 
solved  by  three  channels  of  the  guidance  system,  which  include  the 
channels  stabilizing  the  angles  of  pitch  and  yaw,  and  also  a  channel 
stabilizing  angle  of  roll. 

The  examined  approach  to  constructing  a  guidance  system  transfers 
a  significant  part  of  the  problem  of  ensuring  required  firing  accuracy 
to  rocket  and  engine  system  designers.  The  guidance  system  in  this 
case  receives  a  simple  instrument  formulation  due  to  the  complicating 
of  the  rocket  design. 

The  rocket,  in  which  ^he  thrust  level  of  the  engine  system  is 
not  controlled,  for  example  solid-propellant  rockets,  can  noticeably 
deviate  from  the  optimum  trajectory.  However  the  reducing  to  zero 
during  the  whole  duration  of  the  powered-flight  phase  of  the 
parametric  deviations  in  rocket  motion  from  the  optimum  values  is  not 
an  end  in  Itself.  The  basic  problem  of  a  rocket  control  system  is 
minimizing  the  deflection  of  the  point  of  impact  of  the  nose  section 
from  the  target.  An  ideal  guidance  system  should  employ  the  parametric 
information  about  rocket  motion  in  such  a  way  as  to  ensure  at  the  end 
of  the  flight  the  impact  of  the  nose  section  on  the  target.  The 
success  in  solving  this  problem  by  a  real  guidance  system  depends  on 
how  completely  the  algorithm  for  converting  the  information  about 
rocket  motion  into  the  guidance  signal  controlling  rocket  orientation, 
considers  all  possible  factors  affecting  impact  accuracy. 

Thus  if  an  attempt  is  not  made  to  ensure  the  smallest  deviations 
in  the  parameters  of  rocket  motion  from  the  optimum  values,  which  is 
more  or  less  possible  in  rockets  with  controllable  thrust,  then 
control  of  the  normal  and  lateral  velocities  and  of  nose  section 
separation  is  accomplished  in  accordance  with  rather  complete 
algorithms  ensuring  the  required  dispersion  of  the  nose  section. 
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despite  the  substantial  deviations  in  the  parameters  of  rocket  motion 
from  the  optimum.  In  this  case  for  shaping  the  guidance  signals  and 
for  nose  section  separation  a  large  number  of  computational  operations 
is  necessary  which  are  performed  by  a  digital  computer:  onboard  -  in 
an  Inertial  system  or  ground-based  —  in  a  radio-controlled  system.  It 
is  not  difficult  to  see  that  for  ensuring  assigned  nose  section 
dispersion  a  less  refined  object  of  control  (with  uncontrollable 
thrust)  requires  the  employment  of  a  more  refined  guidance  system 
using  a  digital  computer. 

Inertial  Control  Systems  for  Rockets  With 
Controlled  Thrust 

On  the  basis  of  an  analysis  of  the  control  systems  of  various 
ballistic  missiles ‘  it  is  possible  to  visualize  a  certain  typical 
inertial  guidance  system  for  a  rocket  with  controllable  thrust.  As 
it  was  already  noted,  such  a  rocket  does  not  require  complex  control 
algorithms,  and  thus  its  guidance  system  does  not  contain  complex 
computers . 

The  basis  of  a  guidance  system  is  a  gyrostabillzed  platform 
(GSP)  which  preserves  in  flight  in  the  powered-flight  phase  of  the 
trajectory  the  directions  of  the  axes  of  the  initial  launch  co¬ 
ordinate  system. 

The  Control  Program 

During  the  flight  of  a  rocket  in  the  powered-flight  phase  of  the 
ti’ajectory  three  projections  of  the  apparent  velocity  of  the  center 
of  mass  of  the  rocket  and  the  angles  of  turn  of  the  body  axis  of  the 
rocket  relative  to  the  axes  of  the  inertial  (initial  launch)  coor¬ 
dinate  system,  are  measured,  i.e.,  the  angles  of  pitch  <|>,  yaw  i  and 
roll  n* 

For  establishing  the  components  of  the  apparent  velocity  of  the 
center  of  mass  of  a  rocket  as  reference  directions  it  Is  possible  to 


‘See,  for  example,  the  books  C123,  [13]»  C26],  [273,  [293.  [303* 
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use:  the  direction  of  body  axis  Ox^^,  coinciding  with  the  longitudinal 
axis  of  the  rocket:  the  direction  of  axis  Oy*,  coinciding  with  the 
reference  (programmed)  direction  of  body  axis  Oy^^;  the  direction  of 
axis  OZq,  coinciding  with  the  normal  to  the  plane  of  firing  Ox^yQ,  or 
the  direction  of  body  axis  Oz^. 

» 

The  programs  of  lateral  velocity  w^q,  of  the  angles  of  yaw  and 
roll  are  usually  considered  zero.  The  program  of  normal  speed  is  also 
very  simple  to  select  as  zero.  Then  the  flight  path  will  be  assigned 
only  by  two  programs:  w^^^  and  (j)*. 

The  program  of  variation  in  pitch  angle,  assigned  in  the  form  of 
a  dependence  on  time,  is  distinguished  by  the  simplicity  of  its 
instrument  execution.  Other  means  of  assigning  a  pitch  angle  program 
are  also  possible.  For  instance,  a  program  can  be  assigned  in  the 
form  of  the  dependence  of  pitch  angle  on  the  projection  of  the 
apparent  velocity  on  the  longitudinal  axis:  (J»*  =  The 

execution  of  the  program  in  this  case  is  accomplished  by  a  program 
mechanism  in  accordance  with  the  actual  value  of  the  apparent  flight 
velocity. 

Angular  Stabilization  System 

A  system  of  angular  stabilization  maintains  the  required 
orientation  of  a  rocket  determined  by  the  zero  values  of  the  angles  of 
yaw  and  roll  and  by  the  program  value  of  pitch  angle.  This  system 
has  three  channels:  pitch,  yaw  and  roll,  constructed  in  an  analogous 
manner.  Certain  differences  in  the  operation  of  these  channels  are 
due  to  their  Interaction  with  the  corresponding  channels  of  the 
guidance  system. 

A  characteristic  of  the  channels  for  stabilizing  yaw  and  roll  is 
differential  deflection  of  the  control  surfaces  for  creating  rolling 
moment,  which  means  using  the  same  control  drives  and  control  elements 
for  creating  yaw  and  roll  moments. 

Since  a  rocket  is  dynamically  axlsymmetrlc,  the  channel  for 
stabilizing  the  angle  of  yawing  usually  has  the  same  structural 
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layout,  as  the  channel  for  stabilizing  pitch. 

The  block  diagram  of  one  of  the  channels  of  an  angular  stabili¬ 
zation  system  is  shown  in  Pig.  I.l8.  Let  us  examine  the  equations 
of  the  links,  included  in  this  diagram. 


Pig.  1.18.  Diagram  of  an  angular  stabilization  channel. 

Key:  (1)  Error.  (2)  Potentiometer.  (3)  Error  signal. 

(^)  Correcting  filter.  (5)  Control  signal.  (6)  Amplifier. 

(7)  Control  drive.  (8)  Position  of  the  control  elements. 

(9)  Rocket.  (10)  Angle  of  yaw. 

The  gyrostablllzed  platform  with  an  angular  error  sensor  is  a 
practically  Inertialess  link,  the  unique  characteristic  of  which  is 
the  transmission  factor  K^,  i.e. 

(1.53) 

i 

where  e«<t>*-(|)}  e  =  n  —  for  the  pitch,  yaw  and  roll  channels 

respectively. 

The  amplifiers  included  in  the  amplifier-converter  diagram,  and 
also  the  converters  of  the  signal  type  -  modulators  and  demodulators, 
are  characterized  by  a  very  small  dynamic  lag,  which  in  analyzing  a 
stabilization  system  can  be  disregarded.  Then 

(1.54) 

The  hydraulic  control  drive  taking  the  moment  of  load  into  account 
is  characterised  by  the  equation  of  the  aperiodic  link 

(1.55) 
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other  drive  layouts  are  possible;  other  equations  will  correspond 
to  them.  . 

For  correcting  the  dynamic  properties  of  a  system  various  types 
of  RC-filters  can  be  used.  The  equations  single-link  differentiating 
and  Integrating  filters  can  be  written  in  the  general  form  as 

(1.56) 

Equations  of  two-link  differentiating  and  integro-differentiatlng 
filters  take  the  following  form: 

tXuj  -f-  tty = (tJ«.  -I-  , + lit).  (1.57) 

The  given  equations  are  employed  in  selecting  the  type  of 
correction  and  the  basic  paraimeters  of  each  of  the  channels  of  an 
angular  stabilization  system.  However  in  solving  various  problems  of 
the  dynamic  rocket  design  it  is  possible  to  enlist  transitional 
processes  of  stabilization  and  to  examine  only  the  established  modes 
of  stabilization,  using  the  following  simplified  equations; 

control  drive 

6«/Cp.Bfjr;  (1.58) 

single-link  differentiating  filter 

integrating  filter 

^  \  0  * 

two-link  differentiating  filter 

integro-differentiatlng  filter 

«,-■ (1.62) 


(1.59) 


(1.60) 
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Using  equations  (1.58)-(1.62),  it  is  possible  to  compose  for  each 
of  the  channels  of  a  stabilization  system  an  approximation  equation 
connecting  the  deflection  of  the  control  elements  with  the  parameters 
of  angular  rocket  motion. 

For  correcting  the  dynamic  characteristics  of  channels  stabilizing 
pitch  and  yaw  it  is  usually  necessary  to  use  either  a  two-link 
differentiating,  or  an  integro-differentlating  filter.  Then,  for  ■ 
example,  for  a  channel  stabilizing  angle  of  pitch  we  have  the  equations 

(1.63) 

or 

(1.64) 

The  equations  for  the  channel  stabilizing  the  angle  of  yaw  are 
written  in  an  analogous  manner. 

For  correcting  the  dynamic  characteristics  of  a  channel  stabilizing 
angle  of  roll  it  is  sufficient  to  employ  a  single-link  differentiating 
filter.  In  this  case  we  obtain 

8,=a,Ti-|-a- Tj.  (1.65) 


The  Guidance  System. 

The  channel  regulating  apparent  velocity  (the  PHC  [AVR]  system) 
is  Intended  for  maintaining  the  program  value  of  the  longitudinal 
component  of  apparent  velocity  by  boosting  or  throttling  the  main 
engine  system.  Velocity  control  is  aocomplishod  for  the  purpose  of 
reducing  the  variance  in  the  motion  parameters  of  the  center  of  mass 
of  the  rocket;  this  necessary  for  simplifying  the  algorithm  of  engine 
system  shut-down. ^ 


^The  AVR  system'  can  be  absent.  If  It  Is  possible  to  ensure  the 
required  firing  accuracy  without  equipping  the  rocket  with  this 
system. 
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The  regulation  of  the  longitudinal  component  of  apparent  velocity 

can  be  accomplished  in  the  following  manner  (Pig.  1.19).  AVR  is 

.  * 

introduced  into  the  system,  and  then  program  is  reproduced 

onboard  the  rocket.  This  function  (the  storage  and  the  reproduction 
of  the  program  onboard  the  rocket)  is  carried  out  by  some  program 
unit. 


Pig.  1.19.  Diagram  of  an  apparent  velocity  regulating 
channel . 

KEY:  (1)  Pressure  sensor.  (2)  Program  signal  sensor. 
(3)  Amplifier-converter.  (4)  Drive.  (5)  Combustion 
chamber.  (6)  Speed  meter.  (?)  Rocket.  (8)  Engine. 


A  speed  meter  is  a  gyroscopic  integrator  mounted  on  the  missile 
body  so  that  its  axis  of  sensitivity  is  parallel  to  the  longitudinal 
axis  of  the  rocket;  it  emits  to  the  comparing  device  in  the  form  of  a 
corresponding  signal  the  measured  value  of  the  apparent  velocity 
To  the  comparing  device  there  also  comes  a  signal  of  the  programmed 

i 

value  of  the  apparent  velocity  (The  gyroscopic  integrator  and 

the  comparing  device  can  be  combined  in  one  instrument  -  the  apparent 
velocity  error  sensor).  A  signal,  proportional  to  the  mismatch,  is 
supplied  to  the  amplifier-converter,  where  it  is  amplified  and  con¬ 
verted  into  a  signal  controlling  the  aotuatitig  element  of  the  AVR 


system.  The  actuating  device  can  be  for  Instance,  the  engine  reduction 
screw  drive.  The  turning  of  the  reduction  screw  varies  the  flow  rate 
per  second  of  the  propellant  components  Into’ the  turbopump  unit.  As 
a  result  of  this  the  per-second  flow  rate  of  propellant  going  Into  the 
combustion  chambers  leads  to  a  change  in  pressure  In  the  combustion 
chambers  and  thus.  In  the  thrust  of  the  engine  system. 

The  thrust  Increases,  If  the  actual  velocity  Is  less  than  the 
programmed  velocity  w^^  and  vice  versa.  As  a  result  an  automatic 
closed  AVR  system  Is  obtained.  In  which  the  rocket  Is  Included  as  the 
object  of  control. 

For  Improving  the  dynamic  properties  of  this  system  correction 
methods,  well  known  In  the  theory  of  automatic  control,  can  be 
employed:  the  Introduction  of  derivatives  from  the  error  signal 
Into  the  control  signal,  the  utilization  of  internal  feedback,  etc. 

One  of  the  possible  means  is  the  introduction  of  Internal  feedback 
with  respect  to  pressure  In  the  combustion  chambers.  In  this  case  the 
error  signal  of  the  apparent  velocity  u^^  is  added  with  the  feedback 
signal  with  respect  to  pressure  In  the  combustion  chambers  (see 
Pig.  1.19). 

The  lateral  stabilization  channel.  The  channel  controlling  the 
lateral  component  of  velocity  maintains  the  flight  of  the  rocket, 
during  the  powered- flight  phase  of  the  trajectory,  in  the  assigned 
plane  of  firing.  This  Is  necessary  in  order  to  as  simply  as  possible 
ensure  the  required  direction  with  respect  to  the  azimuth  of  the 
velocity  vector  of  the  rocket  at  the  moment  of  engine  shut-down. 

The  channel  oonti'olllng  lateral  velocity  ensures  during  the 
powered- flight  phase  of  the  rocket  with  the  necessary  accuracy  the 
zero  values  of  the  lateral  component  of  velocity  and  of  lateral 
drift,  i.e.,  deviations  of  the  center  of  mass  of  the  rocket  from  the 
plane  of  firing.  In  accordance  with  this  problem  the  examined 
guidance  system  channel  is  usually  called  the  ekauntl  (or  system) 
of  lateral  otaHliMation  (BC  ■  [LS]). 
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In  an  inertial  system  of  lateral  stabilization  the  measuring 
instrument  (accelerometer  or  gyrointegrator)  is  mounted  on  the  rocket 
in  such  a  way  that  its  axis  of  sensitivity  is  directed  either  along 
body  axis  Oz^  (in  the  case  of  Immobile  mounting  of  the  measuring  , 
element  relative  to  the  rocket  body),  or  perpendicular  td  the  plane 
of  firing,  i,c.,  along  the  initial  launch  axis  OZq  (with  the  ipounting 
of  the  measuring  element  on  the  GSP).  The  inertial  syste^n  of  lateral 
stabilization  in  this  manner  ensures  during  the  course  of  the  powered- 
flight  phase  of  the  rocket  with  sufficient  accuracy  the  zero  values 
of  the  lateral  component  of  apparent  velocity  w_  ahd  the  integral  in 

*  *  I  , 

time  from  this  velocity  ^-‘^1  i.e.,  the  apparent , path  in  the 

lateral  direction. 

( 

A  signal,  proportional  to  the  apparent  path  in  the  lateral 
direction  3„,  is  obtained  by  twofold  integration  of  the  accelerometer 
signal  or  by  single  Integration  of  the  gyrolntegratop  signal.  Inte¬ 
gration  can  be  accomplished  with  the  aid  of  integrators  of* various  ' 
types,  for  example  an  electrolytic  integrator  or  an  integrating  RC- 
circuit. 

The  problem  of  selecting  the  type  of  correction  and  th^  basic  ' 
parameters  of  the  lateral  stabilization:  circuit  is  solved  proceeding 
from  the  conditions  of  ensuring  the  assigned  guidance  accuracy 
characterized  by  the  magnitude  of  lateral  drift,  and  the  required' 
dynamic  properties  of  the  circuit,  characterized  by  the  quality  of  the 
transitional  process.  In  an  inertial  lateral  stabilization  system 
for  correcting  the  dynamic  characteristics  of  the  system  a  signal, 
proportional  to  the  lateral  component  of  apparent  velocity  Is  used. 

In  this  case  the  deflection  of  the  control  oleraonts  Is  described  by 
the  approximate  equation 

(1.66) 

« 

In  which  it  Is  assumed  that: 

The  normal  stabilization  channel  of  a  rocket  guidance  system,  as 
well  as  the  lateral  stabilization  channel,  consists  of  two  circuits: 

I 
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th  normal  stabilization  circuit  and  the  pitch  angle  stabilization 
circuit.  It  operates  in  an  analogous  manner  , to  the. inertial  lateral 
stabilization! channel.  The  difference  consists  only  in  the  fact  that 
the  programmed  values' of  the  angle  of  pitch  are  not  zero.  The  angle 
of  pitch  ♦•(t),  corresponding  to  flight ’along  an  optimum  trajectory, 
is  assigned  by  the  program  mechanism  and  is  put  into  practice  by  the 
angle  of  pitch  stabilization  circuit. 

I 

A  programmed  variation  in  pitch  angle  gives  rise  to  a  corresponding 
variation  in  the  normal  component  of  velocity.  •  In  connection  with 
;  this  in'  the  simplest  guidance  system^  the  control  of  the  normal  velocity 

t 

of  motion  of  the  center  of  mass  was  replaced  by  control  of  the  angular 

t  ( 

position  of  the  rocket  with  respect  to  pitch.  However  the  monitoring 
of  the  angle  of  pitch  in  certain  oases  is  insufficient  for  ensuring 
s»!tall  deviation  in  the  parameter^  of  the  motion  of  the  center  of  mass 

I 

of  the  rocket  in  the  plane  of  firing.  Control  of  the  normal  component 
of  velocity  in  addition  to  control  of  the  angle  of  pitch  makes  it 
possible,  to  reduce  the  indicated  deviation. 

1 

In  the  simpleet  case  corttrol  of  normal  velocity  reduces  to  the 
stabilization  of  the  zero  values  of  the  normal  component  of  apparent 
velocity  Wyj  (along  body  cxls  Oyj^  or  in  the  programmed  direction)  and 
the  Integral  fob  time  due  to  this  velocity 

i 

The  Information,  necessary  for  normal' stabilization,  comes  from 

the  inertial  measuring  element  •>  the  accelerometer  of  gyrolntegrator* 

*■  ; 

If  the  measuring  element  of  the  normal  stabilisation  system  Is 
mounted  on  a  QSP,  then  with  the  aid  of  the  angle  of  pitch  program 
mechanism  It  Is  turned  during  flight  so  that  its  axis  of  sensitivity 
is  always  perpendleular  to  the  programmed  direction  of  the  longi¬ 
tudinal  axis  of  the  rocket. 
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The  equation  of  the  deflection  of  the  control  elements  of  a 
rocket  for  a  steady-state  process  of  normal  stabilisation  takes  the 
form 


(1.67) 


The  automatic  equipment  oontrollinp  nose  section  separation. 

The  inertial  guidance  system  examined  here«  which  Includes  lateral 
and  normal  stabilisation  channels  and  an  apparent  velocity  regulatlnr 
channel*  ensures  rather  small  dispersion  of  all  the  coordinates  asw 
of  the  component a  of  velocity  of  the  center  of  mass  of  the  rocket  and 
thus  makes  it  possible  to  simplify  the  automatic  equipment  contrail In^ 
nose  section  separation.  This  automatic  equipment  contains  missile 
apparent  velocity  meters  mounted  on  QSP,  ~  aecolerometers  or  gyro- 
Integratora  oriented  in  an  appropriate  manner.  The  information  from 
the  metera  concernitig  the  projections  of  the  apparent  velocity  and 
the  apparent  path  goes  to  a  oomputer  for  the  shaping  of  a  signal  for 
engine  system  shut-down  and  for  nose  section  separation. 

The  control  algorithn*  the  oct>responding  systematic  atvd  In¬ 
st. *'umental  errors  and  their  effect  on  nose  section  dispersion  are 
examined  in  Chapter  V. 

Missile  Inertlsl  Control  SystMis  with 
UncontfolUhle  Thrust 


Let  us  visualise  a  certain  typical  Inertial  eontrol  system  with 
an  nnto.ard  digital  computer  for  a  rocket  with  uncontrcUabla  thrust* 
for  which  let  us  take  into  account  the  diagrams  of  the  control  system 
cf  various  rockets.  Such  a  control  system,  naturally,  consiata  of 
guidance  and  stabilisation  systeias. 


The  stabilisation  system  receives  the  inforttaticn,  necessary  for 
shaping  the  control  signal  ^ing  to  the  control  drive,  from  the 
guidance  system  and  from  the  meters  reasurlng  the  parameters  of  rocket 
motion:  the  angles  of  pitch,  yaw  attd  roll,  the  angles  of  attack,  the 
angular  volocttios,  the  accelerations  of  the  center  of  macs.  Ti^us, 
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for  instauoG)  besiaea  the  usual,  stabilization  systems  with  angles  of 
pitch,  yaw  an4  rbll  stabilization  systems  with  angular  velocity 

and  linear  aooel.^f?r^tloh  sensoi*s  can  be  used. ' 

?h«  stabilisation  system  is  digital,  i.e.,  the  controlling 
signals  are  shaped  by  digital  filters,  which  makes  it  possible  to 
substantially  improve  the  dynamic  properties  of  the  system. 

the  guidano€  9y»ttm  equipment  consists  of  an  Inertial  measuring 
system  (navigation  system),  which  determines  the  velocities  and  the 
coordinates  of  the  rocket,  and  an  onboard  computer  shaping  the  guidance 
signals  and  the  engine  shut-down  signal. 

The  inertial  measuring  system  is  set  up  designwise  as  a  single 
unit,  which  ineludea: 

-  a  threeniegree^f-freedoii  gyrostabilized  platform  with  the 
analog  stabilisation  circuit  elements; 

~  meters  for  meaaurlng  irachet  motion  parametcra  (angle, 
acceleration  or  center  of  tmiss  velocity  sensors). 

the  output  signals  of  the  inertial  measuring  system  in  digital 
form  go  to  the  onboard  computer  which  determines  the  velocity 
components  and  the  coordinates  of  the  rocket,  it  solves  guidance 
equations  and  emits  itgnsls  in  digital  form  to  the  stabiliisation 
system,  rov  stage  separation,  ertgliie  shat->down,  etc. 

Three  accelerometers  mounts  on  the  hSP,  simultaneously  perform 
the  fUKCtions  cf  noiisal  and  lateral  velocity  contrcl  system  meters 
and  automatic  range  control  equipment  meters,  and  also  functions 
of  stabilisation  system  jcrters  ir  the  case  of  the  corresbondsng  con¬ 
struction  of  the  latter.  Actually  the  automatic  range  control  equip¬ 
ment  as  an  independent  unit  is  eliminated,  specific  meters  for  normal 
and  lateral  velocities  are  absent  and  as  a  result  the  number  of  meters 
is  reduced  to  three. 


for  instance,  besides  the  usual  stabilization  systems  with  angles  of 
pitch,  yaw  and  roll  meters,  stabilization  systems  with  angular  velocity 
and  linear  acceleration  sensors  can  be  used. ’ 

The  stabilization  syster.'  is  digital,  i.e,,  the  controlling 
signals  are  shaped  by  digital  filters,  which  makes  it  possible  to 
substantially  improve  the  dynamic  properties  of  the  system. 

The  guidance  ayetem  equipment  consists  of  an  inertial  measuring 
system  (navigation  system),  which  determines  the  velocities  and  the 
coordinates  of  the  rocket,  and  an  onboard  computer  shaping  the  guidance 
signals  and  the  engine  shut-down  signal. 

The  inertial  measuring  system  is  set  up  designwise  as  a  single 
unit,  which  Includes: 

-■  a  three-degree-of-freedom  gyrostabillzed  platform  with  the 
analog  stabilization  circuit  elements; 

-  meters  for  measuring  rocket  motion  parameters  (angle,  . 
acceleration  or  center  of  mass  velocity  sensors). 

The  output  signals  of  the  inertial  measuring  system  in  digital 
form  go  to  the  onboard  computer  which  determines  the  velocity 
components  and  the  coordinates  of  the  rocket,  it  solves  guidance 
equations  and  emits  signals  in  digital  form  to  the  stabilization 
system,  for  stage  separation,  engine  shut-down,  etc. 

Three  accelerometers  mounted  on  the  GSP,  simultaneously  perform 
the  functions  of  normal  and  lateral  velocity  control  system  meters 
and  automatic  range  control  equipment  meters,  and  also  the  functions 
of  stabilization  system  meters  in  the  case  of  the  corresponding  con¬ 
struction  of  the  latter.  Actually  the  automatic  range  control  equip¬ 
ment  as  an  independent  unit  is  eliminated,  specific  meters  for  normal 
and  lateral  velocities  are  absent  and  as  a  result  the  number  of  meters 
is  reduced  to  three. 
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With  such  guidance  system  construction  the  totality  of  its  equip¬ 
ment  is  a  rather  general-purpose  device  which  makes  it  possible  to  use 
it  in  various  rockets  without  substantial  alterations. 

1.9.  BASIC  CHARACTERISTICS  OF  A  ROCKET  AS 
A  DYNAMIC  SYSTEM 

Before  going  on  to  the  composition  of  a  mathematical  model  of 
controlled  rocket  flight j  let  us  note  the  specific  characteristics  of 
a  rocket  as  a  dynamic  system. 

A  rocket  together  with  its  control  system  forms  a  dynamic  closed 
system,  the  processes  in  which  (rocket  motion,  the  elastic  oscillations 
of  the  rocket  and  the  oscillations  of  the  liquid  propellant  in  the 
tanks,  the  conversion  of  electric  signals,  the  deflections  of  the 
control  elements  and  others)  are  described  by  a  complex  system  of 
differential  equations. 

It  is  possible  to  examine  the  following  components  of  rocket 
motion; 

1)  the  motion  of  the  center  of  mass; 

2)  the  motion  around  the  center  of  mass; 

3)  the  elastic  oscillations  of  the  housing  (flexural  oscillations 
in  two  planes,  longitudinal  and  torsional  oscillations); 

^)  the  oscillations  of  the  liquid  propellant  in  the  tanks  relative 
to  the  missile  body  with  the  presence  of  free  propellant  surfaces. 

It  is. possible  to  consider  a  rocket  as  absolutely  solid  only  as  a 
first  approximation.  In  the  genei’al  case  the  flexural  vibrations  of 
the  missile  body  can  Interact  with  the  oscillations  in  the  control 
s:)stem  and  with  the  oscillations  of  the  liquid  propellant.  When  the 
frequencies  of  the  oscillations  are  rather  close  to  each  other,  when 
investigating  rocket  motion  it  is  necessary  to  consider  the  inter¬ 
relation  of  the  corresponding  oscillatory  processes. 
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The  motion  of  the  center  of  mass  of  a  rocket  is  unsteady  and  the 
parameters  of  the  rocket  and  the  parameters  of  Its  motion  very  sub~ 
stantlally  vary  during  flight.  The  variations  In  the  motion  parameters 
are  connected  with  the  great  propellant  consumption  per  second  and  the 
displacement  of  the  rocket  with  variable  speed  In  the  atmosphere,  the 
density  of  which  sharply  drops  with  height.  As  a  result  of  the  large 
fuel  consumption  such  characteristics  of  the  rocket,  as  mass,  the 
Inertial  moments  and  the  position  of  the  center  of  mass  (see  Fig.  1.13- 
1.14)  vary.  The  variation  In  flight  altitude  (Pig.  1.20)  and  atmos¬ 
pheric  density  in  conjunction  with  the  sharp  variation  in  the  velocity 
of  motion  of  the  rocket  (Pig.  1.21)  give  rise  to  a  very  specific 
character  of  variation  in  the  magnitude  of  dynamic  head  (Pig.  1.22). 

I 


Pig.  1.20.  Variation  in 
the  flight  altitude  of  a 
single-stage  rocket. 


Fig.  1.21.  Variation  in 
the  flight  velocity  of  a 
single-stage  rocket. 


With  variation  in  M  number  the  aerodynamic  oharact eristics  of  the 
rocket  vary,  in  particular,  -  the  coefficient  of  tangential  force, 
0^  -  derivative  from  the  coefficient  of  normal  force  with  respect  to 

C( 
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angle  of  attack,  -  the  relative  coordinate  of  the  center  of  pressure 
(Pig,  1,23).  In  connection  with  the  fact  that  in  the  last  seconds  of 
the  powered-flight  phase,  as  a  rule,  the  engine  system  goes  over  to  a 
low  thrust  mode;  In  this  phase  of  motion  there  Is  an  abrupt  change  in 
thi’ust  level  and  axial  overload  (Pig.  1.2^  and  1.25). 


Pig.  1.22.  Variation  In 
dynamic  head  during  the 
flight  of  a  single-stage 
rocket.  . 


Pig.  1.23.  Variation  in 
the  position  of  the  center 
of  pressure  of  a  single- 
stage  rocket  during  flight 


Pig.  1.2*.  Variation  in 
the  engine  thrust  of  a 
single-stage  rocket 
during  flight. 


Pig.  1.25.  Variation  in 
axial  overload  of  a  single- 
stage  rocket  during  flight. 


For  multistage  rockets,  besides  the  indicated  variations  in 
continuous  character,  there  are  also  Intereiit tent  variations  in  the 
rocket  paraaeters  and  motion  parameters  connected  with  the  separation 


of  a  used-up  stage  and  the  beginning  of  operation  of  the  engine  system 
of  the  following  stage  (see  Fig.  1.13  and  1.1^).  Figure  1.26  for 
example  presents  a  graph  illustrating  the  nature  of  the  variation  in 
overload  for  a  two-stage  missile. 


I* 


t..  h  .  t 

Fig.  1.26.  Variation  in  the  axial  overload 
for  a  two-atage  mlsaile  during  flight. 

Intermittent  parametric  variations  oan  take  place  both  at  moments 
of  stage  separation  and  at  moments  of  the  separation  of  the  structural 
elements  of  rocket  Jettisonable  after  its  exit  from  the  dense  layers 
of  the  atmosphere  (the  nose  sect ion  fairing »  elements  of  the  tall 
section  and  others).  As  a  result  of  the  variations  in  the  rocket 
parameters  uid  the  par^eters  of  its  motion  during  flight  the  dynamic 
properties  of  t).e  rocket  as  an  object  of  conti^l  (control  element 
effectiveness,  the  reaction  of  the  rocket  to  the  deflection  of  the 
control  elements  and  others)  are  substantially  changed. 

Hie  system  of  differential  equations,  rather  completely  describing 
flight  of  a  guided  rocket,  has  a  very  high  order  and  is  a  nonlinear 
stochastic  simultaneous  system  of  equations.  Let  us  briefly  examine 
the  noted  characteristics  of  those  e<)uations* 

tlie  tsotlon  of  a  s*ockot  as  an  absolute  solid  body,  consisting  of 
the  motion  of  the  center  of  mass  and  the  motion  around  the  center  of 
mass,  is  characterised  by  six  degrees  of  freedom  and  is  appropriately 
described  by  a  syst^  of  differential  »|uatlons  of  the  12th  order. 

6d 


The  elastic  properties  of  a  rocket  design  and  the  presence  of  free 
liquid-propellant  surfaces  considerably  increase  the  number  of  degrees 
of  freedom  of  such  a  mechanical  system,  as  a- rocket.  The  numerous 
elements  of  the  control  system  affecting  the  motion  of  a  rocket  increase 
even  more  the  number  of  degrees  of  freedom  of  the  dynamic  system 
formed  by  the  rocket  and  by  its  guidance  equipment. 

Generally  speaking,  all  processes  in  nature  are  described  by 
nonlinear  equations,  and  linear  equations  give  only  a  model  of  a 
process,  more  or  less  corresponding  to  reality.  So  the  equations  of 
motion  of  a  rocket  are  in  general  nonlinear.  Among  the  many  nonlinear 
dependences  in  the  equations  of  motion  of  a  rocket  it  is  possible  to 
indicate,  for  example,  the  nonlinear  dependences  of  aerodynamic  forces 
and  moments  on  the  parameters  of  motion,  the  limitation  in  the 
deflections  of  the  control  elements,  the  characteristics  with 
saturation  and  with  zones  of  insensitivity  of  the  control  system 
elements,  and  others. 

The  stochastic  nature  of  the  differential  equations  is  conditioned 
by  the  action  of  numerous  random  pert'.'rbations  on  the  process  of  the 
rocket's  flight. 


CHAPTER  II 

GENERAL  EQUATIONS  OF  NOTION 

In  deriving  the  equations  of  motion  of  a  ballistic  missile  it 
is  assumed  that  the  rocket  is  an  absolutely  rigid  body^  i.e*,  the  elas¬ 
ticity  of  the  rocket  and  the  presence  of  liquid-propellant  in  the  tanks 
are  not  considered. 

2.1.  VECTORIAL  EQUATIONS  OF  ROCKET  NOTION 

The  motion  of  a  rocket  can  be  considered  as  the  sum  of  translatory 
motion,  determined  by  the  motion  of  the  rocket,  and  the  rotation  of  the 
rocket  about  this  point  as  fixed* 

The  motion  of  the  center  of  mass  of  a  rocket  is  determined  by  the 
equation 

(j.i) 

Where,  m  ■■  m(t)  -  the  mass  of  the  rocket;  Va  -  the  vector  of  the  absolute 
velocity  of  the  center  of  mass  cf  the  rocket,  i.e.,  velocity  relative 
to  an  inertial  coordinate  system;  7  -  the  main  vector  of  all  the  exter¬ 
nal  forces,  applied  to  the  rocket;  f  -  the  main  vector  of  the  reactive 
forces. 

Absolute  acceleration  /•  »  dVJdt  can  be  represented  in  the  form 


70 


y«=/+7r+7r. 


(2.2) 


where  j  -  relative  acceleration;  J  -  translatory  acceleration;  T  - 

w  w 

Coriolis  acceleration. 

Consequently,  the  equation  of  motion  of  the  center  of  mass  of  a 
rocket  relative  to  a  certain  mobile  coordinate  system  will  take  the 
form 

(— m/,)  +  (—m/e) ,  u,3) 

where  (-mj  )  and  (-mj  )  -  respectively  the  translatory  and  Coriolis 

C  w 

inertial  forces. 

Let,  for  example,  the  motion  of  a  rocket  be  examined  in  a  coor¬ 
dinate  system  rotating  together  with  the  earth  with  angular  velocity 
The  origin  0  of  this  coordinate  system  is  located  at  the  center 
of  the  earth;  axes  Ox  and  Oy  lie  in  the  equatorial  plane;  axis  Oz  con- 
incides  with  the  axis  of  rotation  of  the  eai’th.  The  relative  acceler¬ 
ation  J  will  then  be  the  acceleration  of  the  center  of  mass  of  the 
rocket  relative  to  the  earth.  Since 

7#~7o-l-^Xr-f4l»3Xft  Xr).  (2,i») 

and  Jq  ■  0  and  du^/dt  ■  0,  then  the  translatory  acceleration  is 

7#=*<2ix(SjX7).  (2.5) 

The  Coriolis  acceleration  arising  due  to  the  rotation  of  the  earth 
when  relative  velocity  V  exists «  is  determined  by  the  dependence 

7.-8  fexV).  <'•«> 

Formulas  (2.5)  and  (2.6}  preserve  their  form  for  any  coordinate 
system  connected  with  tne  earth. 

The  equation  of  motion  of  the  center  of  mass  of  a  rocket  In  a 
coordinate  system  rotating  together  with  the  earth,  if  it  is  assumed 
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:2.7) 


that  J  a  dV/dt,  can  be  rewritten  in  the  followirig  form; 


Let  U3  now  examine  an  arbltraj'y  mobile  coordinate  system  »flth  Its 
origin  at  the  center  of  mass  of  the  rocket.  Let  U  -  the  angular  velo¬ 
city  of  rotation  of  the  axes  of  this  system  relative  to  the  terrestrial 
axes .  Then 


faxP. 


(2.6)  . 


rt  tW 

where  -  the  local  derivative  of  vector  v  with  respect  to  time, 
characterising  the  rate  of  variation  of  the  vector  ^.n  tha  mobile  coor¬ 
dinate  system  being  examined. 


Thus,  the  vectorial  equation  of  motion  of  the  center  of  mass  of 
the  rocket  can  bo  written  in  the  form  ’ 

The  rotation  of  the  rocket  relative  to  its  center  6f  mass  is  de- 
temlned  by  equation  (l*4l)  written  In  the  form 

'  (2.io) 

Where  K  -  the  main  moment  of  momentum  of  the  rocket,  or  its  angular 
tsomentum;  -  the  stain  moment  of  all  the  external  forces  relative  to 
the  center  of  tuss  of  the  rocket  (including  the  i*eaotive  forces).  > 

in  determining  the  main  moment  of  mome?itum  usually  the  rotation 
of  the  earth  is  disregarded,  examining  the  terrestrial  axes  as  inertial 
axes.  i 


According  to  the  theorem  of  local  derivative 


d'iv 

where 


fE. 

H 
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is  the  local  derivative  of  vector  K. 


(2.11) 


I 


J 


.  'Then  ^  .  i  ' 

I  * 

\ 

Projecting  equations  (2,9)  and  (2.12)  on  various  coordinate  axes, 
it  is  possible  tp  obtain  various  forms  of  scalar  equations  of  the  motion 
of  a:' rocket.  These  equations' can  also  be  used  for  composing  the  equa¬ 
tions  of  motion  of  the  nose  section. 

1  ■  • 

!  The  position  of  the  center  of  mass  of  an  object  -  a  rocket  or  a 
nose  section  -  in  vectorial  form  is  determined  by  radius-vector  r, 

I 

drawn  from  thei  origin  of  the  coordinate  system  being  examined  to  the 
center  of  mass  ofthe  object, 

» 

The  kinematic  equation  of  the  motion  of  the  center  of  mass  of  an 
object  in  vectorial  form  has  the  aspect 

(2.13) 

I  rf# 

where  V  -  the  velocity  vector  of  the  object  relative  to  the  coordinate 
system  In  question,  ‘  ' 

» 

The  orientation  of  tne  object  in  spaed  relative  to  the  aeleeted 
coordinate  system  la' determined  by  the  three  Eulerlon  angles:  x,  X,  w. 

'The  kinematic  equation  of.  the  rotary  motion  of  the  object  connects 
angular  vblooitiea  of  k,  I,  iS  with  angular  velocity  of  the  object  us 

a -f'A  ■4'*}^  (2*14) 

Projecting  equations;  (2,13)  and  (2.14)  for  the  selected  coordinate 
axes,  it  is  possible  to  obtain  scalar  kincfflatlc  equations. 

In  solving  ballistic  and  dynamic  problems  of  a  i'oeket  and  Its 
nose  section  various  coordinate  systems  can  be  used.  In  many  Instances 
the  successful  selection  of  the  coordinate  system  significantly  sim¬ 
plifies  the  ^research.  For  studying 'flight  Cartesian  rectangular  ri^t 
handed  coordinate  systems  are  commoiUy  used  and  spherical  coordinate 
systems  corresponding  to  them. 
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2.2  EQUATIONS  OF  MOTION  OF  A  ROCKET  IN 
PROJECTIONS  OF  COORDINATES  ON  TERRESTRIAL 
AXES. 


The  investigation  of  rocket  flight  can  be  considerably  simplified 
by  the  successful  selection  of  a  coordinate  system.  It  is  practically 
always  moi^e  advisable  to  obtain  equations  of  the  rotary  motion  of  an 
object  by  projecting  the  corresponding  vectorial  equation  on  axes  con¬ 
nected  with  the  object.  However  the  selection  of  a  coordinate  system 
for  composing  scalar  equations  of  the  motion  of  the  center  of  mass  of 
an  object  in  many  respects  depends  on  the  particular  px^blem.  Thus, 
for  Instance,  in  Investigating  the  controlled  motion  of  a  rocket  in 
the  powered-flight  phase  of  the  trajectory  it  is  advantageous  to  examine 
the  motion  relative  to  terrestrial  axes^ 

Coordinate  Systems 

Terrestrial  Coordinate  System 

The  axe#  of  this  system  Ox  (Pig.  2.1)  are  rigidly  coitneoted 
with  the  earth  and  they  participate  in  It#  diurnal  rotation.  Por  short 
they  are  called  terreatrioi  oaea. 


Pig.  2.1,  Terreatrlal  system  of  toordltiate  axis:  H  - 
launch  point;  HAM  «  priae  (areenwich)  meridian;  HKLS  - 
local  meridian;  Geocentric  latitude  of  point  X  - 

longitude  of  point  N;  cc  tangent  to  the  local  meridian 
at  point  M;  p  lauiich  aaifsuth. 

n 


The  origin  0  of  the  coordinates  Is  located  at  the  launch  point; 
axis  Oy^  is  directed  along  the  radlus-vectoi'  drawn  from  the  center  of 
the  general  terrestrial  ellipsoid  through  the  launch  point;  axis  Ox^ 
forms  with  the  plane  of  the  local  meridian  angle  y,  called  the  Launch 
Azimuth;  axis  Oz^  is  directed  so  that  the  coordinate  system  is  rigiit> 
haiided. 

Launch  Coordinate  System 

The  launch  coordinate  system  Ox  (Fig,  2.2)  is  also  conract  ccl 

c  c  c 

with  the  earth  and  rotates  together  with  it.  The  origin  of  the  con:— 
dinates  is  located  at  the  launch  point;  axis  Oy^  is  directed  upward 
along  the  plumb  line,  i.c,,  it  ia  opposite  to  the  direction  of  the 
force  of  gravity;  axis  Ox.  forms  with  the  plane  of  the  local  meridian 
the  launch  azimuth  angle  i/;  axis  corresponds  to  a  rlght«handed 
coordinate  system. 


Fii^.  2.2.  Launch  coordinate  axis  system;  N  -  Launch 
point;  MAhS  *•  prime  (Oi^enwleh)  meridian;  KMLS  - 
local  meridian;  astronomical  latitude  of  point 

N;  1  ^  longitude  of  point  M;  cc  -  tangent  to  local 
meridian  at  point  N;  f  launch  aslmuth. 


At  launch  the  body  axes  of  the  rocket  are  oriented  along  the  axes 
of  the  launch  system  (Pig.  2.3).  The  logltudlnal  axis  of  the  rocket 
Ox^  coincides  with  axis  Oy^j  the  transverse  axis  Oy^^  is  oriented  in 
the  direction,  opposite  to  axis  Ox^;  axis  Oz^  is  directed  along  axis 


Pig.  2.3.  The  orientation  of 
the  body  axes  at  the  launch 
of  a  missile. 


■V 


% 


Initial  Launch  System  of  Coordinate  Axes 

The  axes  of  an  initial  launch  coordinate  system  OXqYqZq  at  the 
moment  of  launch  coincide  with  the  axes  of  the  launch  system.  Sub¬ 
sequently  the  axes  of  the  initial  launch  system  do  not  vary  their 
Initial  direction  relative  to  inertial  space,  and  the  axes  of  the 
launch  system,  rigidly  connected  with  the  earth,  turn  during  time  t  by 
angle  m^t  around  the  axis  of  rotation  of  the  earth.  An  initial  launch 
coordinate  system  is  an  inertial  coordinate  system. 
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Direction  Cosine  Matrices 


The  Cosines  of  Angles  Included  Between  the 
Axes  of  Body  and  Initial  Launch  Coordinate 
Systems 

The  orientation  of  a  rocket  relative  to  an  Initial  launch  cooi^ 
dinate  system  is  determined  by  the  three  angles  Included  between  body 
*^*1^1  ^1  initial  launch  OXqYqZq  coordinate  systems  (Pig.  2.^): 

iy  the  angle  of  you  C  -  between  the  projection  of  the  longitudinal 
axis  of  the  rocket  Ox^  to  plane  OXqZq  and  axis  OXq; 

by  the  angle  of  pit  oh  -  between  the  loiigitudinal  axis  of  the 

rocket  Ox^  and  plane  OXqZ^; 

by  the  angle  of  roll  n  -  between  transverse  axis  Oy^  and  the  plane, 
passing  through  axes  Ox^  and  Oy^. 

The  cosines  of  angles  included  between  axes  of  body  and  initial 
launch  coordinate  systems  are  given  in  Table  2.1. 


I 

3 


Pig.  2.4,  The  orientation  of  the  body  axes  relative  to 
the  initial  launch  axes. 


■  . . . 
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Table  2.1 


axes 

Oxq 

Oyq 

Oro 

Oxi 

COS^COSf 

sfnf 

—  sInCcosf 

Oyi 

— eosCsfnf  cosi|  -|- 
4*  sin  (  sin  i) 

4 

cos  (  sin  ^  4* 

+  s]n(s]nf  cos^ 

Oxi 

cosgslnf  stnf|4> 
H-singcosi| 

— COSf 

i 

1 

cosEcosi)  — 

—  sinlsinf  sini) 

Let  us  find  the  cosines  of  the  angles  included  between  the  axes 
of  initial  launch  and  body  coordinate  systems.  For  this  through  the 
center  of  mass  of  the  rocket  -  the  origin  of  the  body  coordinate  system, 
let  us  draw  axes  OxQyQZQ  parallel  to  the  axes  of  the  initial  launch 
coordinate  system.  Let  us  turn  this  system  by  angle  5  around  axis 
Oy^  so  that  plane  Ox*y’  passes  through  axis  Ox^^,  Let  us  designate  the 
obtained  system  by  Ox'y’z*, 

It  is  convenient  to  write  the  formulas  for  coordinate  transforma¬ 
tion  in  matrix  form.  Designating  the  matrix-column  with  the  elements 
x’,  y*,  z'  through  Ex’],  l.e., 

P'l- 

and  with  the  elements  Xq,  yg,  Zg,  through  [x*],  we  obtain  the  following 
formula  for  transforming  from  system  OXgygZg  to  system  Ox'y'z*: 

[71  =  r{po].  (2.15) 

where  matrix  of  the  transformation  from  coordinate  system  OxgygZg  to 
system  Ox'y'z'  takes  the  form 


(2.16) 


cos  5 

0 

— s!n5 

0 

1 

0 

sinS 

0 

cost 

Let  us  turn  system  Ox*y*z’  around  axis  Oz’  by  angle  (p  so  that  axis 
0> ■  coincides  with  axis  Ox^;  let  us  designate  the  obtained  system  by 
Ox”y'*z".  The  corresponding  formula  for  the  transformation  of  the  coor¬ 
dinates  upon  turning  the  axes  by  angle  ♦  will  take  the  form 

[x]  =rp[r].  (2.17) 


where 


sin  7 

cos  9 
0 


0 

0 

1 


(2.18) 


By  turning  axis  Ox”  around  by  angle  n  we  bring  axes  Oy"’  and  Oz”’ 
into  line  with  axes  Oy^  and  Ozj^.  The  transformation  of  system  Ox”y”z” 
to  system  Ox^y^Zj^  will  be  '’ccomplished  by  formula 

p,l=r,p’].  (2.19) 


where 


1 

0 

^  1 

0 

cost! 

sini) 

0 

~slnt) 

COSTl 

(2.20) 


Substituting  (2,15)  and  (2.17)  into  dependence  (2,19),  we  obtain 
the  matrix  equation  of  the  transformation  from  initial  launch  axes  to 
body  axes: 

[jfj]=ari,rfr{[!vQ]B»r[jrQ],  (2. 21) 

in  which  matrix  r  Is  a  table  of  direction  cosines,  i.e.,  of  the  cosines 
of  the  angles  included  between  the  axes  of  initial  launch  and  body 
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coordinate  systems  (see  Table  2.1); 

r= 

cos;  cos  9  sin  9  —sin  5  cos  <p 

sin  $  sin  Ti-cos  5  sin  9  cos  1]  cos  9  cos  i]  cos  5  sin  i^+sln  ?  sin  9  cos 

sin  5  cos  ;i+cos;sln9sIn  cos9SlnTiCOsScosT,— sin  5sln9sln  rj 

Cosines  of  Angles  Included  Between  Axes 
of  Initial  Launch  and  Launch  Coordinate 
Systems 


(2.22) 


At  the  moment  of  rocket  firing  the  Initial  launch  coordinate  sys¬ 
tem  OXgyQZQ  and  the  launch  coordinate  system  Ox^y^z^  coincide.  During 
the  flight  of  a  rocket  the  launch  coordinate  system  will  turn  together 
with  the  earth  relative  to  its  initial  position  by  angle  to^t,  where 
t  -  rocket  flight  time  (Pig.  2.5). 


Pig,  2.5,  Transformation  from 
an  initial  launch  system  to  a 
launch  system  of  coordinate 
axes. 


In  order  to  accomplish  the  transformation  from  a  rotating  launch 
coordinate  system  to  an  initial  launcli  system,  let  us  draw  five  sequen¬ 
tial  turns  of  an  auxiliary  coordinate  system  which  coincides  with  the 
launch  system.  The  first  turn  of  this  system  let  us  draw  around  axis 
0y«  by  angle  ^  so  that  the  azimuth  of  axis  Ox’  becomes  equal  to  zero. 
Let  us  turn  the  obtained  system  Ox’y’z’  around  axis  Oz'  by  angle  so 
that  axis  Ox”  becomes  parallel  to  the  axis  of  rotation  of  the  earth, 
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and  axis  Oy"  -  parallel  to  the  equatorial  plane.  Now  we  can  carry  out 
turning  by  angle  u^t.  For  this  let  us  turn  the  new  system  Ox'*y”z" 
around  axis  Ox”  by  angle  oi^t  so  that  plane  0'x”*y”’  posses  through  axis 

Oy^s,  Let  us  further  turn  system  Ox"'y"'z"'  around  axis  Oz'"  by  angle  -  i|> 

^  IV  ' 

so  that  axis  Oy  coincides  with  axis  Oy^.  By  turning  by  azimuth  angle 

>p  around  axis  Oy^^  let  us  line  up  system  Ox^^y^^z^^  with  the  initial 

launch  system  OxQyQZg. 


The  transformations  of  the  coordinate  systems  carried  out  are  des¬ 
cribed  by  matrix  equation 

[•Xo3  =  A  [;Cc]»  (2.23) 

in  which  the  transformation  matrix  A  takes  the  form 

*11  *12  *13 

*21  *22  *23 
*31  *32  *33 


(2.24) 

I 


and  the  coefficients  of  the  matrix 

8,1  =  cos*  ^  cos’  ( 1  —  COS  a^O  -f  COS  W3/; 

821  —  COS  ^  sin  cos  ( 1  ~  COS  «)^t) — sin  ^  cos  %  sin 
83,  =  —  sin  (J»  cos  <li  cos*  ( I  —  cos  <030 — sin  sin 

8i2 — cos  ^  sin  cos  9^  (I — cos  4-  sin  cos  9,  sin  ta^(; 

822  =*  sin*  9,  ( I  —  cos  <i>3/)  4*  cos  0^; 

*32  —  —  sin  9  sin  9p  cos  9^(1  —  cos  »304'  cos  cos  9^  sin  W3/; 
0,,  ~  —  sin  9  cos  ^  cos*  9r  (1  —  cos  m^i)  -f-  sIn  9,  sin 
*32  =  —  sin  (}» sin  9p  cos  9pf  1 — cos  — cos  ^  cos  9^  sin  <1)3/; 

833  =»  si n*  «|(  cos*  9r  ( I  -  cos  W3/)  4  cos  <1^. 


The  Cosines  of  the  Angles  Included  Between 
the  Axes'  of  th¥  Launch  an'd  the  terrestrial 
Coordinates  System  ~ 


The  transformation  from  a  launch  Ox^y^z^  to  a  terrestrial  OXgygZg 
coordinate  system  can  be  accomplished  in  the  following  manner  (Pig, 
2.6).  Let  us  turn  the  axes  system  which  coincides  first  with  the 
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launch  system  around  axis  Oy^  by  angle  ^  so  that  the  azimuth 

of  axis  Ox*  becomes  equal  to  zero.  Let  us  further  turn  system  Ox*y’z' 
around  axis  Oz*  by  angle  Y  ®  so  that' axis  Oy”  coincides  with 

axis  Oy^.  By  turning  around  axis  Oy^  by  angle  tj>  in  the  opposite  direc¬ 
tion  we  line  up  the  intermediate  system  Ox''y'*z”  with  the  terrestrial 
system  0x2y3Z2. 


Pig.  2.6.  Orientation  of  terres¬ 
trial  axes  relative  to  launch 
coordinate  axes. 


The  matrix  equation  of  the  transformation  takes  the  form 

(2.25) 

where 


sin^  cos*  ([i  COSY 

— cos^sInY 

stn  cos  ^(1— cosy) 

E« 

cos((>sInY 

COSY 

— sin({>sInY 

sin  ^  cos  — cosy) 

stn^sInY 

cos*^-{-sln*ij»cosY 

The  Cosines  of  Angles  Included  Between  the 
Axes  'of  Initial  Launch  and  Terrestrial 
coordinates  Systems 


Matrix  B  of  the  transformation  from  a  terrestrial  coordinate  sys¬ 
tem  to  an  initial  launch  coordinate  system  can  be  found  by  multiplying 
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the  transformation  matrixes  above  obtained  from  a  launch  to  an  initial 
launch  coordinate  system  (A)  and  from  a  terrestrial  to  launch  coor¬ 
dinate  system  (E),  As  a  result  we  will  obtain 

[:ro]s=A(A:J=AElx3l=BlJ3l,  (2.27) 


whei'e 


?u  Pi*  Pn 

P*i  P.**  Pa*  » 
Psi  Pa  Psi 


(2.28) 


and  the  matrix  coefficients: 

Pit  ==  COS*  ^  cos  cos  1  —  cos  «a^)  -f*  (cOS*  ^  COS  y  f  s!  n*  cos  -|* 

•f  sin  ^  cos  ^(sin  9,— sin  yj  sin 

Pai  =»  COS  sin  fr  cos*9«(  1 —costt^)4*cos^sinycos«^/— 
^sin^cosyrSina,/: 

Pajs*  —cos  ^sin^cosyr(l  ->‘Cos«^Ocos?«'^cos^sint^^l— co$y)X 
X  cos  (cos*  sin  yii -f  sin*  <[•  sin  y,)  sin  «»j^{ 

Pii»  cos  $  cos  y^  siny^(l  —  cos  cos  sin  y  cos  t^-|- 
+stn*^cosyH8in«^; 

pj,=ssfny,siny^(l  —  cos <i^)+ cosy  cos i^j 
Pa**  •”  cos  ?r  s*”  ?h(  *  "•  cos  W3/)  -f-sin  ^  sin  y  cos 

4  cos<jicosy„sln<»^0 

pjs=«  —  sin  y  cos  i{»  cosy,  cos  ytt{l  — cos«^-f 

•fsin^  cos<j»(I  —  cos,Y'cos<«3<-|-(sln*^»siny„-fcos^^slny,)sln«i^; 

Pas—  ~  sin  ^  sin  y,  cos  ytt(1  —  cos  t^)*^  ♦  sin  y  cos 

—  cos  ^  cosy,  sin  (0^; 

{»3,  a=s  sin*  'j»  cos  y,  cos  y^  ( 1  —  cos  tOgO + (sin*  <}»  cos  y  -f-  cos*  cos  4* 
4“  sin  ^  cos  $(sin  y„ — sin  y,)  sin  <#3^. 
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The  Cosines  of  the  Angles  Included  Between 
the  Axes  of  Body  and  Terrea trial  Coordinate 
Systems 


The  matrix  of  transformation  from  a  terrestrial  to  a  body  coordin¬ 
ate  system  can  be  found  by  multiplying  matrixes  f  and  B.  As  a  result 
we  will  obtain 

p,]=riJ,i=rBi5,i=.AiJ,],  (2,29) 


where 


A«rB 


On 

ow 

Oj8 

Oai 

Oj2 

Oj8 

• 

(2.30) 

Ojl 

Oa 

Om 

and  the  matrix  coefficients: 

~ Pii  COS  f  co«  ^ sin  9  - ^  sin  I  cos  fi 
sap,,  ( — sin  9  cos  n4‘  sin  $  sin  n)’| *?ii  cosfcosn-j- 
-f  ^  (sill  f  cos  1)  sin  I  Hh  cos  I  iln  1^ 

®;ti  (COS  t  sin  9  sin  n  -f  sin  I  cos  jifi  cos  9  sin  !}•{- 

•f  ?»i  ( — sin  { sin  9Sln  ij-f  cos  I  cos  lOt 
**!}*“ ?ia  cos  9  cos  I -fjitf  sin  9—^  sin  I  cos  9; 

— cos  I  sin  9COS  sin  { sin  ii)-f  cos  9C0S  i|+ 
+^(sin  9  cos  nsin  I  -(-cos  ( sin  1)); 

“?i»(cos  I  sin  9  sin  n + sin  I  cos  1))— P93  cos  9  sin  i)4> 
sin  C  sin  9  sin  i}-{- cos  E  cos  vOt 
COS  9  cos  E + ?3j  sin  9 — Pii  sin  t  COS  9; 

Oss**  ?i3(  cos  E  sin  9  cos  n  •(•sin  E  sin  n)  f  ^coi  9  cos  ij-f 
4*  ?M  (sln  ?  cos  ij  sin  E  4*  cos  I  sin  n); 

®3»“?tt(cos  I  sin  9  sin  n  •(*  f  In  E  cos  n)— P*i  cos  9  sin  q4* 

4“?ai( — s*«  I  sin 9  sin  ij4*  cos E  cos  11), 
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Kinematic  Equations 


For  Investigating  rocket  flight  It  Is  necessary  to  have  kinematic 
equations  describing  the  variation  in  the  angular  coordinates  of  the 
rocket  5  and  n  depending  on  the  projections  of  the  angular  velocity 
vector  of  the  rocket  on  the  body  axes 

In  order  to  obtain  the  Indicated  equations,  let  us  examine  Pig. 

2,^  given  earlier,  from  which  it  follows  that  the  angular  velocity  vec¬ 
tor  C  is  directed  along  axis  OyQ,  vector  |  -  along  axis  Oz',  and  vector 
n  -  along  axis  Ox^. 

The  angular  velocity  vector  of  a  rocket  3  can  be  represented  as 
the  sum 


(2.31) 


The  cosines  of  the  angles  Included  between  vectors  and  ri, 

and  the  body  axes  are  given  in  Table  2.2.  Using  this  table,  we  find 
that  the  projections  of  the  angular  velocity  of  the  rocket  on  the  body 
axes  are  equal  to: 


«jri 


itt  ^  di 


sin  9; 


co$9cos  ij+^slnn* 

dt 


CO$9$liif). 


(2.32) 


The  kinematic  equations  of  the  notion  of  the  center  of  mass  of 
the  object  we  obtain,  by  px'Ojeotlng  expression  (2.13)  on  terrestrial 


axes: 


it  it 


r  .  1/ 

»»’  In  ^ 


•a* 


(2.33) 


.85 


axes 

• 

• 

f 

e 

1 

Oxt 

S'Of 

• 

1 

0 

j 

1 

Oyi 

cosy  cosq 

s’ai) 

0 

Oxi 

o-cosfstaq  . 
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0 

Resolving  Forces  end  Moments  with  Respect 
to  Coordintte  Axes 

f 

\ 

Let  us  find  the  components  of  the  ‘forces  and  moments  acting  on^  a  ^ 
rocket  with  respect  to  coordinates  axes,  taking  into  account  that  the 
equations  of  motion  of  the  center  of  mass  of  the  rocket  are  projected 
on  terrestrial  coordinates  axes,  and  the  equations  of  rotation  -  on 
body  axes. 

For  detemining  the  components  of  thrust  forces  and  aerodynamic 

S 

forces  it  Is  necessary  to  know  the  flight  altitude,  and  for  determining 
the  components  of  attractive  forces  the  gcoohntrle  latitude  depending 
on  the  coordinates  of  the  rocket  in  terrestrial  axes  Xj,  y^,  3^..  Let 
us  give  the  appropriate  formulas. 


First  let  us  break  down  into  components  with  respect  to  ierrestrial 
axes  the  radlus>*vector  r  of  the  center  of  mass  of  the  rocket  relative 
to  the  center  of  the  earth.  Let  y^,  and  be  the  unit  vectors  of 
the  terrestrial  axes  (Fig.  2.7).  then  ” 


where  Rq  ->  distance  from  the  center  of  the  ear^  to  the  ^launch  point, 
determined  by  the  formula 


(2.35). 


•a 


3 


) 


86 


I 


e  -  the  eccentricity  i  of  the  meridional  cross  section  of  the  general 
t  terrestrial  ellipsoid;  -  the  geocentric  latitude  of  the  launch  point 
which  can 'be  determined,  knowing  the  geodetic  latitude,  using  the 
formula  '  ’ 


(2.36) 


Pig.  2.7.  Coordinates  of  the 
center  of  mass  of  a  rocket  in 
terrestrial  axes  and  the 
flight  altitude. 


the  fli^t  altitude  is  detemined  by  the  dependence 


(2.37) 


uhere  r  »  the  distanc<^  fi'Ot^  the  center  of  the  earth  to  the  rocket, 
e^ual  to 


(2.36) 

h  >  distance  along  radiuS'^vector  r  frois  the  center  of  the  earth  to  its 
Surface,  e^ual  to  ^ 


(2.39) 


the  geocentric  latitude  of  the  point  in  space,  at  which  the  rocket 
Is  located,  is  determined  by  the  assigned  coordinates  of  this  point  in 
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the  terrestrial  coordinate  system  by  the  formula 

(2.^0) 

Upon  resolving  the  attractive  foxNse  of  the  earth  vith  respect  to 
terrestrial  axes  ve  will  examine  two  components  of  the  acceleration 
due  to  teriv-strlal  attraction:  •>  directed  toward  the  center  of  the 

earth  and  *  directed  parallel  to  the  axis  of  rotation  of  the  earth. 
The  expressions  for  their  values  were  given  above  £see  formulas  (1.13) 
and  (l.lt)}. 


Having  combined  centrifugal  acceleration  J..  •  -J*  with  the  accel- 

U  9 

eratlon  due  to  terrestrial  attraction  we  obtain  the  acceleration 
due  to  gravity 

Taking  Into  account  that  centrifugal  acceleration 


whei'e  y*  •  the  unit  vector  of  geocentric  axes  Oy  (f’'lg.  2.6),  let  us 
resolve  centrifugal  acceleration*  and  also  the  acceleration  due  to 
terrestrial  attraction*  into  two  components  al«H!ig  radius  r  and  along 
the  axis  of  rotation  of  the  earth  (see  fig.  2.6): 


/^wwmlrstav 


(2*^3) 


then  the  d(Mipone'"!'«  of  acceleration  due  to  gravity  will  be  egual 

to: 

The  eoslnea  of  the  angles  Included  between  these  eoi|>onents  of 
acceleration  due  to  gravity  and  the  terrestrial  axes  are  given  in  Table 
2.3. 


(2.M) 
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Fig.  3.8  The  reaoXutlon  of  the  aceeleratlon  due  to 
gravity  and  eentrlfugal  aceeXeratlor  Into  components 
with  respect  to  the  direction  toward  the  center  of 
the  earth  and  with  I'capeot  to  the  axis  of  rotation 
of  the  earth. 


TahXe  2.3 
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the  project lens  of  gravity  on  the  terrea trial  axes  are  determined 
ay  the  fomulao.t  ^ 

J 


r 


(S.li!)) 


In  order  to  determine  the  cenijoharnto  of  Coriolis  acceleration, 
let  us  first  resolve  the  angular  velocity  vector  of  the  earth  into 
components  along  the  terrestrial  axes.  First  let  us  resolve  It  into 


i 
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two  components  In  the  meridian  plane  (Pig.  2.9):  on  the  vertical 

and  horizontal 


“3.r=“3COSW 


Fig.  2,9  Resolution  of  the 
angular  velocity  of  the 
rotation  of  the  earth  into 
its  components  along  terrestrial 
coordinate  axes. 


The  horizontal  component  in  its  turn  can  be  resolved  along  axes 
OXg  and  Oz^  into  components: 

‘“ct3=-<“3Cos<p5U)Sln<l>. 

Thus,  vector  can  be  represented  in  the  form 

‘•>3  =  “3  (cos  COS  -f  sin  (Paojs  —  COS  ?^o  ^'^3).  (2.46) 


Using  expressions  (2,6),  (2,34)  and  (2.46),  let  us  find  the  resolu¬ 
tion  of  Coriolis  accelera  ion 


7c“=2(i^X»/^)=2 


V  ys  V 

“3x3  “3^3  “3*3 
^X3  ^^3  ^*3 


(2.47) 
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along  the  terrestrial  axes.  Then  we  will  obtain: 


where 


— ==  4-  ^2S'^*3* 

•“^*3  ~*3|'^43+^32'^»3» 


^u=  —^21=  --  2<03cosf^sin  f; 

d,5=~^ji=s— 2u^sfny„o;  - 

cos9„flCOs«^. 


(2.ii8) 


(2.49) 


For  determining  the  projections  on  the  terrestrial  axes  of  force 
N,  i.e.,  the  resultant  of  thrust  force,  aerodynamic  forces  and  the 
forces  created  by  the  control  elements,  let  us  first  resolve  these 
forces  along  the  body  axes,  and  then,  using  the  matrix  of  the  cosines 
of  the  angles  Included  between  the  axes  of  body  and  terrestrial  coor¬ 
dinate  systems,  let  us  find  the  desired  projections  of  the  forces. 
Thus,  if  the  components  of  the  forces  in  question  are  represent 
along  the  body  axes  in  the  form  of  the  sums: 


A^,.=r.,4-Zi. 


(2.50) 


then  the  sums  of  the  projections  on  the  terrestrial  axes  of  thrust  force, 
aerodynamic  forces  £ind  the  forces  created  by  the  control  elements,  are 
determined  by  the  formulas: 


^.r  3  ~  Jrt®ll  "1"  ®2l  "1"  1®3I» 

N y  N jtiOii  4-  A^|,ta22  -|*  ^ 

3  =  4'  ^ J/I*^a3  4  ^*l®33* 


(2.51) 


It  remains  to  find  the  expressions  for  the  normal  and  transverse 
components  of  aerodynamic  force  and  Z^. 
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Resultant  of  tnese  forces  +  Zj^)  is  perpendicular  to  the  longi¬ 
tudinal  axis  of  the  rocket  and  lies  in  the  plane  of  the  single  of  attack, 
passing  through  the  velocity  vector  and  this  axis.  Let  us  introduce 

_o  _ 

the  unit  vectors:  x^,  directed  along  longitudinal  axis  Ox^,  and  v®, 
directed  along  the  velocity  vector,  and  let  us  write  in  vectorial  form 
the  direction  of  force  (7,  +  Z. ),  This  force  is  perpendicular  to 

_o  _  -O 

vectors  and  v®  x  and  thus,  coincides  in  direction  with  vector 
(v®  X  X  (Fig.  2.10). 


Pig.  2.10.  For  determining  the 
direction  of  aerodynamic  trans¬ 
verse  force  ■  Y^  +  Z^. 


The  modulus  of  the  vectorial  product  v®  x  x,  is  equal  to  sin  awa. 
The  modulus  of  vector  (v®  x  x, )  x  x,  is  also  equal  to  a  because  the 

0^0  IX 

vectors  v®  x  and  are  mutually  perpendicular.  Having  noted  this, 
let  us  represent  the  transverse  force  in  the  following  manner: 

Fi-|-Zi«c;[^5[(»*XXi)X^iJ.  (2.52) 

x:  order  to  determine  the  components  of  vector  (Y,  +  Z, )  on  body 

^0  *  * 

axes,  let  us  make  use  of  the  equality  6hd  convert  the 

vectorial  product  v®  x  x^  to  the  form 

5®  X  jfi «  X  (yi  X  «i) «  51  (v*z\)  -  51  (5*5i).  (2.53) 

Taking  the  obtained  expression  Into  account  let  us  convert  the 
double  vectorial  product 
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Then  expression  (2.52)  will  take  the  form 


Vii'Zi  ^—c*nqS{v-Tx)  2I  —  clgS{v^^i)  yi.  (2.55) 

Thus,  the  forces  and  are  determined  by  the  expressions: 

Pi=  —  I  (2.56) 

z,=--r;i^s  (v'’^I)^r.  I 


0  ^ 

Scalar  products  (v®y^)  and  (v®z^)  can  be  considered  as  the  values 
of  angles  of  attack  and  in  the  planes  Ox^^y^  and  Ox^^z^, 


As  can  be  seen  from  Fig.  2.11,  if  angles  and  are  small*  then 


«>•  .41  -mm 

(v*Ji)s=cos  yi)  »  cos(90*4- "“SfnVifSs:— Cj,; 


.-.A-.. 


{v*zi}  =  cos  (v\  Zi)  asslii  C, 


(2.57) 


Pig.  2,11.  For  determining  angles  of  attack 
Oy  and  a^. 


Taking  formula  (2.56)  Into  account,  we  obtain  the  following 
expressions  for  the  aerodynamic  forces: 


Zi=—clgSa,. 


'  In  order  to  find  the  expressions  of  angles  a„  and  a_,  let  us  de- 

y  z  _ 

termlne  the  direction  In  space  of  the  velocity  vector  V  of  the  cen 
ter  of  mass  of  the  rocket.  For  this  let  us  examine  coordinate  system 
Ox^y^Zg  whose  origin  coincides  with  the  center  of  mass  of  the  rocket, 
and  the  axes  are  directed  parallel  to  the  axes  of  the  terrestrial 
system. 

The  direction  of  velocity  vector  V  relative  to  the  terrestrial 
coordinate  axes  let  us  determine  by  the  following  two  angles  (Pig. 
2.12); 


1) 

on  plane 


By  angle  0  between  the  projection  of  the  velocity  vector  V 
Ox^z^  and  axis  Ox^  and 


2)  by  angle  t  between  velocity  vector  V  and  plane  Ox^z^. 


Pig.  2,12,  Orientation  of  the  velo¬ 
city  vector  of  a  rocket  relative 
to  the  terrestrial  coordinate  axes. 


The  projections  of  the  velocity  vector  on  the  teri’estrlal  axes 
are  equal  to: 
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Vjc^—V  COST  cos  3; 
K,,— —  K  COST  sfii  3. 

*3  ' 


(2.59) 


The  cosines  of  the  angles  included  between  the  velocity  vector  V 
and  the  terrestrial  axes  are  given  in  Table  2.4. 


Table  2.4 


rosTcosa 


—  cosTsina 


Knowing  the  cosines  of  the  angles  included  between  the  body  and 
the  terrestrial  axes  and  also  between  the  velocity  vector  and  the 

terrestrial  axes  (see  Table  2.4),  let  us  determine  angle  of  attack 

a  —  COS  (t>*,  jS)  COS  (JI,  X3) - 

— cos(vVy3)cos(5J,  Ja)— cos(v%  .^)cos(yu^), 


a.ss  ~  oji  cos  t  cos  9 — Oaa  sin  t  -{-Oas  cos  t  sin  «, 


(2.60) 


In  an  analogous  manner  let  us  find  angle 

o*  =  Oj,  cos  T  COS  9+0,5  T  ”*  COS  T  sin  0. 

In  these  expressions  angles  t  and  0  are  determined  by  the 
formulas : 

_ ''*3 _  .  \ 


tnarcsln 


>arcsin 


9-»arctg 


V  *^3  ’ 


following  from  the  relationships  of  (2 •59}* 


(2.61) 


(2.62) 
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Let  us  now  determine  the  projections  of  the  moments  of  force  on 
the  body  axes.  The  moments  of  normal  and  transverse  aerodynamic  forces 
we  will  obtain,  using  expression  (2,58): 


Since  the  axial  aerodynamic  force  and  the  thrust  force  of  the  main 
engine  are  directed  along  the  longitudinal  axis,  passing  through  the 
center  of  mass  of  the  rocket,  the  moments  of  these  forces  are  equal 
to  zero.  The  aerodynamic  damping  moments  and  the  controlling  moments 
are  determined  respectively  by  formulas  (1,28)  and  (1.46), 

System  of  Equations  of  Notion 

Let  us  project  equation  (2,9)  on  terrestrial  coordinate  axes. 

Let  us  first  represent  the  forces  Fi-P — fttjg,  acting  on  the  rocket,  in 
the  form 

— (2.64) 

Here  -  resultant  of  the  total  aerodynamic  force  and  the  force 

of  attraction;  P  -  (THA  ■  TPU),  and  the  forces  of  the  controlling 
engines;  0  -  gravity;  !?  •  R  +  P  -  the  resultant  of  the  total  aerody¬ 
namic  forces  and  the  thrust  forces. 


The  equations  of  motion  of  the  center  of  mass  of  a  rocket  In  pro¬ 
jections  on  ter^'estrlal  axes  will  take  the  form: 


01  -j- 


(2.65) 


To  these  equations  It  is  still  necessary  to  add  the  three  kine¬ 
matic  equations  of  motion  of  the  center  of  mass  of  a  rocket  of  (2.33) 


Let  us  project  the  equations  of  the  rotation  of  the  rocket  around 
the  center  of  mass  (2.12)  on  the  rocket  body  coordinate  axis  rotating 
relative  to  the  terrestrial  axes  with  angular  velocity  S.  Let 
tOyi,  -  projections  of  the  angular  velocity  of  the  rocket  S  on  its 
body  axes.  The  projections  of  the  vector  of  angular  momentum  K  on 
these  axes  are  respectively  equal  to /jeiUxi* /yiCOyi, /zt(i><i .  Then,  projecting 
expression  (2.12)  on  the  rocket  body  axes,  we  obtain  the  so-called 
"dynamic  Euler  equations": 

At  Al)®jr»*Vl=* 

The  relationships  between  the  projections  of  the  angular  velocity 
of  a  rocket  on  the  body  coordinate  axes  «y^,  and  angles 
n,  which  determine  the  orientation  of  the  rocket  illative  to  the  ini¬ 
tial  launch  axes,  are  determined  by  the  kinematic  equations  of  (2* 32), 

The  system  of  equations  (2*32),  (2,33),  (2.65),  (2.66)  can  be 
used  for  describing  the  motion  of  an  unguided  rocket,  but  for  a  guided 
rocket  it  is  still  not  closed.  The  fact  is  that  an  unguidod  rocket 
as  a  solid  body  has  six  degrees  of  freedom.  With  respect  to  this  its 
motion  is  described  by  the  system  of  12-dlfferentiul  equations  of  the 
first  order  (2.32,  (2.33)»  (2.6$)»  (2,66)  which  is  closed  because  the 
forces  P,  Xj,  acting  on  the  I'ocket,  and  their  moments 

^yl»  uniquely  determined  by  the  para¬ 

meters  of  the  rocket  motion  and  the  nusd^er  of  unknown  functions 

-*9.  to*  to*  ^#3*  ^  %  toi*  toi*  toi  (2.67) 

is  equal  to  the  number  of  differential  equations.  In  this  case.  If 
random  perturbatlotis  are  absent,  the  fli^it  path  is  completely  deter¬ 
mined  by  the  initial  conditions  -  by  the  values  of  the  kinematic  para¬ 
meters  of  motion  at  the  Initial  moment  or  timet 

toC^t^*  to(4^»  to(V***«»  (2.66) 
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Guided  rocket,  if  we  disregard  its  elasticity  and  examine  it  as 
a  mechanical  system,  already  possesses  In  general  12  degrees  of  free¬ 
dom:  the  six  degrees  of  freedom  for  the  motion  of  the  center  of  mass 
and  rotation  around  the  center  of  mass  and  the  six  degrees  of  freedom 
of  the  corresponding  control  elements.  In  the  particular  case  exam¬ 
ined  above,  in  Section  1.7*  when  normal  controlling  forces  are  created 
by  the  rotation  of  the  rocket  around  two  axes,  the  rocket  has  four 
control  elements:  the  elements  controlling  the  rotary  motions  of 
pitch,  yaw  and  roll  and  engine  thrust.  The  system  of  12  differential 
equations  (2.32),  (2.33)*  (2.65),  (2.66)  in  this  case  is  not  closed 
because  the  projections  of  the  forces  and  moments,  going  into  the  right 
sides  of  the  equation,  depend  on  the  displacements  of  the  elements 
controlling  the  motions  of  pitch  6^,  yaw  6^,  roll  6^  and  engine  thrust 

If  we  apart  from  the  initial  conditions  assign  variation  with 
time  of  values  6^(t),  ^^(t),  6^(t),  6p(t),  then  the  missile  trajectory 
will  be  determined  by  this.  In  actual  flight  the  displacements  of  the 
control  elements  are  accomplished  by  the  control  system  depending  on 
the  flight  mission  being  carried  out.  So  that  the  problem  of  deter¬ 
mining  flight  path  can  be  carried  out,  it  is  necessary  to  add  the 
equations  describing  the  processes  in  the  control  system  and  connecting 
the  displacements  of  the  control  elements  with  the  parameters  of  rocket 
motion  to  the  system  of  equations  of  rocket  motion  (2.32),  (2.33), 
(2.65),  (2.66).  These  equations  can  take  a  completely  different 
specific  fora  depending  on  the  operating  principle  and  the  control  sys¬ 
tem  layout. 


In  the  most  general  form  the  equations  of  the  control  system  can 
be  written  In  the  following  manner: 


**(«.  »*(«.  **(«.  n<).  n(OI“0: 

W.  •‘.A  »,W.  »(<)•  «W. 

''.(‘ao.  J'.W.  »(<)•  »(<>■  no.  n(<)|-0i 

»3(0.  'ito.  »(ft  n<).  nwi-o. 


(2.69) 
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where  P^,  P2>  and  P^j  -  functionals  of  the  functions  enclosed  In 
the  square  brackets. 

Sixteen  equations  (2.32),  (2,33),  (2,65),  (2,66),  (2,69)  now  make 
up  the  closed  system  detei*minlng  the  16  unknown  functions: 

•^3»  ^3*  ^3«  ^jr3»  ^#3»  ^*3*  ••xl* 

?,  5»  H,  8^,  8t,  ip. 

In  this  case  the  trajectory  of  guided  flight  (the  solution  of  the 
system)  is  determined  -by  assigning  the  initial  conditions  and  the 
actual  connections  (2.69)  Imposed  on  the  rocket  motion  by  the  control 
system, 

2.3  THE  EQUATION  OF  NOTION  IN  PROJECTIONS 
ON  SENl-UIND  COORDINATE  AXES 

The  obtained  above  general  equations  of  motion  In  projection  on 
terrestrial  axes  can  be  used  In  principle  for  solving  any  technical 
problems.  However  It  Is  always  advantageous  to  Introduce  Into  the 
equations  under  investigation  these  or  othor  simplifications  whose 
euoenoe  Is  Intimately  connected  with  the  content  of  the  actual  problem* 
Because  of  this  it  is  frequently  convenient  In  Investigating  the 
dynamics  of  a  rocket  or  a  nose  section  to  use  the  equations  of  motion 
In  projections  on  semi-wind  axes. 

Coordinate  Systems 

Q<?ccentrlc  Coordinate  System 

This  coordinate  system  with  its  origin  at  the  center  of  the  earth 
and  with  its  axes  connected  with  the  earth,  was  already  used  above  in 
studying  the  earth's  gravitational  field.  The  reference  planes  in  the 
coordinate  system  in  question  are  the  equatorial  and  the  prime 
meridian  planes. 

The  position  of  the  center  of  mass  of  a  rocket  in  this  case  can 
be  determined  either  by  three  Cartesian  coordinates  x,  y,  s,  or  which 


I 


I 


! 

is  more  convenient,  by  three  spherical  coordinates  X*  r. 

Longitude  X  and  geocentric  latitude  ♦y  are  reckoned,  as  was ■ shown 
above,  in  Fig,  1,3,  Coordinate  r  is  the  distance  from  the  center  pf 
the  earth  to  the  center  of  mass  of  the  rocket,  • 

i  I  .  » 

Wind  and  Semi-Wind  Coordinate  Systems 

In  some  problems  of  dynamics  the  equations  of  ijiotion  of  the  cen¬ 
ter  of  mass  of  a  rocket  are  conveniently  written  as  projections  on  ' 
coordinate  axes  connected  with  the  velocity  vector  V  of  the  rocket,  ,  > 

The  origin  0  of  the  coordinates  of  such  a  system  Is  'loca^d  at  the 
center  of  mass  of  the  rocket;  axis  Ox  is  directed  along  the  velocity 
vector  V,  i,e,,  tangentially  to  the  trajectory  in  the  direction  of 
fli^t;  axes  Oy  and  Oz  lie  in  the  plane,  normal  to  the  flight  path. 
In  this  case  in  flight  dynamics  axis  Oy  is  selected  both  in  the  plane 
of  symmetry  of  the  object  Oxj^y^  and  in  the  vertical  plane,  Th^  first 
coordinate  system  we  will  call  wind,  the  second  -  semi-wind, 

i 

Local  geographical  Coordinate  System  ‘  . 

i 

The  origin  of  this  coordinate  system  Ox^y^z^  (Fig.  2.13)  coincides 
with  the  center  of  mass  of  the  object;  axis  Ox^  is'  drawn  parallel  to 
the  tangent  toward  the  meridian  of  the  site  northwards;  axis  Oy^  id  i 
directed  along  radius-vector  r;  axis  Oz^  is  pai>allel  to  'the  equatjorlal 
plane. 
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I  The  origin  of  the  semi-body ■ coordinate  system  Ox'y'z’  (Pig.  2.1^) 
coincides (With  the  penter  of  mass  of  the  object;  axis  Ox*  is  directed 
along  the  longitudinal  axis  of  the  object  in  the  direction  of  the  nose 
axis  Oy*  is  perpendicular  to  the;plane,  passing  through  the  velocity 
vector  and  the  long! tu^dinai. axis  of  the  object;  axis  Oz*  completes  the 
syjstero  to  thei  right,  i 


Pig,  2.14,  Semi-body  .system  of  coordinate  axes. 


Direction  Cosines  Hetrlces 


The  Coainea  of  Angles  Included  Between 


kXQQ  of 
ema 


Inordinate 


t 

In  order  to  determine  the  cosines  of  the  angles  Included  between 

-  I  I  ‘ 

these  coordinate  aites,  let  us  examine  the  sequential  turns  of  the  semi 
wind  coordinate  system  Oxyz  until  Ito  colnoldence  first  with  the 
semi-body  Ox*y*z*,  and  then  with  the  body  coordinate  sysfoms 

(Pig.  2.15). 

»  i  i  * 

» 

t 

The  transformation  from  a  semi-wind  coordinate  system  Oxyz  to  a 
semi-body  Ox*y'z*  can  be  accomplished  by  two  sequential  turns:  first 
by  anitle  u  around' axis  Ox,  and  then  by  angle  of  attack  u  around  axis 
by"  in  accordance  with  Pig.  2,15.* 


I 
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Pig.  2.15.  Transformation  from  a  seni-Mlnd  ooor* 
dlnate  system  to  a  body  coordinate  systemt 


The  matrix  of  direction  cosines  included  in  the  equation  of  the 
transformation  of  coordinates 

l?]«Z(jcl,  (2.70) 

has  the  form 


cosa 

sloosltlfk 

-»stnatoi|k 

0 

COI|k 

tlfl|S 

Stlltt 

— cosailfi|k 

to$acos|^ 

tn  order  to  change  from  a  semi-wind  coordinate  system  to  body*  it 
is  necessary  to  carry  out  one  additional  turn  -  to  turn  the  semi-body 
coordinate  axes  Ox'y'a*  by  angle  v  around  axis  Ox*. 

* 

As  a  result  we  obtain  the  following  coordinate  tranaformation 
equation t 

(2.72) 
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semi-body  systems  take  the  form 


[:«']  =  Zp]  =  ZA[xJ;  (2.76) 

p,]=H  pl=HApJ.  (2.77) 


Equations  of  Motion 

For  deriving  the  scalar  equations  of  the  motion  of  the  center  of 
mass  of  an  object  (a  rocket  or  nose  section)  let  us  project  vectorial 
equation  (2.9)  on  the  axes  of  semi-wind  coordinate  system  Oxyz.  In 
this  case  we  will  determine  the  position  of  the  center  of  mass  in  a 
geocentric  spherical  coordinate  system  by  geocentric  latitude  (|»^,  by 
longitude  X  and  by  radius-vector  r,  drawn  from  the  center  of  the  earth 
to  the  center  of  mass  of  the  object. 

Let  us  determine  the  projections  of  relative,  translatory  and 
Coriolis  accelerations  on  the  axes  of  a  semi-wind  coordinate  system. 
The  semi-wind  coordinate  system  rotates  relative  to  the  earth  with 
angular  velocity  fi  which  we  will  represent  in  the  form  of  the  sum  of 
the  angular  velocities  of  the  rotation  of  the  serai-wind  axes  relative 
to  geographical  axes  and  of  geographical  axes  relative  to  certain 
terrestrial  axes.  As  the  axes  connected  with  the  earth,  it  is  con¬ 
venient  to  take  geographical  axes  OoVo^rO^rO  ^  certain  initial 
moment  of  flight,  for  example  at  the  moment  of  the  firing  of  a  rocket 
or  at  the  moment  of  separation  of  the  nose  section  from  the  rocket 
body  (Fig.  2,17).  As  a  result  we  will  have  (see  also  Fig,  2.16) 

(2-78) 

•• 

Let  us  find  the  projections  of  vector  fl  on  serai -wind  axes.  First 
let  us  express  angular  velocities  \  and  by  projections  on  the  axes 

of  a  geographical  coordinate  system  (see  Fig,  2,17) 

(2.79) 


where  x^.,  y^.,  z^,  -  the  unit  vectors  of  the  geographical  axes 


Fig.  2.17.  Variation  in  the  orientation  of  local  geo¬ 
graphical  axes  during  the  flight  of  a  rocket. 

In  order  to  express  X  and  by  projections  on  semi-wind  axes,  we 
use  formula  (2.7^).  Then  we  will  obtain: 

X  s=j  X  (cos  sin  cos  6  4-  sin  sin  0)  -j- 

cos  9b  cos  V  sin  0  4- sin  fa  cos  6) -l-^*  (cos  tpa sin  V)J;  (2.80) 

9b «  —  fa  lx* ( — sin  V  cos  0)  4*5*  (sin  V  sin  0)  4*  «*cos  V]. 


Vectors  ?  and  §  we  express  by  projections  on  semi-wind  axes,  using 
Pig.  2.16: 


V«i-(i‘*sln04.J’*cos0);  | 


(2.81) 


Thus,  the  projections  of  vector  Q  on  serai-wind  axes  are  determined 
by  the  following  expressions.; 

2^  =  i  (COS  9*  COS  r  COS  8 -j- Sin  sfn  0)4- 

+9«sInT  cos  8-1- sine; 

2|,  as  X  ( — cos  9,  cos  S?  sin  8 -}- sin  9^  cos  8)— 

( 2  *  82 / 

— 9«  sin  V  sin  8  4- cos  8; 

2,sa,  Ua{9^sInT-«-9^cos  ^4-6. 


Now  it  is  possible  to  find  the  projections  of  relative  accelera¬ 
tion.  Taking  into  account  that 


^  dt  dt^ 


d'V 

. . 

di 


+ 


€L 

di 


Hr  5* 

2,  Q/f 

V,  V, 

Bsl^^ssaO, 


V» 


(2,83) 


we  will  obtain: 

jfmiVO,=V  (icosf.slnV  —  ;^c(»  V-|>6)i 

J^aaa  — V  [I((  — C089«C0$Vslll  84- 

4*  sin  9,  cos  8)— fn  sin  V  sin  04*^  cos  01» 


Let  UB  express  angular  velocities  X  and  by  velocity  V.  For 
this  let  us  find  the  projections  of  velocity  V  on  geogx*aphloal  axes 
and  (see  Fig.  2.16): 


V^j,,*V^coi0co8Vj  1 
l^„«-»^cosOsln».  1 


(2.85) 


■  Having  resolved  the  mrldlanal  conponent  of  velocity  Into 
sphere  radius  r,  and  the  latitudinal  ooioponent  of  V._  into  snail  circle 

•I 
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r  cos  (b  ,  we  obtain: 

U 

V 

9b*=~cosVcos0: 

J _  V  stn  y  cos  6 

~  r  «o*f« 


(2.86) 


Substituting  dependence  (2.86)  in  the  formulas  of  (2.84),  we 
obtain  the  final  expressions  for  the  projections  of  the  acceleration 
of  the  object  relative  to  the  earth  on  semi-wind  coordinate  axes: 


7.-1^: 

JgSsaV^ — ~  COS  6: 

r 

^  cos  0+ ~  (g9ii  sin  V  cos*  0. 


(2.87) 


Let  us  now  determine  the  projections  of  Coriolis  acceleration  on 
semi-wind  axes.  As  is  known. 


X  If  z 

’Se 

0  0 


(2.88) 


Let  us  find  the  projections  of  the  angular  velocity  of  the  earth 
M.  on  semi-wind  axes,  using  the  expressions  of  (2.80)  because  the  dlrec- 

J  a 

tion  of  vector  coincides  with  the  direction  of  1  (see  fig.  2.17). 

Then  we  will  obtain 

a 

I X*  (cos  f ,,  COS  ¥  COS  0  ^  sin  6) 

5*  ( — cos  f ^  cos  ^  stn  0  sin  cos  0)  -f  (cos  f ,  slii  )  j.  ^  ^  ®  9 ) 


The  projections  of  Coriolis  acceleration  on  semi-wind  axes  are 
determined  by  the  expressions: 

y,jr*»2U«i^*»2V^«^cosf^sla?;  ^2,, 

iw** — 2Ka^wa2V'«^(cosf^  cos  V  slo  9— siayii  cos  ©).) 
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Let  U8  determine  the  projections  of  acceleration  due  to  gravity 
on  semi-wind  axes.  The  direction  cosines  of  vectors  g^.  and  ^  will  be 
the  same  as  for  vectors  S'  and  Wg  respectively  [see  formulas  (2.8l)  and 
(2.89)3,  but  with  opposite  signs.  Then  we  will  obtain: 

f jr«»  — Sin  6  (cos  fa  cos  COS  8  -f-slnf^  sin  O); 

cos  c(»faCOs  V  sIn  8  -{-sin  ^cos  8);  <2.91) 

^•cosfaSlnV. 

Let  us  now  find  the  projections  of  total  aerodynamic  force  B  on 
semi-wind  axes .  Let  us  resolve  this  force  into  its  components  along 
semi-body  axes: 

(2.92) 

Now  using  matrix  (2.71),  we  obtain: 

coso^slnm  (2.93) 

^a»(^islna— Z*eoso)ieO$|i,  J 

Drag  X  and  lift  Y  at^e  connected  with  axial  force  and  lateral 
force  Z*  by  the  following  relationships: 

(2*9^) 

K  w ^1  sin  0*1*  4^' CCS  Oti 

whieh  are  obtained  with  aid  of  table  1*1,  if  one  considers  that  Z*  « 
when  w  «  0.  Thus,  we  have  another  variant  of  the  projecticms  of 
total  aerodynamic  force  on  8«mi.Hfind  axes: 

ff.-KlhlK  (2.95, 

The  projections  of  the  resultant  K  of  thrust  force,  aerodynamic 
forces  and  the  forces  created  by  the  control  eleaents,  os:  aemi'Mrind 
axes  take  the  form: 
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sln|»;  (2.96) 

COS|i« 

where  -  the  matrix  elements  (2.73). 

Thus,  the  projections  of  all  the  terms  of  the  vectorial  equation 
of  motion  of  the  center  of  mass  of  an  object  (2.9)  on  semi-wind  axes 
are  determined  by  the  foxmiulas  (2.8?),  (2*90),  (2.91)  and  (2.96). 

The  dynamic  equations  of  the  motion  of  the  center  of  mass  of  an 
object  In  projections  on  semi-wind  axes  take  the  form: 

gr  sin  6— ^.(cosf^cos  V  COS  0+ slof^sInS); 

A 

^cos  0— ■«(— c<af,co$Vsln04* 

«  (2.97) 

-ftln9«cos0)-) — cos0-»2ii|CO$f\|StoV; 

+ (toi  COSl^  tg  0 — SlOfJ. 

It  Is  necessat'y  to  supplement  these  equations  with  the  kinematic 
equations  of  the  motion  of  the  center  of  mass  of  the  object  in  a 
geocentric  spherical  coordinate  system: 

y^ek^cosVc<»0; 

r  €uu 

r«dVslo0 

and  with  the  formula  for  determining  flight  altitude  h,  on  which  aero¬ 
dynamic  forces  depend: 

(2.99) 


(2.98) 
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Let  us  write  the  equations  of  motion  around  the  center  of  mass  In 
projections  on  body  axes  [see  foraula  (2.67)]: 


JjtX  "h  (/«l 

/in "  r  *“  ® 


For  the  projections  of  aerodynamic  moment  Instead  of  the  expres¬ 
sions  of  (2.63)  It  is  now  necessary  to  take  the  expressions: 


.41^1 «  cXqSoiix^  -  cos  v; 

as  clqSa{x^^  x^) sin  v. 


(2.101) 


Let  us  compose  the  kinematic  relationships  oormectlne  the  time 
derivatives  of  angles  u,  a«  v  with  the  projections  of  the  angular 
velocity  of  body 

The  angular  velocity  of  the  body  axes  S  Is  made  up  of  the  angular 
velocity  R  of  the  semi-wind  axes  relative  to  the  terrestrial  axes  and 
the  angular  velocity  S*  of  the  body  axes  relative  to  the  aemi-wlnd 
axes:  ^ 

(2,102) 

Angi lar  velocity  w*  can  be  represented  in  the  form  of  the .sum 

(2,103) 

By  projeetlnj;  vector  S*  on  body  axes,  we  obtain  (see  Pig.  2.17): 

.  •i,«^coia4-^ 

a^socosv-fi^slnoslne;  <2.io<i) 

stnacosv. 


For  detertainlng  the  projections  of  angular  velocity  Q  on  body 
axes  let  us  use  its  projections  (2.82)  on  semi-wind  axes  and  the  table 
of  the  cosines  of  the  angles  included  between  aeml-wlnd  and  body  axes. 
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written  in  the  form  of  the  matrix  of  (2,73) 


*lai 

n3i 


% 

»»3a 


ni, 

% 


Then  we  will  obtain 


-xi = ’In^jt + 

= Hai^x  4**182®#  "I*  *l2i®  jJ 

2*1  =  *l3»®x  "f*  *1s22#  4*  *l3s2*» 


(2.105) 


(2.106) 


Taking  expressions  (2.102),  (2.104)  and  (2.106)  Into  account,  we 

find; 


=^*1u2x4'**»82#4**lw2«4“*v4-t‘  cos  o; 

«#i  «*)ji2x4-*l322#4-*J8s8*4““COs  v>|-|»sln  a  sin  v,  (2.107) 
«4i  «%2x  "I"  *l3a2#4-  *1532*  ~  a  sin  v-f  sin  a  cos  v. 

Substituting  the  values  of  the  cosines  from  matrix  (2.73) 
and  solving  the  equations  of  (2.107)  relative  to  u,  a,  v,  we  obtain: 

a  «»,,  cos  V — sin  v— cos  ji — 2,  sin  (5; 

•  sinv  ,  C02V  rt  I  rt  i 

(2.108) 

— 2,ctgacosj5; 

vaaWjji — ctg  a  sin  V— ctg  a  cos  v .  .0^-2!2ii— j-  i2*L , 

sintt  sin  a 

In  these  equations  the  values  of  0^,  and  are  determined 
by  the  formulas  of  (2,82) 

Equations  of  (2.97) »  (2.98),  (2,100)  and  (2,108)  make  up  a  system 
of  equations  of  the  motion  of  an  ungulded  object.  For  describing  the 
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controlled  flight  of  a  rocket  they  should  be  supplemented  by  control 
system  equations.  ‘ 

2.4  BASIC  SIMPLIFICATIONS  OF  EQUATIONS 
OF  MOTION 

Depending  on  the  problem  being  solved  the  general  equations  of 
motion  obtained  above  can  be  more  or  less  substantially  simplified. 
Since  the  selection  of  one  or*another  type  of  simplifications  Is 
Inseparably  connected  with  the  actual  conditions  of  the  problem,  we 
will  examine  the  simplification  of  the  equations  of  motion  In  appro¬ 
priate  sections  of  this  book.  Let  us  limit  ourselves  here  only  to 
certain  general  remarks  and  to  one  example  of  the  simplifications  of 
the  equations  used  In  ballistics. 

Taking  Trajectory  Phase  Into  Account 

In  the  first  place  In  composing  equations  of  motion  it  Is  neces¬ 
sary  to  consider,  which  phase  of  the  trajectory  Is  being  examined* 

During  the  powered-flight  phase  the  motion  of  a  rocket  should  be 
examined  taking  control  Into  account.  Since  we  are  Interested  In 
rocket  flight  relative  to  the  earth,  and  the  control  system  of  a  rocket 
is  usually  inertial.  It  Is  necessary  to  examine  the  motion  of  Its 
center  of  mass  In  terrestrial  coordinate  axes,  and  the  orientation  of 
the  rocket  -  In  Inertial  axes,  l.e..  In  Initial  launch  axes.  This 
fact  makes  It  possible  to  use  more  or  less  simplified  equations  based 
on  the  general  equations  examined  In  Section  2.2. 

In  examining  motion  In  the  unpowered-f light  phase  beyond  the 
limits  of  the  atmosphere  the  Investigation  of  trajectory  Is  facilitated 
by  the  absence  of  thrust  force,  aerodynamic  forces  and  forces  created 
by  the  control  elements,  and  also  of  the  moments  of  all  these  forces. 
However  due  to  the  great  range,  altitude  and  flight  speed  it  Is  neces¬ 
sary  to  consider  the  variation  in  acceleration  due  to  gravity  and  the 
effect  of  the  rotation  of  the  earth* 

During  the  phase  of  the  descent  of  the  nose  section  into  the 


112 


the  atmosphere  a  large  role  Is  played  by  the  aerodynamic  forces  and 
moments.  Since  flight  in  this  phase  is  imguided,  there  is  no  need  to 
rely  on  an  inertial  coordinate  system  and  for  the  investigation  it  is 
possible  to  use  various  simplifications  of  the  equations  of  motion  in 
projections  on  serai -wind  axes. 

''Quasi-Steady-State“  Motion 

The  motion  of  a  rocket  or  of  a  nose  section,  as  well  as  the  motion 
of  any  body,  can  be  represented  in  the  form  of  the  motion  of  the  cen¬ 
ter  of  mass  of  the  object  and  of  its  rotation  around  the  center  of 
mass*  The  presence  of  control  during  the  powered-flight  phase  makes 
it  necessary  to  examine  the  motion  of  the  center  of  mass  of  the  rocket 
together  with  the  motion  of  the  rocket  around  the  center  of  mass. 

During  the  descent  of  a  nose  section  in  the  atmosphere  It  Is  also  neces¬ 
sary  to  examine  the  oscillations  around  the  center  of  mass  together 
with  the  motion  of  the  center  of  mass. 

Standard  for  rockets  is  an  investigation  of  the  motion  of  the  cen¬ 
ter  of  mass  with  simplified  equations  of  the  control  system  and  of  the 
rotation  of  the  rocket. 

The  control  system  equations  depend  substantially  on  its  structui'e 
and  the  composition  of  its  elements.  Thus  their  actual  simplifications 
cannot  be  examined  in  this  book.  The  most  substantial  simplifications 
consist  of  replacing  control  system  equations  with  equations  of  ideal 
controlling  connection. 

Let  us  examine  the  simplification  of  the  equations  of  rocket 
rotation. 

The  left  sides  of  the  Euler  equation  of  (2.67)  with  controlled 
rocket  flight,  if  we  eliminate  such  non-steady-otate  flight  modes,  as 
launch,  stage  eoparation  and  nose  section  separation,  are  close  to 
zero,  thus  in  investigating  the  motion  of  the  center  of  mass  the  left 
sides  of  the  Euler  equation  are  usually  disregarded  and  these  equations 
are  written  in  the  form  of  steady-state  equations  of  the  moments  of 
force  acting  on  the  rocket,  relative  to  the  rocket  body  axes.  Thus 
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the  transitional  pj^ocesses  in  rotaiv  motion  aj^e  disregarded  and  the 
rocket  is  examined  with  a  control  system  ideal  in  the, sense,  that  upon 
deflection  of  the  control  elements  the  angle*  of  attack  instantaneously 
assumes  the  "steady-state"  (balanced)  value  [21]  corresponding  to  the 
equilibrium  equation  of  the  moments.  ^ 

Simplification  of  Direction  Cosine  Natrices 

I 

The.  following  common  siiq)lifl cation  in  equations  of  rocket  motion 
consists  in  slmplliVing  the  expressions  of  the  cosines  of  the  angles 
Included  between  the  coordinate  axes.  Thus,  for  Instance,  in  oa],culat- 
Ing  the  optimum  trajectory  of  a  ballistic  missile  it  is  |)0S8ible  to 
set  the  angles  of  roll  n  and  yaw  C  equal  to  eero.  Such  a  possibility 
is  brought  about  by  the  fact  that  a  system  controlling  flight,  by 
getting  rid  of  perturbations,  tends  to  reduce  these  angles  to  sero, 
as  a  result  of  which  their  actual  values  are  small.  Let  us  thus  assume 
cos  n«l,  sin  qwn,  cos  Cwl,  sin 

We  will  also  disregard  the  products  of  angles  C  and  n»  Theim  we 
will  obtain  the  approximate  matrix  r  of  the  cosines  of  the  angles  in¬ 
cluded  between  the  initial  launch  and  body  axes  in  the  following  formi 


1  cosf 

ilitf 

— ICOff  1 

Q  •-stnf 

eos9 

n+lsfnf  1 

1  (‘f  tlsttif 

-IlCOtf 

1  1 

,1  • 

Xn  an  analogous  manner  we  will  obtain  the  approximate  matrix  of  ' 
the  cosines  of  the  angles  Included  between  the  body  and  terrestrial 
axes. 

Resolving  General  Notion  Into  Loagltndlnat 
and  Lateral  Notion 

A  substantial  slnplifl cation  of  a  system  of  equations  of  rocket 
motion  ia  attained,  when  It  is  possible  to  break  this  system  down  into 
two  Independent  groups  of  equations  describing  the  motinn  of  a  rocket 
in  two  mutually  perpendicular  planes  t2l3«  the  main  possibility  for 
such  a  breakdown  is  due  to  the  dynamic  symmetry  Of  a  rocket  relatite 
to  ita  longitudinal  axis  Ox^. 
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.  .Let  us  represent  the  general  motion  of  a’  rocket  as  made  up  of 
longitudinal  motion,  in  which  {Jarameters  Vsai  V^3i  JC3,  ^3,  (dxh  vary, 
and  lateral  mot^ion,  in  which  parameters  V«3  ,-23  ,  <Oxi,  Oyi,  t)  vary. 

the  general  case  there  is  interaction  between  these  two  motions. 

Let  us  .explain  the  conditions,  under  which  each  of  the  two  motions  in 
question,  cpn  occur  independently  of  the  other, 

I 

Lateral  parameters  of  motion  Ky3,  (Cxi.  <p«  will  not  be 

included  In  the  equations  describing  the  variation  in  the  longitudinal 
parameters  of  motion  V’f3«  23,  Oxi,  Ovi.  fj,  if  the  channels  stabi¬ 
lizing  the  angles  of  yaw  and  roll  and  lateral  drift  are  operating 
ideally i  In  practice  it  is  possible  to  exclude  the  parameters  of 
lateral  motion  fi'om  the  equations  of  rocket  motion  in  plane  Ox^y^,  when 

the  lateral  parameters  Vt3,  23  ,  (Sxif  ^  are  rather  small.  Then  we 

obtain  the  following  system  of  equations  of  rocket  motion  in  the  Ox^^^ 

plane:  , 

’  '  {  ,  -  '  ,  ■  ■:/  •  •; 

i'he  equations  of  lateral  su^tioii  in  the  general  case  take  the  form; 

11$’ 


(2.110) 


<^I  cos  f  cos  11 4--^  sin  n; 

U  Qi 

^.l«i(<).  *</).  nwi-os 

^4l>,(<).  a(0.  {(<).  <1  WJ«0. 

It  Is  not  possible  to  exclude  all  the  parameters  of  longitudinal 
motion  from  these  equations,  l^us  for  Independent  Investigation  of 
lateral  motion  It  Is  first  necessary  to  determine  all  the  necessary 
longitudinal  parameters}  for  example*  by  solving  the  equations  of 
(2.109). 

linearizing  Equations 

Tine  method  of  linearising  equations  Is  very  widespread  In  all  the 
technical  sciences  (see*  for  example,  book  [21)).  In  rocket  ballistics 
and  dynamics  this  method  Is  most  frequently  used  In  investigating  the 
dispersion  of  nose  sections,  for  evaluating  the  oontrollid)lllty  of 
rockets  and  many  other  prcb lens. 

Slnpllfying  Equations  for  Evaluating 
ftoexit  Controllability 

For  determining  the  maximum  deflection  of  ^he  control  elements, 
necessary  to  ecNx^ensate  for  perturbing  forces  and  moments,  let  us  eo»» 
pose  simplified  equations  of  rocket  tsotlon,  examining  it  as  an  abso« 
iutely  rigid  solid  body.  For  this  purpose  let  us  resolve  the  general 
motion  of  a  rocket  into  longitudinal  and  lateral  notions  and  let  us 
examine  only  the  lateral  motion,  since  the  maximum  perturbations  are 
catnued  by  cross  wind. 

Let  us  slmplliy  the  system  of  equations  of  lateral  motion  (2.110), 
having  made  the  following  assusptlons. 
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1.  The  projections  of  gravity  and  Coriolis  force  on  the  Oz^ 
axis  are  neglllglbly  small. 

2.  We  will  assume  angles  small; 

we  will  consider  the  cosines  of  these  angles  to  be  equal  to  unity,  the 
sines  of  the  angles  >  equal  to  the  angles;  He  will  disregard  the  pro¬ 
ducts  of  these  angles, 

3.  Let  us  linearize  the  forces  and  moments,  representing  them 
in  the  form: 

PmP^SsP+in 

r„»-r2nt. 

We  i^present  angle  fi  in  the  form 

Tlien,  taking  the  perturbing  forces  and  momenta  «g,  ^y^* 

Into  account  on  the  right  aides  of  the  equations  (2,110),  we  obtain: 

s  ‘  *  i  i  I  a-  (a. Ill) 

*1 =» 
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Let  us  write  as  control,  system  equations  the  llneraized  equations 
of  the  channels  stabilizing  yaw,  roll  and  lateral  drift,  composed  In 
accordance  with  the  procedure  examined  in  Section  1.8: 


The  total  deflection  of  the  control  elements  is  equal  to; 

+  V»  (2.114) 


As  a  result  of  solving  the  obtained  system  of  equations  of  rocket 
motion  with  a  given  set  of  perturbations  the  deflections  of  the  con¬ 
trol  elements  6j^(t)  and  fij(t)  necessary  fov  compensating  for  these  per¬ 
turbations  are  determined,  and  they  are  compared  with  the  maximum 
possible  deflection  dn»»x>0.  •  If  the  values  of  the  angles  of  deflec¬ 
tion  of  the  control  elements  are  less  than  the  maximum  possible  angle 
(with  a  certain  margin  daaa>0)*  then  in  this  case  the  control  elements 
are  effective ; 


l**l+*«*»<W 
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(2.115) 


CHAPTER  III 


TRANSITIONAL  TRAJECTORY  PHASES 


Of  all  the  questions  of  rocket  ballistics  and  dynamics  it  is  pos¬ 
sible  to  segregate,  as  independent,  the  questions  of  the  dynamics  of 
the  transitional  trajectory  phases  -  launch,  stage  separation  and  nose 
section  separation.  These  questions  are  connected  by  the  similarity 
of  their  dynamic  processes  and  by  identity  of  the  formulation  of  their 
problems. 


Sharp  variations  in  the  thrust  of  the  main  engines,  propellant 
consumption  per  second,  and  also  the  operating  modes  of  the  control 
system  are  characteristic  for  transitional  trajectory  phases.  Further¬ 
more,  the  perturbations  acting  on  a  rocket  in  these  phases  are  specific. 
Prom  the  point  of  view  of  mechanics,  the  investigation  of  the  tran¬ 
sitional  trajectory  phase  is  the  solving  of  problems  concerning  the 
relative  motion  of  two  or  several  bodies,  especially,  a  rocket  relative 
to  the  launch  pad,  of  the  two  separating  parts  of  the  rocket  relative 
to  each  other,  etc.  In  all  the  problems  it  is  necessary  to  determine 
the  forces  acting  on  the  rocket,  and  the  parameters  of  relative  motion 
taking  into  account  the  actual  design  features  of  the  rocket  and  the 
operation  of  its  systems. 


The  standard  methods  of  launch,  stage  separation  and  the  separa¬ 
tion  of  other  objects  are  examined  below;  the  equations  of  motion  of 
rockets  and  separating  parts  are  given;  it  is  pointed  out,  which  questions 
of  dynamics  are  solved  in  rocket  designing.  The  exposition  employs  a 
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two-stage  rocket  as  an  example  executed  according  to  "tandem”  layout. 

I 

3.1.  ROCKET  LAUNCH 

Free  Launch  from  an  Open  6round<Based  Launch  Pad 

Free  rocket  launch  is  carried  from  a  launch  pad  located  on  the 
surface  of  the  earth.  The  rocket  stands  freely  on  the  pad  and  when 
the  engine  thrust  attains  a  value,  greater  than  the  launch  weight  of 
the  rocket,  the  latter  lifts  off  from  the  pad. 

The  basic  problem  of  dynamic  design  with  such  a  launch  setup  are 
determining  the  perturbing  forces  and  moments  acting  on  the  rocket, 
and  Investigating  the  perturbed  motion  of  a  rocket  In  the  initial  tra¬ 
jectory  phase  for  the  purpose  of  selecting  the  stabilization  system 
parameters  and  evaluating  the  controllability  of  the  rocket. 

During  free  launch  from  an  open  ground-based  launch  pad  the  per¬ 
turbing  forces  and  moments  acting  on  a  rocket  are  caused  by: 

-  cross  wind} 

-  errors  in  the  manufacture  and  the  assembly  of  the  rocket  and 
the  engine  system; 

-  the  time  differential  in  starting  and  the  thrust  differential  of 
the  engines  of  the  engine  system  (or  of  the  combustion  chambers  of  one 
engine). 

The  perturbing  forces  and  moments  can  be  determined  by  the  form¬ 
ulas  given  In  [22]. 

Let  us  write  the  equations  of  motion  of  the  center  of  mass  of  a 
rocket  as  projections  on  the  axes  of  the  coordinate  system,  the  origin 
which  when  t  ■>  o  coincides  with  the  center  of  mass  of  the  rocket;  axis 
Ox  is  directed  vertically  upward;  axis  Oy  -  Is  opposite  to  the  direc¬ 
tion  to  the  target;  axis  Oz  -  so  that  the  coordinate  system  Is  right- 
handed  (Pig.  3.1) 
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Pig.  3.1.  Coordinate  system  for 
calculating  rocket  launch  from 
an  open  ground-based  launch  pad 


We  will  determine  the  orientation  of  the  rocket  relative  to  this 
coordinate  system  by  the  angles  of  pitch  d,  yaw  4)  and  roll  y  which  are 
formed  similar  to  angles  ♦,  n»  and  i,  determining  the  orientation  of 
a  rocket  relative  to  an  Initial  launch  coordinate  system  (see  Fig. 

In  this  case  the  kinematic  equations  connecting  the  projections 
of  the  angular  velocity  of  the  rocket  Oxii  %i>  cCii  with  the  angular 
velocities  y,  will  be  analogous  to  the  kinematic  equations  of 

(2.32}.  From  these  equations  It  follows  that  with  rather  small  angles 

•  ♦ 

Y«  %  ^  and  angular  velocities  and  ^  the  approximate  equalities 
occur: 

Oxicwy; 

Let  U3  simplify  and  more  accurately  refine  the  general  system  of 
equations  of  (2.65)-(2,66)  with  respect  to  the  conditions  of  the  pro¬ 
blem  in  question.  In  this  case  let  us  make  an  assumption  about  the 
fact,  that  angles  Y>  ^  and  angular  velocities  and  d  and  also  the 
angles  of  deflection  of  the  controlling  engines  dy,  6^  and  are  small. 
It  is  evident  that  in  the  case  In  question  It  Is  possible  to  disregard 
the  Coriolis  forces. 

In  determining  the  projections  of  the  forces  on  the  selected  axes 
let  us  take  Into  account  that: 
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-  in  unperturbed  (vertical)  flight  drag  is  the  only  one  of  the 
aerodynamic  forces  acting  on  the  rocket; 

-  the  Coriolis  forces  are  negligibly  small; 

-  the  forces  and  moments  created  by  the  controlling  engines,  are 
determined  by  the  formulas  of  (1.^5)  and  (1.46); 

-  the  operation  of  the  control  system  is  described  by  the  equa¬ 
tions  of  (1,63),  (1.65),  (1.66),  (1.67), 

Taking  into  account  what  has  been  said  the  equations  of  motion  of 
the  rocket  take  the  form: 

mx^Pi—Q—X; 

mifs  -Pit— 2r»>+Z.j 
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Here  m  •  m^  -Jm(t)dt  -  the  mass  of  the  rocket;  P|«iP^47'  .  the 
total  thrust  of  the  engine  system,  and  P-  the  thrust  of  the  main 
engine;  T  -  the  thrust  of  the  controlling  engine;  K,,  Z,  -  the  pro¬ 
jections  of  the  vector  of  the  perturbing  forces  acting  on  the  rocket; 

^si,»  ^Jsi,  “  the  projections  of  the  vector  of  perturbing  mo¬ 
ment  acting  on  the  rocket  ;a|,  A*,  a^,  the  transmission  ooeffl- 

oents  of  the  control  system  of  the  rocket. 


122 


The  system  of  equations  of  (3.1),  as  a  rule,  can  be  solved  only 
by  numerical  methods  on  analog  or  digital  computers.  In  this  case, 
since  the  initial  conditions  and  the  perturbations  acting  on  the  rocket 
are  in  general  random,  the  method  of  statistical  testing  is  usually 
used  for  the  solution.  Sometimes  for  reducing  machine  time  the  solu¬ 
tion  of  the  indicated  system  of  equations  is  found  for  the  worst  com¬ 
bination  of  perturbing  forces  and  moments  acting  in  a  certain  plane. 
Furthermore,  since  the  position  of  this  plane  for  investigating  launch 
dynamics  in  a  vertical  phase  is  neutral,  in  most  cases  the  problem  is 
solved  for  the  plane  of  pitch. 

As  a  result  of  the  solution  the  following  launch  problems  are  dis¬ 
tinguished:  necessary  control  element  effectiveness,  the  rational 
values  of  the  transmission  coefficients  of  the  control  system,  the 
statistical  characteristics  of  the  phase  coordinates  of  the  rocket, 
the  design  parameters  of  the  launch  pad  and  others. 

Free  Launch  from  a  Silo 

The  free  launch  of  a  rocket  from  a  silo  complex  .s  accomplished 
in  the  same  way  as  a  launch  from  an  open  ground-based  launch  pad,  only 
the  launch  pad  is  located  inside  a  silo  complex.  Free  launch  from  a 
silo  Imposes  particular  requirements  on  a  rocket,  the  silo  complex  and 
the  control  system  as  part  of  ensuring  shock-free  egress  from  the 
silo  -  it  requires  very  high  accuracy  in  stabilizing  the  motion  of  the 
rocket  in  the  silo  trajectory  phase  and  the  specific  relationship  of 
the  diameters  of  the  silo  and  the  rocket.  The  basic  questions  of 
dynamic  rocket  design  in  launching  from  a  silo  are:  evaluating  the 
necessary  effectiveness  of  the  control  elements,  selecting  the  para¬ 
meters  of  the  control  system  and  determining  the  overall  dimensions 
of  the  silo  complex.  For  this  it  is  necessary  to  know  the  parameters 
of  the  perturbed  motion  of  a  rocket  during  its  egress  from  a  silo. 

The  dynamic  procedure  of  a  free  launch  of  a  rocket  from  a  silo 
la  Identical  to  the  dynamic  procedure  of  a  free  launch  iProm  an  open 
ground-based  launch  pad.  However  during  the  motion  in  the  silo  addi¬ 
tional  perturbations  act  on  the  rocket  caused  by  the  gas-dynamic 
forces  due  to  the  gas  streams  coming  from  the  nozzles  of  the  engines. 


- 
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Furthermore,  as  the  rocket  makes  its  egress  from  the  silo  the  wind 
begins  to  act  on  it.  The  formulas  for  calculating  the  wind  perturba¬ 
tions  acting  on  the  rocket,  are  the  same  as  before  (see  appendix  on 
application).  However  the  coefficients  of  normal  aerodynamic  force 
c^  and  the  coordinate  of  the  center  of  pressure  in  this  case  depend 
not  only  on  the  angle  of  attack,  but  also  on  the  length  of  the  part  of 
the  rocket  which  has  exited  from  the  silo.  For  calculating  the  para¬ 
meters  of  perturbed  rocket  motion  during  free  launch  from  a  silo  the 
same  system  of  equations  can  be  used,  as  for  a  launch  from  an  open 
ground-based  launch  pad. 

Launching  from  a  Silo  on  Guides 

The  launching  of  a  rocket  from  a  silo  on  guides  ensures  the  shock- 
free  egress  of  the  rocket  from  the  silo  and  does  not  Impose  such  rigid 
specifications  on  the  silo  complex  and  the  rocket  control  system,  as 
during  free  launch  from  a  silo. 

In  launching  from  a  silo  on  guides  along  with  the  evaluation  of 
the  effectiveness  of  the  rocket  control  elements  and  the  selection  of 
the  control  system  parameters  it  is  also  necessary  to  determine  the 
reactions  acting  in  the  support  girdles  of  the  rocket  during  its  motion 
along  the  guides.  Furthermore,  it  is  necessary  to  select  a  scheme  of 
control  system  activation  (lift  contact  or  egress  contact  response), 
ensuring  minimum  loads  (reactions  of  the  guides)  and  initial  perturba¬ 
tions. 


Below  are  examined  the  equations  of  rocket  motion  for  one  of  the 
possible  variants  of  the  design  execution  of  the  guides  and  support 
girdles  of  a  rocket;  the  rocket  moves  in  the  silo  along  two  vertical 
guides,  with  which  it  is  connected  by  two  elastic  support  girdles 
(upper  and  lower)  which  are  two  diametrically  positioned  lugs.  The 
perturbations  acting  on  the  rocket,  are  the  same  as  in  free  launching. 
In  composing  the  expressions  for  the  reactions  of  the  support  girdles 
it  Is  necessary  to  consider  the  basic  design  features  of  the  rocket 
and  of  guides;  the  clearances  between  the  lugs  and  the  guides,  the 
preliminary  compression  of  the  spring  of  the  lugs  and  the  restriction 
of  their  motion,  the  elasticity  of  the  rooket  body  under  the  lug,  etc. 
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In  a  first  approximation  in  investigating  the  launching  of  a 
rocket  along  guides  the  flexural  vibrations  of  the  housing,  the  vibra¬ 
tions  of  the  guides,  and  also  the  possible  displacements  of  the  silo 
launch  Jacket  are  disregarded.  For  composing  the  appropriate  equations 
of  rocket  motion  let  us  use  a  right-handed  coordinate  system  whose 
axes  are  oriented  in  the  following  manner:  Ox  is  directed  upward  along 
the  vertical,  Oz  lies  in  the  plane  of  the  guides;  Oy  is  perpendicular 
to  this  plane  (Pig.  3.2).  The  equations  of  the  motion  of  the  rocket 
along  the  guides  are  derived  in  an  analogous  manner  to  the  equations 
of  (3.1) 


Pig.  3.2.  Diagram  for  composing  the  equations  of  motion 
of  a  rocket  during  launch  from  a  silo  along  guides;  k  - 
angle  Included  between  the  plane  of  the  guides  and  plane 

Ox^Zj^, 

The  distinctive  feature  of  the  problem  In  question  as  compared 
with  the  previous  one  is  calculating  the  elastic  reaction  forces  aris¬ 
ing  as  a  result  of  the  interaction  of  the  elastic  lugs  on  the  rocket 
with  the  guides  (Pig.  3.3).  These  reactions  are  functions  of  the  roc¬ 
ket  coordinates  y,  z  and  in  many  respects  they  are  determined  by  the 
elastic  properties  of  the  material,  from  which  the  lugs  are  made. 

Let  us  Introduce  the  follwoing  designations  (see  Fig  3*3) t 

-  the  radial  roactlons  on  the  upper  and  lower  support 
grldles  respectively; 
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Fig»  3*3  Reacting  forces  of  the  supports  acting  cm 
a  x'ocket  during  launch  from  a  silo  along  guides. 

«  the  tangential  reactions  on  the  upper  support 

girdle t 

^  the  tangential  reactions  on  the  loner  support 

glrdlei 

tit  It*  the  distance  to  thr  gravity  center  of  the  object  froa  the 
upper  and  loser  support  girdles  respectively; 

t  -  the  angle  included  between  the  plane  of  the  guides  and  the 
yaw  plane. 

the  equations  of  notion  of  the  rocket  aovlng  long  guides  has  the 

fom: 
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inx^Pt—Q-~Xi 

Pj'Jt  -{-  2T  (J;,  cos  x-f  sin  x)-}- 

Ai  V  ~  4r/‘y8|  -f  (/?u — /?ij — /?ai  -j-  Rh)  /*!+ 

-H((/'fn +^i2)/| +(^ji  +^m)4)  sin  X— 
“  1 4*  Rliis)  cos  «  4* 

y,i8s=:27*  (•'*,— .Vju,)8#4" 

4’  li^u  4"  1 1 4“(Afai  4"  Rli)  41  cos  x  -j- 

4-(/ei/i4*/??4)slnx+^f„^. 


i 


(3.2) 


As  in  the  case  of  a  free  launch  of  a  rocket,  to  these  equations 
it  is  necessary  to  add  the  control  system  equations  describing  the 
deflections  of  the  control  elements  d|,  li;,  ^  depending  on  the  parameters 
of  rocket  motion. 


The  solution  of  the  system  of  equations  obtained  in  this  way  is 
more  complex  than  the  systems  of  (3.1),  and  also,  as  a  rule,  it  is 
found  with  the  aid  of  computers  by  the  method  of  statistical  testing. 

3.2.  STAGE  SEPARATION  AND  NOSE  SECTION 
SEPARATION 


Stifie  Separation 

The  phase  of  motion  of  a  rocket  from  the  moment  of  the  Issuance 
of  the  main  command  for  shutting  down  of  the  engine  system  of  the  pre¬ 
vious  stage  to  the  moment,  when  the  separated  part  cannot  affect  the 
subsequent  flight  of  the  rocket,  we  will  call  the  stage  separation 
phase.  For  the  stage  separation  of  multistage  rockets  set  up  according 
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to  a  "tandem”  layout,  two  basic  setups  of  separating  sya terns  can  be 
employed: ^ 

t 

:  *  ’  ( 

1)  cold  separation  (or  separation  by  braking),  In  which  the  sep¬ 
arating  part  la  braked  by  special  means  ai^ter  .breaking  the  conneetlcm 
between  the  stages,  and  the  main  engine  of  the  subsequent,  stage 'Is 
started  after  a  safe  Interval  is  attained  between  the  stages; 

2}  hot  (or  fire)  stage  separation.  In  which  the  engine  of  the' 
subsequent  stage  Is  started  before  the  breaking  of  the  connections  ^ 
between  the  stages  and  the  separating  pax^t  Is  repelled  by  the  gas  Jet 
of  the  subsequent  stage  engine. 

1  ■  « 

I 

With  any  separation  system  it  Is  necessary  to  ensure  the  contin¬ 
uous  controllability  of  a  rocket  during  the  separation  phase.  The 
method  of  carrying  out  of  this  specification  depends  ^pon  the  type  of 
control  elements. 

I 

Cold  stage  separation  (Fig.  3*4)  is  possible  and  more  aooeptat^le 
for  rockets,  the  control  of  which  is  accomplished  with  the  aid  of 
special  controlling  engines.  The  controlling. engines  of  the  subsequent 
stage  can  be  activated  before  shutting  down  the  controlling  engines 
of  the  separating  part.  In  this  case  continuous  rocket  control lability 
is  ensured  during  the  separation  phase. 

Hot  stage  separation  (Fig.  3.5)  is  possible  in  principle  on  any* 
rockets  with  sequential  stage  connection,  however  It  requires  special 
design  of  the  adapter  between  the  stages  and  of  the  rear'  section  of 
the  following  stage.  Hot  separation  is  advantageous  for  the  rockets,  , 
the  control  of  which  Is  connected  with  main  engine  'operation  (Jet  vane 

I 

control,  control  of  main  engine  combustion  ohanber  oscillation,  con¬ 
trol  of  the  blowing  of  generator  gas  into  the  supercri.tlcal  part  of  ‘ 
the  engine  nossle).  With  such  control  elements  the  continuous  control¬ 
lability  of  a  rocket  in  the  separation  phase  is  possible  only  during 


‘Certain  intermediate  schemes  are  also  possible,  however  we  will  < 
not  dwell  on  these. 
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the  starting  of  the  main  engine  of  the  subsequent  stage  before  breaking 
the  connections  between  the  stages. 


Pig.  3.^.  Dlagrarri  of  cold  stage  separation.  Approximate 
command  sequence  for:  1  -  shutdown  of  the  main  engine 
of  the  separating  part;  2  -  starting  of  the  controlling 
engine  the  subsequent  stage;  3  -  shutdown  of  the 
controlling  engine  of  the  separating  part;  ^  -  breaking 
of  the  connections  between'  the  stages  and  the  starting 
of  the  retro-solid-propellant  rocket  engines;  5  - 
starting  of  jthe  ^main  en^ne  of  the  subsequent  stage. 


P 


Fig.'  3.5.  Diagram  of  the  hot  separation.  The  approx¬ 
imate  sequence  of  commanfis  for;  1  -  throttling  the 
engine  of  the  separating  part;  2  -  starting  the  engine 
of  the  subsequent  stage;  3  -  breaking  the  connections 
between  the  stages;  ^  -  shutting  down  the  engine  of 
the  sepai^atlng  part. 


Another  requirement  for  separation  systems  Is  the  ensuring  of 
reliable  separaltlon,  by  which  Is  understood  separation  without 
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colliding  of  the  rocket  parts.  For  reliable  separation  It  Is  neces¬ 
sary  to  ensure  sufficient  energy,  used  for  separating  and  spreading 
the  rocket  parts  a  safe  distance  apart ,  their  continuous  controllability 
In  the  separation  phase  and  correct  selection  of  the  oooent  for  break¬ 
ing  the  connections. 

During  separation  the  deviations  In  the  paraaeters  of  the  no¬ 
tion  of  the  subsequent  stage  froa  the  optlnun  values  and  the  deviations 
In  the  parameters  of  the  relative  notion  of  the  rocket  pares  from  the 
rated  values  should  have  as  sntll  dl*por«lori  as  possible.  This  re¬ 
quirement  Is  detemifiant  In  selecting  an  actual  scheme  of  separation. 

ihe  cited  requirements  for  separation  systems,  as  it  is  easy  to 
see,  are  Interconnected.  The  degree  of  tho  cvimplesilty  of  the  eaecutSen 
of  these  requlrenents  depettds  upon  the  values  of  the  pertui'bing  forces 
and  moments  acting  on  the  parts  of  the  racket  during  the  sepss'ation 
phase.  Thus  vhen  developing  a  ticket  aiid  a  stage  separation  ayates 
various  iiteasures  are  specified  luhich  lead  to  a  reductlen  In  the  per- 
tus^ing  fore^fs  sjiid  aogmnta.  Ir  particular,  uben  eel#c6ir*g  the  flight 
path  of  &  rocket  the  valtr^p  of  dyn6»lu  presaur*#  the  angle  of 
attack  aie  limited  In  tne  phase.  ■  In  \tt  turn,  tht  selection 

of  a  i-aticnal  separation  schem  mkm.  possible  Inei'e.tsv  the  p#r» 
alsrible  values  of  dynaaic  pi'estsore  and  -*»h5£ie  of  attack  of  the  roeket 
In  fjja  reparation  phase  a«'»4  thus  the  Iona  isg^osed  on 

tiiC  shape  of  the  rocket  trajvcsory. 


the  procsaa  of  stage  car.  give  rise  r*  natlceabla  losses 

lii  the  itakittuM  firing  range,  in  cunnectlcn  vith  s'nicn  the  f'rtui-s!^«on-e 
of  reduolfig 'these  loaeeo  is  uil.-aya  {*spos«d  oSi  ucpsraticn  avstvsss,  in 
oiyier  to  decrease  the  reisX^ctidn  in  raiige  due  to  gravitstional  li?giNf'e 
Ifi  rocket  speed  In  the  separats^  phase  it  that 

the  separation  process  oceurs  elth  ' 

log' of  the  tieii  of  ceparailon  .ir  ,  f ,  • 

separating  the  rocket  partu,  unitA*  give',  rise  sr.  irv^re,as»e  S.^  per¬ 
turbing  forces  and  ttoaents^  fs-:  %n 

sists  in  Increasing  the  eciii^iS:  ...v'  thu  our  to  of 

separatlcu'i  systett. 


Finally,  a  number  of  specifications  are  Imposed  on  the  design  of 
separation  equipment.  Among  these  It  Is  possible  to  note  compactness 
and  small  overall  dimensions  of  separation  devices,  safety  and  slmpll* 
city  In  operation  aitd  others. 

In  the  light  of  the  above  examined  speclficetlons  let  us  note  the 
bnslc  pres  and  cans  of  cold  and  hot  ioparatioa  systems.  Tnese  system; 
:;an  b«“  made  in  dlffet'ent  variants. 

Abov-s,  Fi^,  3, Si  glvva  one  of  the  posslbl*  varlarsts  of  onid  r^wp- 
arstion,  in  which  for  braking  the  separating  part  soiil-p»tp^llaKt 
i'^troj'ocKvts  are  usti. 

The  bssU'  advaiJtagea  of  the  cola  separation  lystens  are-;  8^'par'«,riftr 
..iiider  the  ififfeot  of  small  forees  with  assail  pc'}*turtiJ5g  forve-a  and  r-^» 
;s8n£S  amall  weight  ef  the  aepas*ntiOi'»  devices  (retro-aoHd-prppe’ isnt 
r&cket  engines  wVth  at-tachmfht  flttihgal.  Included  aaong  tne  ■seflcien- 

of  tnl*  3yst<^ft  aif^j  %m  eossparatlvely  Simplex  a&psrst.ion  scheme 
und  the  i'eluhtlwi  In  firing  rsujge- due  to  pj'o-iongtd  separation  ritm^ , 

On#  of  the  pokt’ibW  sneh^ssea  of  hot  h«p#rat.iCt»  !?*■  nhicwn  In  Fig, 

3*S*  j64v;snt\gV8  of  thw  hot  8cpnrsli<^<  sye-te»a  at'vt  th#  sjivvd  of 

^rparafeion,- uhicSi  pre-'tStJ^lly  d<}#d  not  h  fd  to  gravliutlongi  los-ses  ih 
ras^v;  the  s.Sti»lScJty  of  tnt  ^s^parutior.  ,.i-oce!T.’5  and  the  corciiand  se¬ 
quence;  th>^  .lncre&ao4  rs?Uafei..lj ty  cf  the  charting;  of  the  engine  of  the 
3ufep^qu«ht  -iwr  to  ih»?  axial  aCi  ci'r.sted  tsy  ■  the  o|.-i!rat*n*?. 

eih£s.h«  of  the  rpfar^'ing  part  .-  The  deflc.i*‘hci«-it  of  hat  reparation  r#'! 

pert'ir^atlm-a,  -otJtaln-cd  by  the  svfesequ^nt  stage  -iur’ng 
th*  faei  io»?  by  the  engine  of  tJ’ie  Subaequeh .  i^tU-gr  *  efosaj  th-e- 

wf  the  cors«e?;tloa8  between  the  st&ges-;  ■  th#  m?cessi'i.y  for  pri%- 
tecting  thf  part's  of  the  s*<»ctet  fsss*  the  effect  of  the  .gas  jet  -,:.r"the 
9p-erating  engine. 

fs'chr  the  c^f-ndStic-ns  Of  t\m  et-cve  «x'3i,\-,'Jfiesl 

specification*,  the  f-vlicrwlng  yn'otslen  s.r'a  ly  ?rOl* in  *,h^ 

sijrnassic  -lealgnin^  of  a  ceparsatSon  tysteni 


1)  the  basic  selection  of  the  scheme  and  the  means'  for  stage 
separation; 

2)  the  selection  of  the  basic  parameters  (characteristics)  of 
the  separation  system; 

3)  the  selection  of  the  sequence  of  moments  of  the  transmission 
of  instructions  by  the  control  system  for  executing  the  separation 
operations; 

4)  ensuring  the  reliability  of  the  separation  process,  the  sta¬ 
bility  and  the  controllability  of  the  subsequent  stage. 

The  basic  method  for  solving  the  enumerated  problems  is  the  inves¬ 
tigation  of  the  relative  motion  of  the  separating  parts  of  the  rocket. 

In  composing  the  equations  of  motion  of  the  parts  of  a  rocket  for 
investigating  the  separation  process  it  is  necessary  to  consider  the 
following  forces  and  moments  which  are  acting  on  the  separating  parts 
of  the  rocket:  gravity;  the  thrust  force  of  the  engine  systems;  the 
thrust  forces  of  retro  engines  or  nozzles;  the  forces  and  moments  cre¬ 
ated  by  the  control  engines;  aerodynamic  forces  and  moments;  the  forces 
and  moments  from  the  gas-dynamic  effect  of  the  engine  Jet  of  the  sub¬ 
sequent  stage  on  the  separating  part  (during  hot  stage  separation); 
the  perturbing  forces  and  moments. 

The  perturbing  forces  and  moments,  significantly  affecting  the 
process  of  stage  separation,  are  due  to  the  following  factors: 

-  wind  effect; 

-  the  errors  made  in  the  mt\nufacture  and  the  assembly  of  the  ro¬ 
cket  and  the  engine  system; 

-  the  eccentricity  of  the  center  of  mass  of  the  rocket  caused  by 
the  design  peculiarties  of  the  rocket  layout; 
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-  the.  misalignment  of  the  line  of  engine  thrust  effect  caused  by 
the  elastic  defoimation  of  the  engine  system  mountingj 

-  the  thrust  differential  of  the  engines  (of  the.  combustion  cliam-* 

bers  of  one  engine)  on  the  steady-state  and  transitional  operation 
modesj  ' 

-  the  thrust  differential  of  the  retro  engines  or  nozzles; 

-  the. aftereffect  [thrust  trailoff]  Impulse  of  the  engines. 

The  calculating  formulas  for  determining  the  enumerated  perturbing 
forces  and  moments  are  given  in  [221.  For  the  sake  of  simplifying  the 
investigation  of  the  separation  process,  the  effect  of  the  liquid  pro¬ 
pellant  in  the  tanks,  the  flexural  and  longitudinal  oscillations  of 
the  separating  pjirts  of  a  rocket,  the  variation  with  time  of  the  mass. 
Inertial  moments  and  the  positions  of  the  centers  of  mass  of  the  separ¬ 
ating  parts  are'  usually  disregarded. 

In  order  to  evaluate  the  parameters  of  the  relative  motion  of.  the 
separating  parts  of  a  rocket,  it  is  sufficient,  as  a  rule,  to  limit 
oneself  to  an  examination  of  the  longitudinal  and  lateral  motion  of 
the  rocket. 

For  describing  the  motion  of  the  separating  parts  of  a  rocket 
after  the  breaking  of  the  connections  between  them  it  is  convenient 
to  use  an  inertial  coordinate  system  Oxyz,  moving  with  a  velocity, 
equal  to  the  velocity  of  the  rocket  at  moment  of  the  beginning  of  the 
separation  process  (t  «  0).  At  moment  of  time  t  *>  0  the  origin  of  the 
cooi’dinate  system  0  coincides  with  the  center  of  mass  of  the  entire 
missile;  axis  Ox  coincides  with  the  longitudinal  axis  of  the  rocket; 
axis  py  is  directed  upward  and  forms  a  vertical  plane  with  axis  Ox. 

Let  us  designate  by  O^^Xj^y^  and  ^2^2^ 2  coordinate  systems,  con¬ 
nected  with  the  separating  part  and  the  subsequent  stage  respectively 
and  formed  by  the  standard  rules. 

The  actual  form  of  the  equations  of  motion  of  the  separating  parts 


of  a  rocket  depends  upon  the  setup  of  the  separation  system  and  the 
flight  conditions  at  the  time  of  separation.  Thus  let  us  show  the 
basic  peculiarities  of  investigating  a  separation  process  as  illustra¬ 
ted  by  dynamic  separation  schemes  formed  by  taking  the  above  given 
assumptions  into  account.  Furthermore,  let  us  assume  that  at  the  ini¬ 
tial  moment  of  separation  the  angles  of  attack  and  the  angular  velocity 
of  the  rocket  are  equal  to  zero.  The  remaining  assumptions  will  be 
apparent  from  the  systems  of  forces  acting  on  the  separating  parts, 
and  the  explanations  for  the  equations  of  motion. 


During  cold  stage  separation  let  us  assume  that  the  retro-solid- 
propellaint  rocket  engines  begin  instantaneously  operating  in  a  steady- 
state  mode  and  the  reactions  at  the  site  of  the  Joining  of  the  stages 
from  the  moment  of  the  starting  of  the  solid-propellant  rocket  engines 
are  equal  to  zero.  Then  the  equations  of  motion  of  the  separating 
parts  of  the  rocket  in  the  plane  of  pitch  taking  into  account  all  that 
-Was  stated  above  for  the  systems  of  acting  forces  shown  in  Pigs,  3.^ 
and  3,6,  have  the  form: 

For  the  Separating  Part 

m,jf, =(-  P„  -  Jf, -  (K. +r.,) »,  -0,  sin  »,J 

'«.iil=(-Pri--'ft+Jf«)»i+(l',+r.,)-0,COse,;  <3. 3a) 

* 

For  the  Subsequent  Stage 

m  ji:2= (P*j — X5) — (Kj -f*  “*  ^8  sin  ^0* 

^ i3)+2rall*,--OaCOs  Oq; 

ya)» 

Here  “  ^^e  angle  of  pitch  of  the  rocket  relative  to  the  local 
horizon  at  the  initial  moment  of  separatlonj  0^,  0^  -  the  angles  of 
deflection  of  the  longitudinal  axes  of  the  separating  part  (1)  and  the 
subsequent  stage  (2)  from  axis  Ox  of  the  inertial  coordinate  system; 
PgCt)  -  the  thrust  of  the  engine  system  of  the  subsequent  stage; 
the  thrust  of  the  retro  engine;  Tg  -  the  thrust  of  the 


i 
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subsequent  stage  controlling  engine;  K.„  K.,,  -  the  per¬ 

turbing  forces  and  moments  acting  on  the  separating  parts  of  the  rocket; 

and  -  aerodynamic  moments;  iWy*.=  ■2r2(JC,2- -  control-'* 
ling  moment. 


Pig.  3.6.  Diagram  of  forces  in  an  investigation  of 
cold  stage  separation. 


As  a  result  of  solving  of  the  system  of  equations  of  (3.3)  with 
the  aid  of  a  digital  computer  it  is  possible  to  calculate  the  relative 
motion  of  the  separating  parts  of  the  rocket,  which  makes  it  possible 
to  select  the  basic  parameters  of  the  separation  system  and  to  ensure 
the  necessary  reliability  of  the  separation  process. 

Usually  the  problem  of  determining  retro  Impulse  for  a  given  safe 
distance  between  the  parts  of  a  rocket  at  the  end  of  separation  is 
solved :  a;ots(/k)  “Jfi  (t„) --Xs(/k) . 

At  a  given  distance  XoTy(/K)  the  necessary  magnitude  of  breaking 
Impulse  depends  on  the  duration  of  separation  The  greater  is 
^K,  the  smaller  is  1;^,  and  the  weight  of  the  retro  solid-propellant 
rocket  engines  and  therefore  the  smaller  is  the  reduction  in  range 
due  to  the  installation  of  the  solid-propellant  rocket  engines.  On 
the  other  hand,  with  an  Increase  in  the  losses  in  range  due  to  gra¬ 
vitation  increase.  Thus  such  a  value  of  is  selected,  at  which  the 
reduction  in  range  is  the  smallest. 
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In  order  to  check  the  reliability  of  separation,  we  usually  plot 
the  trajectory  of  the  relative  motion  of  the  most  dangerous  point  of 
the  plane  of  Joining  of  the  objects  and  on  the  basis  of  the  obtained 
results  we  draw  a  conclusion  about  the  possibility  of  the  separation 
of  the  objects  without  colliding. 

An  investigation  of  the  separation  process  also  specifies  an 
evaluation  of  the  stability  and  the  controllability  of  the  subsequent 
stage  during  the  separation  phase,  for  which  the  maximum  angles  of 
deflection  of  the  dsmaz  and  of  the  controlling  engines  are 

determined. 

For  obtaining  the  most  complete  and  the  most  reliable  conclusions 
about  the  -ellabllity  of  separation  and  about  the  stability  and  the 
controllability  of  the  subsequent  stage  an  Investigation  of  the  rela¬ 
tive  T.',.tion  of  the  parts  of  the  rocket  must  be  carried  out  taking  into 
account  the  statistical  characteristics  of  the  perturbations. 

For  hot  separation  the  effect  of  the  gas-dynamic  forces  on  the 
separating  parts  of  a  rocket  is  very  characteristic.  The  gas-dynamic 
forces  caused  by  the  effect  of  the  gas  Jet  of  the  engine  of  the  sub¬ 
sequent  stage  on  the  separating  part,  is  conveniently  examined  as  the 
geometric  sum  of  the  axial  and  lateral  components  (Pig.  3.7). 


Pig.  3.7.  Diagram  of  the  forces  in  investigating 
the  hot  stage  separation. 
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Axial  gas-dyneimic  force  Jf|.|  Is  caused  by  the  pressure  of  the  en-  | 

glne  Jet  on  the  separating  part.  The  lateral  displacement  and  the  | 

turning  of  the  part  being  separating  relative  to  the  subsequent  stage,  | 

and  also  the  perturbations  of  the  gas  Jet  itself  as  a  result  of  the  j 

deflection  of  the  control  elements  give  rise  to  the  eccentricity  e^  of  | 

the  axial  force  relative  to  the  longitudinal  axis  of  the  separating  | 

part.  These  phenomena  cause  the  transverse  gas-dynamic  force  Yri,  j 

The  effect  of  the  reflected  gas  jet  on  the  subsequent  stage  can  f 

be  described  by  axial  force  Xt2  with  eccentricity  62. 

A  characteristic  feature  of  gas-dynamic  forces  is  their  compara¬ 
tively  great  value.  Thus,  axial  force  Xrl  in  the  initial  moments  of  | 

separation  is  comparable  with  the  thrust  force  of  the  engine  system 
of  the  subsequent  stage  P2.  This  fact  is  also  used  for  the  rapid  | 

separation  of  stages.  However  the  moment  of  axial  gas-dynamic  force  | 

creates  the  conditions  for  the  acute  turning  (tumbling)  of  the  separ-  | 

ating  part  and  of  Its  collision  with  the  engines  of  the  subsequent  j 

stage,  ’ 

I 

With  a  given  rocket  design  the  magnitudes  of  the  gas-dynamic  > 

forces  and  the  lines  of  their  action  (JKn,  Kn,  Xfj,  Ci,  £2)  are  deter-  i 

mined  by  the  relative  position  of  the  separating  parts  of  the  rocket,  ' 

i.e.,  by  the  parameters  ATo.-n^Jfa— and 

is  very  difficult  to  determine  these  dependences  by  calculation.  Usu-  j 

ally  they  are  determined  by  experiments  or  they  are  obtained  by  analogy 
with  existing  rockets. 

The  equations  of  motion  of  rocket  parts  after  the  breaking  of  con¬ 
nections  in  hot  separation  for  the  case  examined  by  us  (see  Pigs.  3.5 
and  3,7)  take  the  form; 


For  the  Separating  Part 


-  A-,  -  -0,  sin 

m, -A, -X„)»,+(r,+)'„+n.)-0, cos*.: 

/ ,,0,  -  -  Mfi  4"  "1"^  fi<?j  *1'  Y ri  (Jfti 


(3.4a) 


. . 
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For  the  Subsequent  Stage 


— (Pj”"  A  J"|-  A  2  ^0* 

J  jjdjEs  Afyi,  AlaZf  ~ 

^»2  =  ®>2(^2*  ^2)* 


(3.^b) 


It  is  assumed  here  that  the  controlling  moment  of  the  subsequent 
stage  My^,  is  the  moment  of  force  Yyg,  created  by  the  deflection  of 
the  gas  Jets  of  the  main  engines,  for  example,  by  the  blowing  of  gen¬ 
erator  gas  into  the  supersonic  part  of  the  engine  nozzle.  This  force 
and  moment  depend  on  the  angle  of  deflection  of  a  certain  control 
element.  The  last  equation  of  system  (3.^b)  is  the  equation  of  the 
corresponding  channel  of  the  control  system  of  the  subsequent  stage. 

When  selecting  the  basic  parameters  of  a  hot  separation  system, 
besides  evaluating  the  reliability  of  the  separation  of  the  rocket 
parts,  and  also  the  stability  and  the  controllability  of  the  subsequent 
stage,  the  sequence  of  the  moments  of  transmission  of  instructions  is 
determined.  Stage  separation  begins,  when  the  acceleration  of  the 
subsequent  stage  exceeds  the  acceleration  of  the  separating  part,  l.e,, 
when  XoTH  “  i'2 — Prom  this  condition  the  moment  of  the  trans¬ 
mission  of  the  command  for  connection  breaking  is  determined.  With 
the  given  transitional  engine  characteristics  Pj^(t)  and  p2(t)  the 
beginning  of  stage  separation  depends  on  the  selection  of  the  moment 
of  the  starting  of  the  engine  of  the  subsequent  stage  with  respect  to 
the  moment  of  the  shutdown  of  the  engine  of  the  separating  part.  A 
too  early  beginning  of  stage  separation  leads  to  a  reduction  ■’.n  range 
due  to  the  unused  thrust  impulse  of  the  separating  part,  and  a  too 
late  beginning  can  make  the  starting  of  the  engine  of  the  subsequent 
stage  difficult  due  to  the  absence  of  longitudinal  acceleration.  Fin¬ 
ally  the  time  sequence  of  the  moments  of  transmission  of  instructions 
la  established  on  the  basis  of  the  results  of  investigations  of  the 
reliability  of  separation,  of  the  stability  and  controllability  of 
the  subsequent  stage  and  of  the  reduction  in  range. 
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Nose  Section  Separation 


The  phase  of  motion  of  a  rocket  from  the  moment  of  the  transmis¬ 
sion  of  the  main  instruction  for  the  shutdown  of  the  engines  of  the 
subsequent  stage  of  a  rocket  to  the  departure  of  the  nose  section  a 
sufficient  distance  from  the  rocket  body  we  will  call  the  nose  section 
of  [rM  =  NS]  separation  phase. 

Separation  of  the  NS  can  be  accomplished: 

-  by  the  braking  of  the  body  of  the  separating  stage  with  special 
braking  elements  (solid-propellant  rocket  engines,  i^tro-nozales  opej’- 
ating  on  pressurized  gases  in  the  tanks  of  the  separating  stage); 

-  by  repelling  the  NS  and  the  body  of  the  separating  part  with 
thrusters  (spring,  pneumatic  and  pyrotechnic); 

-  by  accelerating  the  NS  with  special  engines,  Speolfloations 
are  imposed  on  separation  systems  to  ensure; 

-  minimum  values  of  perturbations  on  the  velocity  of  the  NS, 
affecting  the  dispersion  of  its  points  of  impact; 

-  sufficiently  small  values  of  angular  velocity  of  the  MS,  causing 
the  appearance  of  large  angles  of  attack  upon  reentry  Into  the  atmos¬ 
phere  ; 

-  reliable  separation  of  the  NS* 

The  realization  of  these  specifications  ensures  SRiall  dispersion 
of  the  points  of  impact  of  the  NS  and  normal  operation  oi  all  the  sys¬ 
tems  of  the  NS  equipment* 

In  the  dynamic  design  of  a  NS  separation  system  the  following 
problems  are  usually  solved: 

-  selection  of  the  operation  mode  and  the  method  of  shutting  down 
the  engine  system  at  the  end  of  the  powered- flight  phase; 

m 


•  selection  of  the  scheoe  and  means  of  separation; 


-  selection  of  the  basic  parameters  of  the  separation  system; 

-  selection  of  the  sequence  of  Instructions  for  the  separation 
phase; 

•>  ensuring  the  reliability  of  the  separation  process  (the  absence 
of  collisions  of  the  NS  with  the  rocket  body). 

The  energy  characteristics  of  the  separation  equipment  are  se¬ 
lected  so  as  to  ensure  reliable  breaking  of  the  various  connections 
between  the  NS  and  the  rocket  body  taking  aftereffect  thrust  Into  ac¬ 
count  and  to  Impart  to  the  separating  parts  of  the  rocket  a  specific 
relative  velocity »  excluding  the  possibility  of  the  overtaking  of  the 
NS  by  the  rocket  body  (In  the  case  of  the  Incomplete  compensation  for 
aftereffect  Impulse). 

For  reducing  the  dispersion  of  the  points  of  Impact  of  the  NS  due 
to  variance  In  the  aftereffect  [thrust  tralloff]  Impulse  two-stage  en¬ 
gine  shutdown  can  be  employed*  After  the  preliminary  Instruction  for 
engine  shutdown  the  feed  of  propellant  is  reduced  and  thrust  force  is 
accordingly  reduced  to  a  certain  intermediate  value,  and  only  after  the 
main  instruction  is  the  engine  shutdown  (Fig.  3.8a).  Ihls  measure 
leads  to  a  noticeable  reduction  in  the  aftereffect  impulse  and  there¬ 
fore,  to  a  reduction  in  the  magnitude  of  Its  variance  and  also  to  a 
reduction  in  the  effect  of  the  time  errors  ip  carrying  out  the  main 
instruction. 

Besides  two-stag^  engine  shutdown,  other  measures  for  reducing  t 
the  variance  in  aftereffect  impulse  are  employed.  For  Instance,  Vernier 
engines  are  mounted  on  a  rocket,  l.e*,  engines  with  small  thrust  which 
create  comparatively  small  accelerations  of  the  order  of  0»5g  [12]. 

As  such  engines,  evidently,  it  is  possible  to  use  the  controlling 
engines. 


Pig.  3.8.  Possible  schemes  of  nose  section  separation:  a) 
throttling  of  the  rocket  engine  and  separation  of  the  NS 
by  a  thruster:  1  -  preliminary  instruction;  2  -  main  in¬ 
struction;  3  -  breaking  of  the  connections  between  the  NS 
and  the  rocket  body  and  repelling  of  the  NS  by  the  thruster; 
b)  using  engines  with  low  thrust  for  reducing  the  after¬ 
effect  impulse  and  braking  the  rocket  body  with  solid- 
propellant  rocket  engines:  1  -  preliminary  instruction 
for  shutting  down  the  engine  system  (cutting  off  the  main 
engine);  2  -  main  instruction  for  shutting  down  the  engine 
system  (cutting  off  the  controlling  engine,  breaking  the 
connections  between  the  NS  and  the  rocket  body,  starting 
the  retro-solid-propellant  rocket  engines). 


To  eliminate  the  effect  of  aftereffect  impulse  on  the  separation 
of  the  NS  from  the  rocket  body  it  is  expedient  simultaneously  with  the 
carrying  out  of  the  main  instruction  to  activate  the  engines  braking 
the  rocket  body  (see  Pig,  3.8b), 


For  investigating  the  process  of  the  separation  of  the  NS  from  the 
rocket  body  the  same  dynamic  scheme  in  principle  is  used,  as  in  inves¬ 
tigating  the  process  of  stage  separation  by  braking  (see  Pig.  3.6  and 
the  equations  of  3.3).  Of  course,  the  actual  form  of  the  equations  of 
motion  of  the  NS  and  the  rocket  body  depends  on  the  design  features  of 
the  separation  equipment  and  the  conditions  of  the  problem  in  question. 
By  solving  more  or  the  less  complex  equations  of  motion  of  the  NS  and 
the  rocket  body,  the  reliability  of  separation  is  evaluated  and  the 
perturbations  of  the  velocity  and  angluar  velocity  of  rotation  acquires 
after  the  termination  of  the  separation  process  as  a  result  of  the  ef-  ■■ 
feet  of  various  perturbations,  are  determined. 


For  a  NS  with  a  disoriented  reentry  into  the  atmosphere  the  initial 
angular  velocity  has  as  significant  effect  on  the  angle  attack  of  NS 


lUl 


I 


upon  Its  reentry  into  the  atmosphere  and  thus,  on  maximum  tr^sverse 
accelerations Thus  in  designing  a  separation  system  for  such  NS  con¬ 
siderable  attention  is  given  to  limiting  those  components  of  the  an^lar 

I  :  ' 

velocity  of  the  NS  along  the  body  axes  which  lead  to  the  appearance  of 
large  angles  of  attacks  of  the  NS  during  reentry  into,  the  atmosphere.  ^ 
The  Initial  angular  velocity  of  a  NS  also  effects  the  possibility  ,of 
NS  detection  and  selection  by  the  antimissile' system  of  the  enemy. 

!  I 


For  a  NS  with  oriented  reentry  into  the  atmosphere  the  initial 
angular  velocity  determines  the  weight  of  the  ^forking  medium,,  necessary 
for  damping  the  angular  velocity  of  the  NS,  ,and  thus  decreases'  to  a 
greater  or  lesser  extent  the  maximum  firing  range,  ^ 

i  ■  ' 

When  using  the  rotation  of  a  NS  around  the  longitudinal  axis  for 
orientating  the  NS  in  space  the  angular  velocities  of  pitch  and  yaw 
reduce  orientation  accuracy,  ,  i  ' 


The  angular  velocity  which  is  received  by  a  NS  after  sepax^ation 
from  a  rocket  body,  is  due,  in  the  first  place,  to  the  errors  in  the 
angular  stabilization  of  the  rocket  (with  respect  to  angular  velocity) 
in  the  moment  of  the  beginning  qf  separation  {\nd,  in  the  second  place, 
to  the  perturbations  acting  on  the  NS  during  separation.  i 

\ 

The  composition  of  the  perturbing  factors  is  ascertained  taking  . 
the  actual  structural  layouts  of  the  NS  and  the  separation  system  into 
account.  As  an  example  of  possible  perturbing  factors  it  is  possible 
to  indicate  the  variance  in  the  forces  of  the  separation  mechahisms, 
eccentric  application  of  the  force  of  a  thruster  relative  to  the  cen¬ 
ter  of  mass  of  the  NS,  the  thrust  differential  in  the  separation  en¬ 
gines,  the  variance  in  the  explosive  bo:).t  Impulses,  the  asymmetry  of 
the  plug-type  connector  setup,  etc. 


For  an 
solving  the 
is  possible 


approximate  evaluation  of  angular  velocities  instead  of  . 
equations  of  motion  of  the  NS  in  the  separation  phase  it 
to  use  the  formula 


MuiOdi, 


(3.5) 


1<I2 


I 


I,  1 


where.  and  ~  angular  velocity  and  the  Ipertlal  moment  of  the  NS 
relative  to  the  1-thiaxlsj  Mu  »  the  perturbing  moment  relative  to 
the  1-th  axis  due  to  the  J-ith  perturbing  factor. 


!  The  obtained  statistical  characteristics  of  the  components  of  the 
angular : velocity  df  the  NS  along  bo^y  axes  are  used  for 

determining  the  angles  of  attaoK  during  disoriented  reentry  of  the  NS 
‘  into  the  atmosphere,  and  also  for  evaluating  the  consumption  of  the 
working  mecUum  for  damping  the  angular  velocity  of  NS  with  oriented 
reentry  Into  the  atmosphere. 


.  1 
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CHAPTER  IV 


THE  BALLISTICS  OF  AN  UNGUIDEO  KOSE  SECTION 

The  flight  path  of  a  nose  section  [PM  »  NS]  from  the  moment  of 
Its  separation  from  the  body  of  the  last  stage  until  Its  Impact  onto 
the  surface  of  the  earth  can  be  arbitrarily  divided  Into  two  phases: 
nonatmospherlc  and  atmospheric.  The  height  of  the  arbitrary  limit 
of  the  atmosphere  depends  on  the  problem  being  solved,  the  charac¬ 
teristics  of  the  NS,  the  flight  range,  etc.  In  the  nonatmospherlc 
flight  phase  the  NS  moves  practically  only  under  the  effect  of 
gravity.  In  the  atmospheric  phase,  besides  gravity,  aerodynamic 
forces  are  also  acting  on  the  NS. 

The  ballistics  of  NS  has  been  called  upon  to  solve  the  following 
basic  problems: 

1)  determining  the  loads  acting  on  a  NS  In  the  atmosphere,  which 
Is  necessary  for  calculating  the  strength  of  a  NS; 

2)  determining  the  dispersion  of  the  Impact  points  of  a  NS  due 
to  perturbations  In  the  atmospheric  phase; 

3)  determining  the  parameters  of  ‘■'•e  motion  of  a  NS  at  character¬ 
istic  points  In  the  trajectory  for  the  problem  being  solved. 

The  loads  on  a  NS,  the  parameters  of  its  motion  and  the  dispersion 
of  the  Impact  points  mainly  depend  on  the  conditions  of  the  reentry 
of  the  center  of  mass  of  the  NS  into  the  atmosphere  (the  velocity  and 
the  angle  of  Inclination  of  the  velocity  vector  tc  the  local  iwrlnon), 
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tbe  tnagnltude  of  the  .TUtximum  angle  of  attack  at  this  ipoment,  the 
characteristics  of  the  NS  (aerodynamic,  weight,  geometric  and 
centering  Cc.gj),  the  atmospheric  parameters  and  the  random  variances 
In  the  enumerated  parameters  and  characteristics.  The  Investigation 
of  these  dependences  makes  it  possible  to  formulate  specifications  for 
the  conditions  of  reentry  into  the  atmosphere  and  for  the  character¬ 
istics  of  a  NS  when  developing  rockets. 

The  mathematical  models  of  motion  and  the  fundamental  element? 
of  these  nodelo  used  In  NS  ballistics  taking  the  flight  conditiORL- 
and  the  characteristics  of  the  problems  being  solved  into  account 
constitute  the  main  content  of  this  chapter.  Common  to  all  the  pcdels 
of  NS  motion  being  examined  is  the  simplifying  assumption,  that  a 
NS  Is  an  aerodynamlcally  axlsymraetrlc  body,  the  ellipsoid  of  inertia 
of  which  is  an  ellipsoid  of  revolution. 

4.1,  THE  MOTION  OF  A  NOSE  SECTION  IN  THE  NOR-ATMOSPHERIC 
PHASE  OF  ITS  TRAJECTORY 

The  accepted  dlvi.slon  of  the  flight  path  of  a  MS  into, 
sections  Is  arbitrary  because  in  actuality  aerodynamic 
acting  in  the  non-atmospheric  phase.  However  In  this 
magnitude  is  negligibly  small  In  comparison  with 
disregarded  are  the  gravitational  moments,  the  t'f 

the  celestial  bodies,  light  pre-ssure,  . .. 

in  view  of  r.hc'Ir-  insignificant  effect  on  . 

result  of  the  absence  of  forces  depcnaeaJiP^,,,.-^ 
rotary  motion  of  a  N3,  Ir  the  non-^jH^^P ^  J 

the  notion  of  the  center  of  a  pj.  and  its  rot&cten  niHstind  the 

renter  of  mass  ara  i.v/estlgaji^  separately. 


The  Motion  of 


ll^tcv  Mass  of  B  Nose  Section 


own  i . ’  ! ,  the  laln  factors  affecting  the  agreement  of  the 
op'.jmuin  flr!r;r  rongo  with  the  actual,  are  the  refinement  of  the  con- 
tv. m  .  y.)ten«  n’-,d  the  calculatlonal  accuracy  of  the  NS  trajectory. 

Thus  pinpoint  accuracy  in  calculating  the  trajectory  of  a  NS  for  de¬ 
termining  the  aiming  data  is  absolutely  necessary.  Such  accuracy  is 


«  *•  e* 
1 


satisfied  by  the  system  of  equations  of  (2.97),  (2.98),  (2.100), 
(2.108)  which  for  the  motion  of  the  center  of  mass  of  a  NS,  if  angle  f 
is  reckoned  clockwise,  taKes  the  form: 


s=  —  sin  6 — (cos  cos  W  cos  9  -j*  sin  sin  0); 


6=  — ~cos0 — “(  — cos?^cosW^  sin0-f 


-f  sin  cos  0)  -{ - cos  0  -{-  20)3  cos  sin 

f  •  • 

^  J^^cose- 

V  cose  ^  r 

—  20)3  ( cos  cos  'F  tg  0 — sin  <p^); 

o„=—  cos  ^  cos  6; 


V  sin V cose 
r  cos 
f— V'  sin  0. 


(ii.l) 


The  accuracy  of  the  calculations  of  the  trajectory  of  a  NS  by 
these  equations  is  determined  only  by  the  accuracy,  with  which  the 
components  forces  of  gravity  g^  and  g^  are  known. 

Another  problem  of  ballistics  is  determining  the  parameters  of 
the  motion  of  the  center  of  mass  of  a  NS  during  its  reentry  into  the 
atmosphere.  In  solving  this  problem  the  non-centrality  of  the 
terrestrial  gravitational  field  and  the  non-sphericity  of  the 
terrestrial  surface  can  be  disregarded.  Thus,  it  is  convenient  in¬ 
stead  of  integrating  the  equations  of  (4,1)  to  make  use  of  the  known 
results  of  elliptical  theory  being  used  for  the  absolute  motion  of  a 
NS  (i.e.,  motion  relative  to  a  certain  inertial  coordinate  system), 
and  then  to  go  to  motion  relative  to  the  earth,  having  calculated  the 
rotation  of  the  earth  by  introducing  appropriate  corrections  into  the 
values  of  velocity  V,  slope  angle  of  trajectory  Q,  azimuth  'I*  and 
longitude  X.  For  this  let  us  examine  the  motion  of  a  NS  relative  to 
an  "absolute”  coordj.nate  system  ©.jX^y^z^,  not  participating  in  the 
diurnal  rotation  of  the  earth.  Let  us  place  the  origin  of  the 
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coordinates  0^  at  the  center  of  the  earth;  let  us  direct  axis  O^x^ 

along  the  axis  of  rotation  of  the  earth  toward  the  north  pole;  let 
us  place  axis  03yg  in  the  meridianal  plane,  passing  through  the 
launch  point  at  the  moment  of  launch.  We  will  consider  the  terrestrial 
gravitational  field  central.  Let  us  designate  the  parameters  of  motion 
relative  to  the  absolute  coordinate  system  by  V  ,  0  ,  ¥  ,  X  .  Then 

3  d  d  £3 

the  system  of  equations  of  (4.1)  takes  the  form. 


^  sin  9,; 

0^=.  — ^cos  0,-f cos  0*; 

•'a  ^ 

tg  %  sin  W,  cos  0*; 

9a  =-^  cos  COS  0.; 

;  V»  sin  Ta  COS  0,  , 

/  —  "  • 
fr  cos  9  b 

f=l^,sIn0B, 


(4.2) 


2  2 

where  it  is  possible  to  take:  g  *  9.81  (R/r)  m/s  -  acceleration 
due  to  gravity;  R  =  6  371  210  ra  -  the  mean  radius  of  the  earth. 


Using  Pig.  4.1,  let  us  determine  the  connections  between  the 
parameters  of  absolute  (V^  0,  'f)  and  relative  (V,  0,  'a)  motion. 

The  horizontal  component  of  velocity  V  cos  0  is  geometrically  added 
to  linear  velocity  w^r  cos  4).  due  to  the  rotation  of  the  earth.  Thus, 
the  modulus  of  the  horizontal  component  of  the  absolute  velocity  of 
the  center  of  mass  of  a  NS  is  equal  to 


^«.rop==l  COS0  COS'P)^-|-(/  COS0Sln'r“}-<«)3f  C0S9bF. 


Since  the  vertical  component  of  velocity  V  sin  0  does  not  change 
due  to  the  rotation  of  the  earth,  the  absolute  velocity  of  the  center 
of  mass  is  equal  'zo 


003  cos  I:*  sir 


;in 4,  w-j"  ■!  W  (4.3) 


The  angle  of  slope  of  vector  to  the  local  horizon  is  equal  to 


6,— arcsin 


V^sine 

y. 


(h.H) 


Angle  in  an  absolute  coordinate  system  is  determined  from 


equations : 


cos'?,: 


VcosOfOsV 


V  (V  cos  6  cos  +  (V  cos  6  sin  V  +  «3r  cos  ^jt)* 

_ V  cos  6  sin  V  +  ««3r  cos  yn _ _ 

(V'  cos  6  cos  +  (V  cos  6  sin  V  +  war  cos  f,)* 


(4.5) 


Pig.  4.1.  For  determining 
the  parameters  of  absolute 
motion  of  the  center  of 
mass  of  a  nose  section. 


Since  because  of  the  rotation  of  the  earth  the  point  of  inter¬ 
section  of  radius-vector  r  with  the  surface  of  the  earth  is  displaced 
along  the  parallel, 

(4.6) 

Let  us  determine  the  longitude  of  the  center  of  mass  of  a  NS  in 
an  absolute  coordinate  system  by  formula 

X,=X-f  0)3  (/—/,). 

If  in  the  first  two  equations  of  system  (4.2)  we  replace  co¬ 
ordinates  V  and  0  with  the  aid  of  kinematic  relationships: 
a  a 

r=l/’,sln0,; 

rx^KpCose,, 
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where  <  —  the  angle  included  between  radius-vector  r  and  radius- 
vector  r  at  the  beginning  of  the  unpowered-f light  phase,  then  after 
some  transformations  we  will  obtain  certain  equations  of  the 
elliptical  theory: 


r— -g; 


(4.8) 


As  a  result  of  integrating  the  equations  of  (4.8)  we  obtain  the 
equation  of  the  flight  path  in  the  form  of  an  equation  of  a  conical 
section 

*  (i4.9) 


where  k  -  the  angle  corresponding  to  the  peak  of  the  trajectory; 

B 

/>=arecos^02  -  a  parameter  of  the  cross  section 
^sssy  1  —  (2  — e)e  COS*0*,  -  the  eccentricity  of  the  cross  section: 


For  a  NS  e  <  1,  i.e.,  the  trajectory  of  a  NS  is  elliptical. 


Knowing  the  parameters  of  the  motion  of  the  center  of  mass  of 
a  NS  relative  to  the  earth  at  the  beginning  of  the  unpowered-flight 
phase 


Tu-H* 


(4.10) 


let  us  now  determine  the  parameters  of  motion  ol'  the  center  of  mass 
of  a  NS  at  the  moment  of  reentry  into  the  atmosphere,  i.e.,  at  the 
height  of  the  arbitrary  limit  of  the  atmosphere  hQ. 


Prom  the  formulas  of  (4.3),  (4.4),  (4.5)  and  (4.7)  let  us  find 
the  pai'ameters  of  the  absolute  motion  of  the  center  of  mass  of  a  NS 
at  the  beginning  of  the  unpowered-flight  phase:  ^ 

X,  Then  using  the  formulas  of  the  elliptical  theory  let  us 

B  •  H 


determine  the  parameters  of  motion  of  a  NS  at  altitude  hp  =  Tq  -  R: 


- arccos  ; 

\  ^aO^O  / 

X(»=2  arctg  [{e^rotg  0..„4-/(vJtg^2+ 

+l2ro(l  +tg20,.,)-(r,-f  ro)6j(r„~ro)e.} :  {2ro(l  +tg2e,J- 

“('■«+ ^o) ‘a)];  ‘ 

f  _ /  _  •MfOsSg.a 

®  — KT  2-t, — r®  ~ 

-  tg  0.0 - - - Jarcsln '  ~  *® 


(ii.ii) 

(4.12) 

(4.13) 


cos  0..B  ^(2  —  t.)  c. 


+""'”^]+7r%) 


(4.14) 


After  this  from  spherical  triangle  ABC  (Pig.  4,2)  let  us  obtain 
the  spherical  coordinates  of  a  NS  in  absolute  motion  at  the  moment  of 
reentry  into  the  atmosphere. 

f.o^afcsln(sIn9,,.,cosX(r+cos«?...slnxoCosV,.„).  ..  . 


Longitude  A^q  varying  within  the  limits  of  from  0°  to  360°, 
determined  by  formulas: 


sln(X,o 


slwxosln  V,,B 
CO*?tt0 


« 


COS  (X.o  ii)i 


cosxo  — «lnTu.w»l»' 

fO8?B.BC0SfB0 


is 


(4.16) 


Azimuth  which  also  varies  within  the  limits  of  from  0°  to 
ao 

360°  is  determined  by  formulas: 


sin  (1 80-  y.o)=»  5.2!.y»»"  »L«i,  y«f« ; 

cosfito 

cos(t80-'r.o)=8ln  sfn(X.o-X.Jx 
X  cosV,.,cos(X.o— W. 


(4.17) 
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Fig.  4.2.  For  determining 
the  coordinates  (during 
absolute  motion)  of  the 
center  of  mass  of  a  nose 
section  at  the  moment  of 
reentry  into  the  atmosphere. 


Finally,  using  formulas,  analogous  to  the  formulas  of  (4.3), 
(4.4),  (4.5),  and  (4.7),  let  us  determine  the  parameters  Vq,  0q,  4*^ 
of  the  motion  of  the  center  of  mass  of  a  NS  relative  to  the  rotating 
earth : 


.y(K,o  cos  0,0  cos  V  "T  (^*0  ct)s  0,0  sin 
y — wgr  cos  <Ptto)*+ (V'.o  sin  0,o)^J 

Xo==X,o —  W3  (/o“-  /«)» 

V,osln9,o 

Vo 


0^sr=arc8lu 


Angle  is  determined  by  the  formulas 


COS^o— 


K,0  €08  0,0  CO«y>0 


y  (Vjo  cos  0,0  cos  V,o)‘'*  +  COS  ^tO  “*  “3^  C®*  Tuo)* 

sInV  V«oCO.«t0,oslnV,Q-.tt3rcosTao 

V  (V.oCO*  0,0  cos  V,o)2+  (VaoCO*  ®80  V,o  —  CO*  fao)* 

The  Motion  of  a  Nose  Section  Around  Its  Center  of  Mass 


(4.18) 

(4.19) 

(4.20) 


(4.21) 


The  motion  of  a  NS  around  its  center  of  mass  during  the  non- 
atmospheric  phase  of  the  trajectory  Is  investigated  for  the  purpose 
of  determining  the  parameters  of  this  motion  during  reentry  into  the 
atmosphere. 


Pig.  it. 3.  The  parameters  of  motion  of  a  nose  section 
around  its  center  of  mass  during  the  non-atmospheric 
phase  of  the  trajectory. 

In  connection  with  the  fact  that  NS  usually  have  an  axlsymmetrlc 
shape,  their  main  inertial  moments  and  differ  Insignificantly. 
Thus  in  analyzing  the  motions  of  a  NS  around  its  center  of  mass  both 
in  the  non-atmospheric  and  in  the  atmospheric  phase  of  the  trajectory 
it  is  assumed  that  the  Inertial  moments  and  are  equal  to  each 
other. 


We  will  obtain  the  equations  of  motion  of  a  NS  around  its  center 
of  mass  in  the  non-atmospheric  phase  of  the  trajectory,  having  set 
the  moments  of  force  equal  to  zero  and  in  the  dynamic  Euler 

equations  (2.100): 


«o; 


(4.22) 


This  case  of  motion  of  a  rigid  boiy  around  Its  \;onter  of  mass, 
called  regular  precession,  is  well  studied  in  classical  mechanics  [4]. 
The  longitudinal  axis  of  a  NS  In  flight  In  the  non-atmospheric  phase 
of  the  trajectory  moves  uniformly  along  the  surface  of  a  right 


circular  cone  (cone  of  precession)  whose  axis  coincides  with  the  vector 
of  angular  momentum  K  preserving  constant  direction  in  space  (Pig.  ^.3). 
The  direction  of  a  vector  of  angular  momentum  of  a  NS,  the  half-angle 
of  a  cone  of  precessioji  and  the  angular  velocity  of  motion  of  the 
longitudinal  axis  along  the  surface  of  a  cone  of  precession  (the 
angular  velocity  of  precession)  are  determined  by  the  initial  con¬ 
ditions  corresponding  to  the  moment  of  separation  of  the  NS  from  a 
rocket  body:  by  the  orientation  of  the  longitudinal  axis  and  the 
vector  of  angular  velocity. 

Let  us  introduce  the  following  designations  (see  Fig. 

-  the  angle  included  between  the  vectors  of  angular  momentum 
if  and  of  velocity  V; 


<2  -  the  half-angle  of  a  cone  of  precession; 

(Cj  -  the  angle  ineluded  between  the  planes  of  angles  and  Kgi 

*5^  -  the  angle  Included  between  the  planes  of  angles  and 

>Cji  -  the  angle  included  between  the  plane  ©f  angle  K2 
plane  of  firing. 


The  modulu.*  of  angular  womentjm  is  determined  by  the  values  of 
the  projections  of  anfular  vsiO'Jity  on  the  axis  of  a  body  coordinate 
system:  _ _ _ _ — 


Lot  us  deiermint"  the  orientation  Of  angular  momentum  with  respect 
to  plane  Ox.y,  p.’oceedSnf  on  the  aoi^^uaption  that  at  the  moment  of 

4  4 

separation  of  a  Jit  from  a  s'-viket  this  plane  is  parallel  to  the  plane 
of  firing: 


sill  X 


'4ii’ 


4.-  +  -i- 


The  components  of  angular  momentum  and  In  the  non- 

atmospheric  phase  of  the  trajectory  do  not  vary  and  are  equal  to: 


“  Al 


(^.25) 

(4.26) 


The  parameters  of  motion  of  a  NS  around  its  center  of  mass  at  the 
moment  of  reentry  Into  the  atmosphere  (h  =»  h^)  we  will  determine  in 
the  following  sequence. 


1.  Angles  and  (angle  BAD)  we  will  obtain  from  spherical 
triangles  ABC  and  ABD; 


where 


arccos  (cos  *2  cos  o^—  sin  *,  sin  cos  *4 

sin  (Om  +  A6)sin-K4«  . 


sln*3s=- 


sinxio 


•  cos  (Oa  +  AO)  —cos  XioCOSX* 

COS*s== - ; - ; -  # 

slnxiosinx^ 

xj = arccos*^~  «  const. 

r\ 


(4.27) 

(4.28) 


2.  Angle  at  the  moment  of  reentry  into  the  atmosphere  we 
will  obtain  from  spherical  triangle  ABD: 


x,o=arccos(cosx2Cos(o.+A0)—  |  (4.29) 

—  sin  xj  sin  (0,4-  aO^cos  x4„], 

where 

A0=ea-eo+xo?  (^-30) 


Xq  —  the  angular  flight  range  of  a  N.S. 
Then 


/C^0«/Ccosx,5.  (4.31) 

3.  Angle  <2q  we  will  obtain  proceeding  from  the  fact  that  the 
longitudinal  axis  of  a  NS  moves  along  a  cone  of  precession  with 
constant  angular  velocity 


I 


(^*.32) 


where  tQ  -  —  the  flight  time  of  a  NS  in  the  non-atmo spheric  phase 

of  its  trajectory,  determined  by  formula  (*l.l^). 


Thus,  we  obtained  the  values  of  angles  <2*  *^30  altitude 

of  the  reentry  into  the  atmosphere. 

Knowing  these  angles,  it  is  possible  to  determine  from  spherical 
triangle  ABC  (Pig.  4.^1)  the  initial  angle  of  attack 

aQ= arccos  (cos  cos  14  *10  *2  ( ^ .  3  *< ) 


Pig.  ^1.4.  For  determining 
the  angle  of  attack  of  a  NS 
at  the  moment  of  reentry 
into  the  atmosphere. 


Disregarding  angular  velocity  k,  as  compared  with  ic_,  we  obtain 


that  angular  velocity  Oq  is  equal  to 


■in  xio  sin  14  sin  xjp 
sinoo 


(4.35) 


Thus,  by  assigning  the  initial  conditions  of  the  motion  of  the 
center  of  mass:  V^,  0„,  r  ,  <|.  ,  X  and  the  motions  around  the 

H  H  H  n  I4*n  ri 

center  of  mass  a^,  y^,  v  ,  w  ,  u  ,  w  ,  at  the  moment  of  the 

H  H  M  A^M 

beginning  of  the  unpowered-phase  of  the  trajectory,  it  is  possible 
by  the  obtained  formulas  to  determine  initial  conditions  Op  and  Oq 
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r 


I 


for  solving  the  equation  of  motion  of  a  NS  around  Its  center  of  mass  i 
In  the  atmospheric  phase  of  the  trajectory. 

»  I 

As  the  calculations  by  formula  (U.34)  show,  the  ahgle  of  attack 
of  a  NS  upon  reentry  Into  the  atmosphere  In  the  general  case  can 
take  any  values  depending  on  the  relationship  between  the  components  ■ 
of  angular  velocity  of  a  NS  at  the  moment  of  its  separation  from  the 
last  stage  of  a  rocket.  '  '' 

I 

4.2.  THE  MOTION  OF  A  NOSE  SECTION  IN  THE  ATMOSPHERIC  ,  1 

PHASE  OF  THE  TRAJECTORY  1 


General  Characteristics  of  the  Motion ‘of  a  NS  in  the 
Atmosphere  ' 

,  I 

The  atmospheric  phase  of  the  trajectory  begins  at  the  arbitrary 
limit  of  the  atmosphere,  whose  altitude  depends  ui)on  the  problem^ 
being  solved,  the  characteristics  of  the  NS,  the  flight  range,  etc,  ' 
Thus,  for  Instance,  the  beginning  of  the  noticeable  effect  of  the  ^ 

atmosphere  on  the  parameters  of  motion  of  a  NS  during  long-range 

I 

firing  corresponds  to  heights  of  about  8O-IOO  km.  In  connection  with 
this  an  altitude,  equal  to  80  km  [10],  [26],  Is  usually  taken  as 'the 
arbitrary  boundary.  ' 

I 

I 

Initially  as  a  result  of  the  effect  of  comparatively  small  (in 
magnitude)  aerodynamic  moments  the  precesslonal  motion  is  disturbed 
and  the  statically  stable  NS  begins  to  carry  out  three-dimensional 
oscillations  around  its  center  of  mass.  As  a  result  of  the  rather 

i 

rapid  increase  in  the  restoring  and  damping  aerodynamic  moments  the  am-: 

I 

plltude  of  the  oscillations  noticeably  decreases  with  the  decrease 
in  altitude.  Tt  is  condltlor.cilly  possible  to  .consider,  that  with  an 
amplitude  of  the  oscillations  of  the  angle  of  attack,  smaller  than 
l°-2®,  a  NS  is  stabilized,  l.e..  Its  axis  is  oriented  along  the 
velocity  vector  of  l’l.lght  to  within  l°-2'’.  The  altitude  of  the  be¬ 
ginning  of  the  .itablllzed  flight  of  a  NS  deper.ds  upon  its  chai'actpr- 
istlcs  and  the  conditions  of  its  reentry  into  the  atmosphere  and  can  , 
be  found  within  various  limits. 


I 


TJie  conditions  of  motion  of  the  center  of  mass  of  a  NS  In  the 
atmosphere  sU|bstantially  differ  from  the  conditions  of  the  motion  of 
a  rpcket  In  the  powered-flight  phase.  Thus,’ In  the  dense  layers  of  the 
atmosphere  the  dynamic  head  and  the  longitudinal  acting  on  a  NS  differ 
by  tens  of  times,  the  trknsverse  acceleration  —  by  hundreds  of  times. 

The  flight  of  a  NS  is  also  characterized  by  considerable  heating  of 
its  surfa.ce. 

I 

for  calculating  the  strength  of  a  NS  it  is  necessary  to  know  the 
maximum  loads  acting  on  a  NS  in  flight.  The  basic  data  for  determining 
theise  loads  are  the  peak  values  of  accelerations  (axial  and  transverse), 
the  ampll’tude  of  the  angle  of,  attack  and  the  dynamic  pressure.  These 
characteristic's  with  assigned  design  parameters  of  a  NS  are  determined 

I 

by  the  conditions  of  the  reentry  of  the  center  of  mass  of  a  NS  into 
the  dense  layers  of  the  atmosphere,  and  the  latter  —  by  the  shape  of 
the  flight  path  of  the  rocket  in  the  powered-flight  phase,  by  the 
limits  of  the  firing  range  and  by  the  geophysical  conditions  of  rocket 
launch.,  '  '  ’  » 

With  a  decrease  in  the  ahgle  of  ^attack  and  in  the  velocity  of 
reentry  of  the  center  of  mass  into  the  atmosphere  the  longitudinal 

I 

and  transverse  loads  acting  on  the  NS  decrease.  For  the  purpose  of 
limiting  the  loads  acting  on  a  NS  special  measures  are  taken  in  de¬ 
signing  a  ,NS  for  reducing  the  maximum  angles  of  attack  of  a  NS  at  the 
moment  of  reentry  into  the  atmosphere.  The  problem  of  ballistics, 
apart  from  preparing  data  for  calculating  strength,  consists  in 
evaluating  the  effect  df  the  components  cf  the  angular  velocity  of  a 
fis  at  the  moment  of  separation  from  a  rocket  on  the  magnitude  of  the 
angle  of  attack  upon  reentry  into  the  atmosphere  and  in  preparing 
recommendations  for  eliminating  adverse  combinations  of  these 
components. 

I 

I 

In  accordance  with  the  indicated  proolems  of  the  ballistics  of 
a  N^  methods  of  calculating  the  trajectories  cf  NS  in  the  atmosphere, 
determining  the  limiting  flight  modes  employed  in  evaluating  the 
strength  of  a  'NS,  and  calculating  the  deflection  of  a  NS  in  the 
atmospheric  phase  are  examined  bdlow. 


IS? 


Initial  Equations  of  Motion  aH  Their  Simplification 


During  the  motion  .i  H.S  In  the  atmospheric  phase  cf  the  tra¬ 
jectory  the  flight  ran^e  a.i(»  'lurntlon  are  comparatively  small.  In 
connection  with  which  ♦:he  eai  ht.  c-in  be  examined  as  a  ncn-rotatlng 
sphere  with  a  central  grav  it  at  :  r-jr.-a  i  field. 

Due  to  the  heatlnt;  of  tfi':'  sui'^'ace  of  u  Nn  tiL'x-ing  f light  in  the 
atmosphere  ablation  of  the  heatsoieid  ceverire;  by  the  oncoming  iioit 
of  air  takes  place,  as  a  renull  of  whicii  *.ne  mass,  shape  and  dimen¬ 
sions  of  the  NG  and  thus,  tiie  inertial  moments,  the  position  of  the 
center  of  mass  and  the  aerodjfnamic  characteristics  of  the  NS  vary 
during  the  course  of  flight.  In  investigating  the  notion  of  a  NS 
let  us  consider  that  the  reactive  forces  and  moments  due  to  the 
ablation  of  the  heatshield  coating  are  negligibly  small. 

The  equations  of  motion  of  (2.97).  (2.98) »  (2 >99)  with  respect 
to  the  motion  of  the  center  of  mass  of  a  NS  in  the  atmosphere,  taking 
into,  account  the  above  accepted  assumptions,  are  converted  to  the 
form: 

m 

slnp — ^cose  +  — cosO; 

mV  V  r 

- -cos|i-l-~tg<p„sln’P  cos  9; 

ctVcosO  r 

o  =  —  cos^  COS  9; 

r 

•• _ V  sin  V  cos  9  . 

r  cos  Ta 

A  =  KsIn0; 

L  =?„/?  cos  ^ +)./?  sin  f  cos 

^^C0S^>C0S9a, 

where  L  —  the  cllotani.-e  covoreti  by  uhe  NS  on  the  arc  of  the  great 
circle  in  the  plane  of  flrJn-:;  Y  -  the  anlmuth  of  the  velocity  vector 
of  the  :.T  ,  ro ’ko-if.d  cl  n  l,;l -e ;  »,’■  -  the  azimuth  of  firing;  z  -  the 


of 


the  plnne  of  firing. 


deflection  of  the  center  of  rnoro 


The  equations  of  the  rotary  motlor.  :-f  an  object  around  Its  center 
cf  maiu:  C'.IOC.'  ana  t'^MOS)  for  lYie  case  of  the  flight  of  a  NS  In  the 
atnosphere  take  the  t'cvr,: 

^  <  j®jti  “  I 

(*^;j  *"  "^xi)  **xi*xi  “  "f"  ^ajfi* 

(^xl  “’•^jr|)*xl*»l~  ^xi 

a = m„i  COS  V— «x,  sin  V — cos  (i  ->  2,  sin  !&: 
sinv  ,  cosv  .  1  1  t 

■1177+ - Qx+SvCtgaslnji—  (H.37) 

sin  a  sin  a 

—  2,clgacos}»; 

ctgasinv— 0),,  ctgacos  v— 

sin  a  sin  a 

where  My^,  -  the  moments  of  the  aerodynamic  forces  (see  the 

formulas  of  (2.101):  ,  M„„  ,  -  the  aerodynamic  damping 

Ay^ 

moments  determined  by  the  formulas  of  (1.23). 


In  solving  the  basic  problems  of  the  ballistics  of  unguided  NS 
It  Is  usually  sufficient  to  examine  the  particular  case  of  the  motion 
of  a  No  in  the  atmospheric  phase  of  the  trajectory,  when  the  longi¬ 
tudinal  and  transverse  axes  of  the  NS  Ox^  and  Oz^  are  moving  in  the 
plane  of  firing. 

The  equations  of  such  motion,  which  is  customarily  called 
longitudinal,  can  be  obtained  from  the  equations  of  (^.36)  and  (i^.37)^ 
if  the  considerations  presented  in  .Sect.  2.^  are  taken  into  account, 
and,  in  particular.  If  it  Js  assumed  tiiat  u  ■  90®  and  u  ■  0®.  Then 
the  parameters  of  motion  of  a  NS  in  the  plane  of  firing  can  be 
determined  by  solving  the  following  nonlinear  system  of  equations: 


A 

e  ^  M?— .  cos  e cos  6; 

mV  V  V  r 

A^VsIn®; 

I=r/?.^lcos0; 

r 

enqSiXr-Xj)  ■ 

/ri  t  /«  * 

It  ^ihould  be  noted  that  during  motion  in  the  atmosphere  the 
trajectory  of  the  center  of  mass  of  a  NS  due  to  the  effect  of  lift 
is  periodically  deflected  from  a  certain  center  line  (Pig,  ^.5)  by 
the  frequency  of  the  oscillations  of  the  angle  of  attack. 


Pig.  4.5.  The  effect  of 
the  lift  force  of  a  nose 
section  on  the  trajectory 
of  its  motion  in  the 
atmospheric  phase. 

KEY:  (1)  Trajectory  of  a 
NS;  (2)  Center  line  of  the 
trajectory. 


Let  us  examine  further  possible  simplifications  of  the  equations 
of  motion  of  a  NS  in  the  atmosphere.  Let  us  reduce  the  two  latter 
equations  from  system  (4.38)  to  one  equation  relative  to  the  angle  of 
attack  a.  In  this  case  let  us  make  the  following  simplifications: 

1)  disregarding  the  effect  of  flight  path  curvature  due  to  the 
force  of  gravity  on  the  variation  in  the  angle  of  attack;  let  us  set 
in  the  5th  equation  of  system  (4.38)  ^COS0»*O{ 
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2)  the  dependence  of  damping  moment  on  angular  velocity  we  shall 
consider  to  be  linear j  assuming 

3)  taking  into  account  that  the  angle  of  attack  varies  many  times 
more  rapidly  than  the  parameters  of  the  motion  of  the  center  of  mass 
and  that  coefficient  c„  with  sufficient  accuracy  can  be  considered 

V 

proportional  to, the  angle  of  attack  when  a  <'■  60°,  let  us  calculate 


d  (CyqS\ 
dt  \  mV  ] 


da 

mV  dt 


4)  let  us  disregard  the  effect  on  the  angular  acceleration  of  a 
NS  of  component 


JttV  mV 


as  compared  with 


c„qS  {x^  —  -yrf) 


Then  we  will  obtain  a  second  order  equation  which  describes  the 
oscillation  of  the  angle  of  attack 

(4.39) 


where 


mP 


-  the  coefficient  of  damping  taking  into 


account  the  flight  path  curvature  due  to  the  lift  force  of  the  NS. 


The  system  of  equations  of  motion  of  a  NS  in  the  atmospheric 
phase  of  the  trajectory  can  now  be  written  in  the  following  form: 

Sin  0; 


e«£id2i^_Xcos  e-f— cos  8; 

mV  V  r 

sfn  0J 

COS0; 

r 


hi 


(4.40) 


I6l 


The  solution  of  this  system  of  equations  requires  comparatively 
large  expenditures  of  time  because  the  frequency  of  the  oscillations 
of  the  angle  of  attack  of  an  NS  is  great  (can  attain  10  Hz)  and 
during  the  numerical  integration  of  the  system' of  equations  of  (4.40) 
it  is  necessary  to  select  an  integration  step  ten  times  finer  than  in 
integrating  the  equations  of  motion  of  a  NS  with  a  zero  angle  of 
attack.  For  this  reason  the  simplification  of  the  system  of  equations 
of  (4.^0)  is  used  by  separating  it  into  the  equations  of  motion  of  the 
center  of  mass  and  into  the  equation  of  the  oscillations  of  the  angle 
of  attack.  In  this  case,  in  order  to  take  into  account  the  effect  of 
the  oscillations  of  the  angle  of  attack  on  the  motion  of  the  center 
of  mass  of  the  NS,  the  aerodynamic  coefficients  for  angle  of  attack 
Ocp  averaged  for  the  period  of  oscillations  are  calculated. 


If  the  oscillations  of  the  angle  of  attack  are  considered  to  be 
harmonic,  i.e. 


a=>Asinfi>^ 


and  the  aerodynamic  coefficients  equal  to:  C*=®Cx  0+Ao*; 
then 


r 

r 


! 


Thus,  aop®*A/V2'  in  calculating  c  and  a„_  “  0  In  calculating 
c  .  The  appropriate  system  of  equations  of  the  motion  of  the  center 

u 

of  mass  takes  the  simpler  form: 
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»■!  ‘ 
fft 

0  =  — ^cos  04-— cos  0; 

V  '  r  ^  (4. ill) 

A=l^sin0; 

Z=-^Kcose 

r  I 

and  can  be  solved  Independently  of  the  equation  of  the  oscillations 
of  the  angle  of  attack,  if  the  amplitude  of  these  oscillations  is 
given. 

Let  us  now  examine  one  of  the  methods  of  the  approximate  solution 
of  the  equation  of  the  oscillations  of  the  angle  of  attack  (4.39), 
making  it  possible  to  determine  amplitude  A  and  frequency  oi  of  the 
oscillations  of  the  NS. 


For  angles  of  attack  a  <  60°  the  coefficient  of  the  normal  force 
of  the  NS  can  be  with  sufficient  accuracy  considered  as  a  linear 
function  of  the  angle  of  attack:  Cn— Cjo.  Then  the  equation  of  the 
oscillations  (4.39)  is  written  in  the  form 


_££iLa— 


(11.112) 


Such  a  linear  differential  equation  of  the  second  order  with 
variable  coefficients  has  the  following  approximate  solution: 


(4.43) 


where  Aq  and  -  the  initial  values  of  the  amplitude  of  the  angle 
of  attack  and  of  the  frequency: 


i/5 


4S(XT-Xd) 


-  the  frequency  of  the  oscillations  of  the 


angle  of  attackj  5  -  the  initial  phase;  “  'the  coefficient  of 
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damping  (computed  for  angle  of  attack 
oscillation  period. 

Thus,  the  amplitude  of  the  angle  of  attack  at  moment  of  time  t 
is  determined  by  the  formula 

^  (0= A)  |/  exp  j  j  .  ^ ^  ^ 


A  \ 

”ri  averaged  for  the 

V2  I 


Calculating  the  Transverse  Displacement  of  the  Center 
of  Mass  of  a  Nose  Section 


Let  us  examine  the  equations  of  motion  of  a  NS  taking  into 
account  the  displacement  of  the  center  of  mass  relative  to  the 
longitudinal  axis.  Such  a  displacement  of  the  center  of  mass 
leads  to  an  increase  in  the  balance  angle  of  attack  Ao^,  whose 
magnitude  can  be  determined  from  the  condition  of  equilibrium  of  the 
moments  of  axial  force  and  the  additional  transverse  force  AY^^ 
(Pig.  4.6): 

K“Aa,  ( A,— Arf)  = 0. 


We  will  hence  obtain 


Aat«= 


Ur 

Xt  —  Xd 


(4.45) 


Pig.  4.6.  For  determining  the  additional 
aerodynamic  moment  acting  on  a  nose  section 
as  a  result  of  the  displacement  of  its  center 
of  mass  relative  to  the  longitudinal  axis. 
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In  order  to  take  into  account  the  effect  of  the  transverse  dis¬ 
placement  of  the  center  of  mass  on  the  motion  of  the  NS,  it  is 
necessary  to  introduce  into  the  dynamic  Euler  equations  projections  of 
the  additional  aerodynamic  moment  brought  about  by  the  indicated  dis¬ 
placement  of  the  center  of  mass.  Besides  this,  in  the  general  case 
the  calculation  of  the  turning  of  the  main  central  axes  of  inertia 
due  to  the  transverse  displacement  of  the  center  of  mass  can  be  re¬ 
quired. 

Let  the  center  of  mass  of  a  NS  have  the  coordinates  x^,  y^, 
relative  to  the  optimum  body  axes  (see  Pig.  4.6).  In  this  case  the 
projections  of  the  additional  aerodynamic  moment  on  the  axes  of  the 
body  coordinate  system  will  be  equal  to: 

■Mrxi^y 

(4.46) 


Let  us  determine  the  components  of  aerodynamic  force  Y^,  Z^, 
using  the  components  of  total  aerodynamic  force  R  along  semi-body 
axes  [see  formula  (2.92)]  and  the  direct:.,  n  cos.tncs  between  the 


semi-body  and  body  axes.  Then  the  expressions  of  the  additional 
moments  relative  to  the  body  coordinate  axes  Ox^y^z^,  caused  by  the 
displacement  of  the  center  of  mass  of  the  NS,  take  the  following 


form: 


M  rx, = c„qS  ( —z,  sin  V  -{-  ^xCOs  v); 


(4.4?) 


Substituting  these  moments  in  the  first  three  equations  of 
system  (4.37),  we  obtain  the  equations  of  motion  of  a  NS  taking  into 
account  the  transverse  displacement  of  the  center  of  mass  of  the  NS. 

In  the  equation  of  the  two-dimensional  oscillation  of  a  NS  (4.39) 
due  to  the  displacement  of  the  center  of  mass  an  additional  term  appears 
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Taking  Wind  into  Account 


Usually  wind  velocity  Is  assigned  a  vertical  W_  and  horizontal 
Vcp  ana  a  horizontal  component  direction  -  wind  azimuth 

ip^.  The  angle  reckoned  clockwise  from  the  northern  direction  of  the 
meridian  to  the  direction  from  which  the  wind  blows  is  usually  called 
wind  azimuth  (Pig.  4.7).  The  vertical  component  of  wind  velocity 
directed  upward  is  considered  positive,  that  directed  downward  - 
negative. 


Taking  the  velocity  of  the  center  of  mass  of  the  NS  V  as  the 
absolute  velocity,  wind  velocity  W  as  drift  velocity,  and  the  velocity 
of  the  center  of  mass  of  the  NS  relative  to  the  air  taking  wind  into 
account  (the  so-called  "airspeed")  as  the  relative  velocity,  we 
can  write 


(4.48) 


Fig.  4.7.  The  wind  velocity 
vector  and  its  projection 
on  the  axes  of  a  geographical 
coordinate  system. 


The  direction  of  velocity  ?  in  a  terrestrial  geographical  co¬ 
ordinate  system  is  given  by  two  angles:  by  azimuth  V  and  by  the  angle 
of  inclination  to  the  horizon  ©.  By  analogy  the  direction  of  air¬ 
speed  we  will  assign  the  angles  4'^  and  0^  (when  there  is  no  wind, 
angles  4*^  and  0^  coincide  with  angles  4*  and  0). 

For  determining  angles  and  6^^  let  us  project  the  vectorial 
equality  (4.48)  in  the  horizontal  and  vertical  plane  (Pig.  4.8). 

Prom  Pig.  4.8a  it  is  evident  that 
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ITrop 


w;„+2K,i,Ko„  cos(V-.v): 

VVopSlnV  +  ITropsin 

is’*’»r=n — '  ■  ^  .  .:. - r-  .* 


sin  'y 


l^rop  fOS?*  +.U7|.op  COS'liip 

Vf  p  sin  U'  4-  Bf'rn.,  sin 

w~ - - - -'— - 

Vvr.p 


(^.^9) 


(4.50) 


where 


b) 


Pig.  4.8.  For  determining  the  angles  of 
orientation  of  the  airspeed  vector  relative 
to  geographical  coordinate  axes:  a) 
horizontal  plane j  b)  vertical  plane. 


V',op*»^COS  0. 

Prom  Pig.  l|.8b  it  follows  that: 

©nr  sssarcsln  ^ 


T.-r. 


(4.52) 


where 


V^,«=V^sln0. 


Let  us  determine  the  position  of  vector  in  a  wind  coordinate 
system  with  the  aid  of  angles  i  and  n,  where  5  -  the  angle  included 
between  vectors  V  and  n  ”•  the  angle  between  the  plane  determined 
by  vectors  V  and  and  by  coordinate  plane  Oxy  (Pig.  4.9).  Prom 
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mmum 


spherical  triangle  ABC  we  find: 


1 


t 

% 


arccos  ^In  sin  8  -f-cos  8|^  cos  0  cos 

slot 


cost)== 


ittn  8tr  —  «>n  6  coa  S 
cot  9  Sint 


(4^53) 


(4.54) 


Let  us  determine  the  angle  of  attack  of  a  NS  taking  into'  account 
the  wind  effect  (the  angle  Included  between  the  longitudinal  axis 
of  the  NS  and  the  airspeed  vector  V^^),  for  which  let  us  examine 
Pig.  4.10.  From  spherical  triangle  ABC  we  will  obtain 


where 


coso;^«cosacost-f  sInasIntcosC, 


c«  I80•-n-(90•-n)«90•+n-^ 


(4.55,) 


Knowing  the  angle  of  attack  and  velocity  V^,  it  Is  possible 
to  determine  the  axial  and  normal  aerodynamic  forces: 


(4.56) 


where 


(4.57) 


Normal  force  is  directed  perpendicular  to  axis  OXj^  in  the 
plane  of  the  air  angle  of  attack  constituting  with  the  plane  of 
angle  a  angle  \  (x  *  0>l60”).  Let  us  determine  angle  i  from  spherical 
triangle  ABC: 


slnt-tlnl-iiyi-; 

ala  Or 

•iaoiralatt 


(4.58) 


I 


I 


I 


'  '  ■  1 

The  copponents  of  aerodynamic  forc^e  with  respect  to  axfes  of  a 
semi-body  coordinate  system  are  equal  to:  ' 


y  inrstn  t« 

J^rCOSl* 


(^.59) 


Pig.  ^.9.  The  orientation 
of  the  airspeed  vector 
'  relative  to  a  semi-wind 
coordinate  system. 


I 


Pig.  ^.10.  For  detemlnlng 
the  angle  of  attack  of  a  nose 
section  taking  wind  effect 
Into  account. 


Let  us  determine  the  projections  of  the  aerodynamic  forces 
taking  wind  effect  Into  account  on ^ the  axes  of  a  semi-wind' coordinate 
system,  using  direction  cosines  written  in  matrix  form  (2.71): 


A" = cos  o — cos  t  sin  o; 

K  sin  a  sin  ji— sin  t cosik-f  ‘  cosa  slnji; 

^=—A’iiySlnocos|k--Ki^sInisInjk— 

—  Kiv  cos  I  cos  a  cos  p. 


Let  us  express  the  projections  of  the  aerodynamic  forces  taking 
wind  effect  into  account  on  body  axes  through  their  components  with 
respect  to  semi -body  axes.  Then  we  will  obtain: 

K|»»KtwSlnicosv— KtifCOstsInv;  (‘‘.61) 
bsKii^  sin  t  sin  V— Ktv  cos  t  cos  V. 


These  components  of  aerodynamic  force  cause  the  aerodynamic 
moment  whose  projections  on  the  axes  of  a  body  coordinate  system 
taking  expressions  (‘>.‘‘6)  Into  account  have  the  form: 


Af|^| 


Xt  is  also  necessary  to  determine  aerodynamic  damping  moments 
takltig  wind  effect  Into  aceouut: 


Substituting  the  obtained  expressions  of  aerodynamic  forces  and 
moments  (4.5o)»  (4.63)  and  (‘>.63)  into  equations  (2.97)  and  (2.100), 
we  obtain  the  dynamic  equations  of  motion  of  a  NS  taking  wind  effect 
and  the  displacement  of  the  center  of  mass  of  the  NS  into  account. 
These  equations  together  with  the  kinematic  relationships  (2.98), 
(2.99),  and  (2.108)  make  up  the  system  of  equations  of  the  motion  of 
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a  NS  In  the  atmosphere  taking  wind  effect  and  the  displacement  of  the 
center  of  mass  of  the  NS  relative  to  the  longitudinal  axis  into  account. 
Prom  such  a  general  system  in  particular  cases  simpler  systems  of 
equations  can  be  obtained.  The  assumptions  made  in  this  case,  are 
determined  by  the  conditions  of  the  actual  problem  being  solved. 

Initial  Conditions  of  Motion 

For  solving  differential  equations  of  the  three-dimensional  of 
motion  of  a  NS,  for  example  equations  (^.36)  and  (^.37)»  it  is 
necessary  to  know  twelve  parameters  of  the  motion  of  a  NS  at  an 
initial  moment  of  time.  These  Initial  conditions  are  taken  from  the 
results  of  the  calculations  of  the  parameters  of  the  motion  of  a 
rocket  in  the  powered-flight  phase  of  the  trajectory  and  of  the  pro¬ 
cess  of  the  separation  of  a  NS  from  the  last  stage.  For  a  two- 
dimensional  case  of  motion  of  a  N3  in  the  atmospheric  phase  of  the 
trajectory  Cthe  equations  of  (<1,38)  or  (^.U0)3  the  number  of  the 
initial  conditions  of  motion  is  reduced  to  six. 

In  firing  a  rocket  over  various  distances  rin)m  minimum  to 
maximum  under  various  geographical  launch  conditions  the  parameters 
of  the  motion  of  the  center  of  mass  of  the  NS  at  the  moment  of  reentry 
into  the  atmosphere  form  a  certain  region  of  the  initial  conditions 
of  motion. 

If  it  is  assumed  that  the  reentry  of  the  t'iS  into  the  atmosphere 
occurs  at  a  certain  arbitrary  altitude  and  the  initial  distance 
of  the  atmospheric  phase  of  the  trajectory  corresponding  to  this 
altitude,  is  set  equal  to  sere  (L^  *  0),  then  we  will  obtain  the 
region  or  the  initial  conditions  V^,  of  the  motion  of  the  center 
of  mass  of  tne  No  at  altitude  hQ. 

Figure  ti.ll  depicts  one  of  the  possible  regions  of  the  Initial 
conditions  of  motion  of  the  center  of  mass  of  the  N3  at  altitude  of 
reentry  into  the  atmosphere.  In  the  given  region  of  initial  con¬ 
ditions  V^,  Qq  line  1-5  corresponds  to  firing  over  minimum  range, 
line  3-si  -  over  maximum,  line  5-3  corresponds  to  firing  eastwards, 

1-H  -  to  firing  westwards. 
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•«> 


(1) 


B^BSl 

Pig.  4.11.  The  region  of 
the  initial  conditions  of 
motion  of  the  center  of 
mass  of  a  nose  section  upon 
reentry  into  the  atmosphere. 

KEY:  (1)  Deg;  (2)  m/s. 


In  the  case  of  two-dimensional  oscillations  of  a  NS  in  the 
atmosphere  the  initial  conditions  of  the  oscillations  of  the  NS  are 
given  by  the  two  parameters:  Oq  and  Oq.  Instead  of  these  two 
parameters  it  is  possible  to  assign  only  one  parameter  Oq,  because  for 
any  pair  of  initial  conditions  of  oscillations  Uq  and  /  0  it  is 
always  possible  to  select  such  ao  and  ao=0,  that  the  amplitude  of  the 
angles  of  attack  of  NS  will  be  the  same  as  under  the  initial  con¬ 
ditions  Uq  and  dg  /  0.  Thus  in  solving  practical  problems,  for 
example  in  investigating  maximum  transverse  overloads  or  maximum  de¬ 
viations  in  the  parameters  of  motion  of  a  NS  due  to  oscillations  of  the 
angle  of  attack,  it  is  convenient  to  give  the  initial  conditions  of 

I  *  ^  A 

the  oscillations  In  the  form  Oo^^^Oo  and  ao“0  ,•  so  that  with  all  possible 
values,  of  and  dQ  the  angles  of  attack  of  a  NS  do  not  emerge  with 
the  given  probability  B  beyond  the  limits  of  the  envelope  of  the  angles 
of  attack  obtained  when  ao=ao  and  dp  =  0. 

.  Por  this  certain  values  of  Oo*,  are  assigned,  envelope  of  angles 
of  attack  A(t)  is  determined  and  the  probability  of  the  appearance  of 
angles  of  attack,  not  exceeding  value  A(t)  is  found.  If  the  obtained 
probability  Is  small,  a  new  value  of  ao*»  is  selected,  smaller  than 
the  previous  one,  the  Indicated  probability  is  again  determined,  etc. 

Por  determining  probability  B  (OoO  of  the  appearance  of  angles 
of  attack,  not  exceeding  the  calculated  values  of  A(t),  it  is  possible 
to  pi'opose  various  methods.  Let  us  examine  two  of  these:  the  method 
based  on  using  the  distributive  laws  of  random  values  Oq  and  Aq  at 
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the  moment  of  reentry  into  the  atmosphere  (the  method  of  deriving  the 
regions  of  the  adverse  initial  conditions  of  oscillations),  and  the 
method  of  statistical  testing. 


The  Method  of  Deriving  the  Regions  of  Adverse  Initial 
Conditions  of  Oscillations 


Let  us  call  the  adverse  initial  conditions  of  the  oscillations 
those  initial  conditions  of  and  Oq,  in  which  the  angles  of  attack 
emerge  at  corresponding  altitudes  beyond  the  limits  of  envelope  A, 
obtained  for  the  accepted  initial  conditions  of  oo*  Co  =0  (when 
A«/ro)-  All  the  remaining  combinations  of  Oq  and  are  favorable. 

The  determination  of  the  probability  of  the  appearance  of  favorable 
initial  cjjgditions  of  oscillations  is  carried  out  in  the  following 
sequence: 

1)  the  parameters  of  the  motion  of  a  NS  in  the  atmospheric  phase 

•  <» 

of  the  trajectory  for  the  accepted  calculated  initial  conditions  of 
oscillations  Oo,  ao=0,  (J—Cln  are  calculated  and  dependences  A(t), 
h(£);  V(t)  are  determined; 

2)  from  the  region  of  the  possible  initial  conditions  of 
oscillations  at  the  moment  of  reentry  into  the  atmosphere  at  an 
altitude  of  a  number  of  values  of  a^,  Oq  is  assigned  and,  in¬ 
tegrating  equation  (^.39)j  such  values  of  Oq,  dg  are  selected  which 
lead  to  oscillations  in  the  angle  of  attack  with  amplitude  A(t). 

Such  initial  conditions  of  Oq,  are  equivalent  to  the  initial 
conditions  a©  and  Oo=0, 

A  locus  of  equivalent  initial  conditions  of  oscillations  forms 
in  the  region  of  the  possible  values  of  parameters  in  aQ  and  dg 
lines  limiting  the  region  of  the  adverse  initial  conditions  of  the 
oscillations.  The  approximate  form  of  the  region  of  adverse  initial 
conditions  at  altitude  hQ  is  depicted  in  Fig.  ^.12  (region  D  of  the 
adverse  initial  conditions  of  oscillations  is  shaded); 


3)  the  probability  P  of  the  fact  that  the  initial  conditions  of 
Oq,  dQ  fall  into  region  (D)  of  the  adverse  initial  conditions  of 
oscillations  is  determined: 

where  /(a^,  Cig)  —  the  distribution  density  of  the  probabilities  of 
random  variables  Uq  and  a^. 


Pig.  J4.12.  The  approximate  form  of  a  region 
(shaded;  of  adverse  initial  conditions  of 
oscillations  of  a  nose  section  upon  reentry 
into  the  atmosphere. 

KEY:  (1)  deg/s;  (2)  deg. 

Let  us  assume  that  the  angle  of  attack  of  a  NS  at  altitude  Nq 
obeys  the  law  of  uniform  probability  density  TCoq)  =  1/360°  (l.e., 
the  NS  performs  two-dimensional  motion  and  in  the  course  of  unpowered 
flight  makes  several  revolutions),  and  the  angular  velocity  -  the. 
normal  distribution  law: 

)* 


and  random  variables  Oq  and  d^  are  Independent,  i.e., 

/(Oo,  V=/(‘^o)/(Oo'- 
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/(««)= 


Then  the  probability  of  the  appearance  of  adverse  initial 
conditions  of  oscillations  is  determined  by  the  formula 


p= — 


In  calc’  lations  using  this  formula  region  D  is  broken  down  into 
a  number  of  elementary  regions  with  width  Aoq  by  straight  lines, 
parallel  to  axis  O-^q.  Then  the  probability  of  adverse  initial  con¬ 
ditions  of  oscillations  of  the  NS  will  be  equal  to: 

ii  Pi\ 

#-i 

2.360  I  j,  [  j,j 

Where  n  -  the  number  of  elementary  regions  'i’  —  Laplace's  function; 
dQg  and  Aq^  --  the  ordinates  of  the  middles  of  the  upper  and  lower 
boundaries  of  elementary  region  respective.!  y. 

With  values  and  Aq,  corresponding  to  a  region  of  favorable 
initial  conditions,  the  motion  of  the  NS  occurs  with  angles  of  attack, 
not  exceeding  calculated  A(t).  The  probability  of  such  motion  is 
equal  to 


The  value  of  probability  B  obtained  by  this  method  is  approximate 
because  the  actual  distributive  law  of  random  initial  conditions 
f(aQ,  Aq)  can  differ  from  the  accepted  one.  Furthermore,  this  method 
does  not  make  it  possible  to  take  the  random  variances  of  the 
characteristics  of  the  NS  and  of  the  parameters  of  the  atmosphere  into 
account.  For  determining  a  more  precise  value  of  probability  B  it  is 
possible  to  employ  other  methods,  for  example  the  method  of  statistical 
testing. 


The  Method  of  Statistical  Testing 


For  determining  probability  B  of  favorable  Initial  conditions  of 
oscillations  of  a  NS  by  tne  method  of  statistical  testing  on  digital 
computers  N  calculations  of  the  parameters  of  the  motion  of  the  NS 
are  carried  out  with  random  combinations  of  parameters  of  the  NS, 
the  atmosphere,  wind  characteristics  and  other  factors  determining  the 
angular  motion  of  the  NS.  Then  the  distribution  function  f(A)  of  the 
amplitude  of  the  angles  of  attack  of  the  NS  at  certain  altitude  h  is 
constructed  and  .with  this  distribution  function  the  probability  B  of 
the  fact  that  the  calculated  value  of  the  amplitude  of  the  angles  of 
attack  A(h)  will  not  be  exceeded  is  determined. 

For  the  purpose  of  reducing  the  expenditures  of  machine  time  it 
is  necessary  to  use  more  of  the  less  simplified  equations  of  motion 
of  the  NS,  introducing  various  assumptions,  which  practically  do  not 
effect  the  maximum  angles  of  attack,  for  example,  the  assumption  that 
the  motion  of  the  NS  is  two-dimensional. 
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CHAPTER  V. 


DISPERSION  OF  NOSE  SECTION  IMPACT  POINTS 
5.1.  GENERAL  ASPECTS 

As  a  result  of  the  effect  of  various  perturbations  the  actual 
trajectory  of  a  rocket  and  Its  nose  section  never  coincides  with  the 
optimum  and  the  point  of  impact  of  a  nose  section  is  unavoidably 
deflected  from  the  precalculated  aiming  point  by  a  certain  random 
variable.  This  phenomenon  is  called  dispersion. 

In  firing  against  ground-based  targets  the  random  deviation  of 
the  point  of  Impact  of  a  nose  section  from  a  target  is  characterized 
by  two  random  variables  -  by  the  abscissa  and  by  the  ordinate  of  the 
point  of  Impact  on  a  certain  coordinate  plane  called  the  plane  of 
dispersion. 

Let  us  define  the  plane  of  dispersion  as  a  plane  tangent  to  the 
terrestrial  ellipsoid  drawn  through  the  target.  On  this  plane  let  us 
construct  the  Cartesian  coordinate  system  OLZ  (Pig.  5.1).  On  the 
figure  there  are  designated:  A  -  the  launch  point j  0  -  the  target; 
the  trajectory  AK*0  -  optimum,  corresponding  to  the  calculated  time 
of  separation  of  the  NS  tj{. 

Leaving  the  surrounding  conditions  constant,  let  us  vary  the  time 
of  separation  of  the  NS;  for  a  certain  moment  of  time  t^  ■  t*  +  At„ 
the  flight  path  will  be  AKO'.  The  locus  of  the  intersection  of  the 
optimum  trajectories  which  are  characterized  by  different  moments  of 
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the  separation  of  a  NS,  with  the  plane  of  dispersion  will  occur  in 
the  form  of  a  certain  curve  00*.  Let  us  draw  in  the  plane  of 
dispersion  through  point  0  an  axis,  tangent  to  curve  00',  and  let  us 
orient  it  in  the  direction  of  an  increase  in  range;  let  us  designate 
this  axis  OL  and  we  reckon  range  error  AL  along  it.  In  connection 
with  the  fact  that  axis  OZ  is  perpendicular  to  axis  OL,  small  variation 
in  time  t^  gives  rise  to  the  deflection  of  the  point  of  impact  of  a  nose 
section  from  a  target  along  axis  OZ  by  a  magnitude  of  the  second  order 
of  smallness  as  compared  with  magnitude  AL,  i.e.,  the  derivative  of 
the  lateral  coordinate  of  the  point  of  impact  of  a  NS  with  respect  to 
time  t  is  approximately  equal  to  zero.  This  characteristic  is  very 
convenient  in  dispersion  calculations. 


Pig.  5*1.  Coordinate 
system  for  determining  the 
dispersion  of  nose  section 
impact  points:  0  -  the 
origin  of  the  coordinates 
(the  impact  point  of  a 
nose  section  under  optimum 
conditions,  or  the  target). 


The  coordinate  system  OLZ,  constructed  by  the  Indicated  manner, 
we  will  call  an  arbitrary  coordinate  system. 

All  the  perturbing  factors  affecting  the  dispersion  of  nose 
sections,  can  be  divided  into  two  groups.  Included  in  the  first 
group  are  perturbing  factors  acting  in  the  powered-flight  phase  of 
the  trajectory,  in  the  second  ~  the  perturbing  factors  acting  in  the 
unpowered-f light  phase. 

In  the  powered-flight  phase  of  trajectories,  where  the  motion  of 
a  rocket  is  guided,  the  deviations  of  the  actual  values  of  the 


parameters  of  motion  from  the  calculated  values  are  due,  mainly,  to 
control  system  errors.  In  the  unpowered-f light  phase,  where  the 
motion  of  a  nose  section  is  unguided,  the  perturbing  factors  are  the 
errors  made  in  the  manufacture  of  the  NS,  differences  in  the  actual 
composition  of  the  atmosphere  from  the  rated  and  variances  in  the 
initial  conditions  (upon  reentry  into  the  atmosphere)  of  motion  of  the 
NS  around  its  center  of  mass. 

The  difference  in  the  conditions  of  motion  of  a  rocket  in  the 
powered-flight  phase  and  of  Its  nose  section  in  the  unpoweped-flight 
phase  leads  to  a  different  approach  in  determining  firing  accuracy 
and  in  developing  measures  increasing  this  accuracy. 

For  reducing  the  dispersion  of  nose  section  impact  points  brought 
about  by  deviations  in  actual  motion  of  a  rocket  from  the  optimum  in 
the  powered-flight  phase  of  the  trajectory,  the  ideal  control  system 
should  completely  take  into  account  the  deviations  in  the  parameters 
of  motion  of  the  rocket  from  the  optimum  and  compensate  for  these 
deviations  in  such  a  way  as  to  reduce  their  effect  at  the  end  of  the 
flight  of  the  NS  to  the  target  to  zero.  However,  unavoidable  errors 
in  the  operation  of  individual  elements  of  a  control  system,  caused 
by  manufacturing  inaccuracies  and  by  operating  conditions,  give  rise 
to  errors  in  determining  the  coordinates  and  the  projections  of 
rocket  speed.  Furthermore,  for  the  purpose  the  simplifying  equipment 
(for  reducing  its  weight,  cost,  increasing  its  reliability,  etc.) 
the  algorithm  for  processing  data  concerning  the  motion  of  the  rocket 
is  frequently  simplified,  which  also  gives  rise  to  certain  inaccuracies 
in  determining  the  parameters  of  motion  of  a  rocket. 

It  is  natural,  that  success  in  solving  the  problems  of  a  NS 
impacting  on  a  target  by  an  actual  control  system  depends  on  how 
completely  the  control  algorithm  takes  into  account  all  possible 
factors  affecting  firing  accuracy.  Incompleteness  in  taking  into 
account  the  perturbing  factors  affecting  firing  accuracy  by  the 
control  system,  gives  rise  to  the  appearance  of  so-called  "systematic 
error.”  This  error  arises  as  a  result  of  the  fact  that  parameters, 
not  directly  connected  with  the  flight  range  of  a  NS  -  the  components 
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of  apparent  velocity  and  apparent  path,  are  controlled  by  guidance 
systems  instruments.  If  a  certain  perturbation  caused  a  variation  in 
trajectory,  then  deviation  in  the  impact  point  of  the  NS  appears 
despite  the  fact  that  the  parameters  controlled  by  the  guidance  system 
at  the  moment  of  NS  separation  are  exactly  equal  to  the  required  values. 
An. example  of  systematic  error  is  the  error  caused  by  the  disregarding 
the  effect  of  lateral  deviations  in  firing  range.  For  reducing 
systematic  errors  it  is  usually  necessary  to  complicate  the  control 
algorithm  and  consequently,  the  control  system  itself. 

As  with  any  automatic  device,  a  control  system  has  a  certain 
instrumental  error,  which  Includes  the  following  components: 

measuring  equipment  errors  —  zero  drift,  transmission  coefficient 
inaccuracies,  gyroscopic  drifts,  initial  orientation  errors; 

computers  error  -  roundoff  errors,  approximation  errors, 
functional  unit  errors  (adders,  multipliers,  Integrators),  coordinate 
transformer  errors. 

When  a  control  system  is  made  more  complex  its  Instrumental 
error  usually  Increases.  Thus,  for  a  correct  approach  to  selecting 
algorithms  for  controlling  the  range  and  the  heading  of  a  NS  both 
instrumental  and  systematic  errors  should  be  taken  into  account. 

5.2.  NOSE  SECTION  DISPERSION,  CAUSED  BY  PERTURBATIONS 
IN  THE  UNPOWERED-FLIGHT  PHASE  OF  THE  TRAJECTORY 

During  the  motion  of  nose  sections  in  the  unpowered-f light  phase 
of  the  trajectory  the  main  perturbing  factors  causing  deviations  of  the 
points  of  impact  from  the  optimum,  act  in  the  atmospheric  section. 
Included  in  these,  in  the  first  place,  are  the  following: 

-  variances  in  the  atmosphere  parameters; 

-  wind; 

-  deviations  in  the  charaoteristioo  of  the  NS  (weight,  geometric, 
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centering  [c.g.],  aerodynamic  and  others); 

—  variances  in  the  Initial  conditions  of  the  angular  motion  of 
a  NS  in  the  atmosphere. 

Let  us  examine  the  effect  of  each  of  the  cited  perturbing  factors. 

Of  the  atmospheric  parameters  variances  in  density  and  air 
temperature  have  a  basic  effect  on  impact  point  dispersion.  A 
peculiarity  of  these  perturbing  factors  is  the  fact  that  in  various 
phases  of  NS  motion  in  the  atmosphere  they  have,  as  a  rule,  different, 
sometimes  even  values  opposite  in  sign.  For  instance,  in  winter  time 
the  density  of  the  atmosphere  near  the  surface  of  the  earth  is  higher 
than  normal  (standard),  and  at  altitudes  of  more  than  6-10  km  --  below. 
Negative  deviations  in  atmospheric  density  at  high  altitudes  cause 
positive  deviations  in  flight  range;  positive  deviations  in  density 
near  the  surface  of  the  earth  -  negative  deviations  in  range.  The 
total  deviation  in  flight  range  due  to  variance  in  atmospheric 
density  depends  on  the  characteristics  of  the  NS  and  on  the  actual 
values  of  the  atmospheric  parameters. 

For  calculating  nose  section  dispersion  it  is  possible  to  give 
the  deviations  in  the  density  and  the  temperature  of  the  atmosphere, 
which  are  random  functions  of  altitude,  in  the  form  of  a  canonical 
expansion  (see  Sect.  1.2). 

Wind  effect  can  cause  deviations  in  NS  Impact  points  both  with 
respect  to  range  and  direction.  Wind  velocity  and  direction  are  also 
the  random  functions  of  altitude  which  for  calculating  NS  dispersion 
can  also  be  given  in  the  form  of  a  canonical  expansion. 

Let  us  group  the  deviations  in  NS  characteristics  from  the 
optimum  with  respect  to  their  effect  on  the  deflections  of  Impact 
points  in  the  following  manner: 

-  deviations  in  weight  (0),  in  midsection  area  (S)  and  in  the 
coefficient  of  aerodynamic  drag  (c  )  from  the  calculated  values 

l8l 


I 


(variance  in  the  so-called  ballistic  coefficient  =  c^S/G)j  ' 

-  transverse  displacement  of  the  center-  of  mass  of  a  NS  relative 

:  t 

to  the  geometric  axis  of  symmetry. 

Deviations  in  the  other  characteristics  of  a  nose  section  (foi’ 
instance,  inertial  moments,  length  and  others)  insignificantly  affect 
impact  point  dispersion. 

I 

An  increase  in  the  ballistic  coefficient  causes  negati^)e 
deviations  in  range,  a  decrease  -  positive.  Transverse  displacement 
of  the  center  of  mass  of  a  NS  rt**  VUf  causes  motion  of  the 

NS  with  a  certain  balance  angle  of  attack  the  orientation  of 

the  plane  of  which  relative  to  the  plane  of  firing  depends  on  the  angle 
of  spin  V  at  a  given  moment  of  time.  In  connection  with  the  fact  that 
during  the  motion  of  ungulded  nose  sections  the  value  of  angle  v  Is 
arbitrary,  the  deviations  in  the  impact  point  due  to  transverse 
displacement  of  the  center  of  mass  can  be  both  with  respect  to  ^ange 
and  diz'ection. 

For  a  NS,  rotating  around  the  longitudinal  axis,  the  effect  of 
the  transverse  displacement  of  the  center  of  masses  on  impact  point 
dispersion  is  substantially  reduced  and  for  a  certain  value  of 
angular  spin  it  can  be  practically  reduced  to  zero. 

During  the  motion  of  a  NS  with  angles  of  attack  arising  due  to 
disoriented  reentry  into  the  atmosphere,  an  increase  occurs  in  the  . 
aerodynamic  drag  of  the  NS,  which  gives  rise  to  a  negative  deviation 
in  range,  the  value  of  which  depends  on  the  amplitude  of  oscillations 
of  the  angle  of  attack;  in  this  case  the  smallest  negative  deviation 
in  range  corresponds  to  motion  with  tero  angles  of  attack,  the 
greatest  negative  deviation  -  to  motion  with  a  maximum  amplitude  of 
the  oscillations  of  the  angle  of  attack  (corresponding  to  a  given  • 
probability). 

For  caloulating  NS  dispersion  due  to  the  factors  acting  in  the 
unpowered- flight  phase  of  the  trajectory.  It  is  possible  to  carry  out 
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numerical: integration  (with  a  digital  computer)  of  the  system  equations 
of  the  perturbed  motion  of  a  NS  of  the  type  of  (^.36)-(4.37), 
individually  evaluating  the  effect  of  every  perturbing  factor  on  the 
coordihates  of  the  imijact  point.  ,  ' 


Assuming  that  the  indicated  perturbing  factors  are  Independent  of 
one  another,  and  the  deviation^  in.  the  impact  points  are  proportional 
to  the  magnitudes  of  the.  perturbations,  the  maximum  values  of  the 
deviations  in  NS  impact  points  are ^determined  by  geometric  summing  of 
the  maximum  deviations  caused  by  each  perturbing  factor: 


I 


;  I 

''+l4i(>-.)Pt,lA£ta,.  ijp:  ' 

4.^-VT4ZTW+l4Z(^ 


(5.1) 
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'  For  4  stricter  and  more  exact  determination  of  the  deviations  in 
the  coordinates  of  KS  Impact  points  due  to  the  factors  acting  in  the 
unpowered'flight  phase  of  the  trajectory, : it  is  possible  to  use  other 
statistical  methods,  for  example  the  method  of  statistical  testing. 

r  .  ■ 

S.3.  INERTIAL  CONTROL  OF  THE  FLioHT  RANGE  AND  DIRECTION 
OF  A  NOSE  SECTION 

FormuUtion'oF  the  Frobleia 


In  investigating  an  Inertial  system  for  guiding  a  rocket  it  is 
advantageous  to  examine  it  relative  to  an  inertial  coordinate  system. 
In  this  case  the  dependence  of  the  parameters  of  the  motion  of  a 
rocket  on  the  measurable  componentp  of  accelcratien  is  considerably 
simplified  and  the  analysis  of  guldanc^e  system  errors  is  facilitated. 

“3  .  -  « 

Let  us  place  the  origin  of  the  inertial  coordinate  system  at  the 
center  of  the  earth,  and' let  us  orient  the  doordinate  axes  parallel 
to  the  coi|>responding  axes  of  an  Initial  launch  coordinate  system. 
Between  the  parameters  of  rocket  motion,  assigned  relative  to  inertial 
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and  launch  coordinate  systems,  the  following  relationships  occur: 

whore  r  ,  r  -  the  radius-vectors  determining  the  position  of  the 
center  of  mass  of  the  rocket  relative  to  the  launch  point  and  relative 
to  the  center  of  the  earth,  respectively;  Rq  —  the  radius-vector 
determining  the  position  of  the  launch  point  relative  to  the  center  of 
the  earth;  V,  V,  —  the  velocity  vectors  of  the  center  of  mass  of  the 

a 

rocket  determined  relative  to  launch  and  inertial  coordinate  systems, 
respectively;  -  the  angular  velocity  vector  of  the  diurnal  rotation 
of  the  earth. 

Let  us  define  firing  range  as  ti>e  distance  meanured  along  the  arc 
of  the  great  circle  between  the  launch  point  and  the  intersection  of 
the  descending  leg  of  the  flight  path  of  the  rocket  with  the  surface 
of  the  terrestrial  ellipsoid. 

As  is  known,  firing  range  is  uniquely  determined  by  the  parameters 
of  rocket  motion  relative  to  a  launch  coordinate  nystem  at  moment 
of  NS  separation 

mi,),  tv,).  n(4).  I'.ko).  n(wi 

or  by  the  parameters  of  rocket  motion  relative ^ to  an  Inertial  co¬ 
ordinate  system  at  the  moment  of  NS  separation  and  by  the  duration 
tj^  of  the  s»ooket  flight  up  to  this  moi&ent 

£^^($(4),  1|(4),  t(4).  V^i(4'.  U  (5*2) 


Subsequently  to  reduce  notation  let  us  also  use  the 
following  designations  for  the  parameters  of  motion: 

4rs— c. 

If  in  expression  (^.2)  It  is  assumed  that  the  parameters  of  the 
end  of  the  powered- flight  phase  are  equal  to  their  calculated 
(Optimum)  values: 

m 


that  we  will  obtain  the  calculated  firing  range 


(5.4) 

In  fulfilling  the  conditions  of  (5*3)  the  separation  of  the  NS 
can  be  accomplished  at  calculated  moment  of  time  t*.  However,  in 
actual  flight  due  to  the  effect  on  the  rocket  of  the  perturbing 
factors  the  paramet- rs  of  motion  at  the  calculated  moment  of  time 
tj|  will  differ  from  the  calculated  parameters  and,  thus, 

Condition  (S.4)  apparently,  does  not  detet^lne  the  values  of 
each  of  the  magnitudes  only  requires,  that  for 

achieving  range  I*  their  set  satisfy  relationship  ($.4){  generally 
speaking,  there  can  be  an  infinite  number  of  such  sets.  On  the  other 
hand,  for  each  actual  trajectory  of  a  powered-rilght  phase  because  of 
the  unique  conditions  only  one  set  (q,(tj^),  t^)  corresponds  to 

calculated  range  L*.  These  considerations  indicate  one  of  the  methods 
of  controlling  firing  range:  it  is  necessary  to  stop  the  powered-* 
flight  phase  of  the  trajectory,  more  precisely  speaking,  to  separate 
the  NS,  at  s'sement  t  *  t^,  when  function  LCq^tt),  4j(t),  t)  reaches 
the  desired  value  of  L*.  The  realisation  of  the  indicated  method  can 
be  accomplished  with  the  aid  of  a  certain  system  of  measuring  and 
computing  devices  determining  the  current  values  of  q|{t)  a»ui 
with  subsequent  calculation  of  function  h[q^(t),  4j(t},  t]  and  by 
continuous  comparison  of  Its  current  value  L  with  assigned  L*.  At 
the  moment  of  time,  when  the  equality  is  rulfilled 

utiW,  Mn.  n-L\  „ 

instruction  Is  supplied  for  the  separation  of  the  nose  section. 


Let  us  now  formulate  a  general  statement  of  the  problem  of 
selecting  the  time  for  NS  separation.  This  moment  should  be  deter¬ 
mined  from  the  current  values  of  the  measured  parameters  of  motion 
of  the  center  of  mass  of  the  rocket.  With  a  computer  of  greater  or 
lesser  complexity  it  is  possible  to  calculate  the  value  of  certain 
function  J  from  the  current  parameters  of  motion  and  to  separate  the 
NS,  when  this  value  becomes  equal  to  the  required  value.  Function  J, 
with  the  aid  of  which  the  moment  of  NS  separation  is  determined,  we 
will  subsequently  call  the  aontvotling  functional  ^  or  simply  the 
functional ,  (In  a  nuraoer  of  works  the  terms  "ballistic  function", 
or  "controlling  fun-ion"  are  also  used). 

The  value  of  the  controlling  functional  at  a  certain  moment  of 
time  should  be  directly  connected  with  the  magnitude  of  the  firing 
error  which  would  arise,  if  NS  separation  occurred  at  this  moment 
of  time.  The  control  system  should  emit  the  signal  for  NS  separation 
when  the  functional  attains  the  value  corresponding  to  the  zero 
(jiractically  minimal)  value  of  the  mentioned  error. 

One  of  the  possible  controlling  functionals  is  the  firing  range 
Itself  expressed  by  the  current  coordinates  of  the  rocket  and  the 
projections  of  its  velocity: 

/■,=%<(/).#.«).  4  (5-« 

Using  this  expression,  it  is  possible  to  represent  firing  error 
in  the  form 

AA  •->  A[v<(4).  /J— /t*.  (5.7) 

The  control  equations  (5.5)  and  the  firing  error  (5.7)  correspond' 
to  functional  (5*6).  If  we  separate  the  NS  at  the  moment  of  the 
fulfillment  of  condition  (5.5),  then,  naturally,  there  will  be  no 
range  error  due  to  perturbatior'’  in  the  powered-flight  phase. 

However,  the  possibilities  of  plotting  functional  (5.6)  are 
limited,  especially,  by  the  limited  operating  speed  of  computing 
equipment.  Thus,  the  funct,ior-al  is  usually  used  which  is  obtained  as 
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a  I’fc'sult  of  the  expansion  of  function  L[q.  (t  ),  (t  ),  t  ]  Into  a 

1  H  IK  r- 

Taylcn  series  in  the  vicinity  of  the  calculated  values  of  its 
arguments. 


Let  q|(t)  be  the  calculated  variation  in  the  i-th  parameter  of 
motion  with  respect  to  time  and  t*  be  the  calculated  moment  of  time 
of  NS  separation;  q^(t)  -  the  actual  variation  in  the  i-th  parameter 
and  t„  —  the  actual  moment  of  NS  separation  (Pig.  5.2). 


Pig.  5.2.  Por  determining  the  complete 
and  Isochronal  variations  in  the 
parameters  of  rocket  motion. 


The  difference 

we  will  call  the  total  variation  in  parameter  q^. 
Analogously 

(^U). 


(5.8) 


(5.8a) 


With  an  accuracy  of  terms  of  the  second  order  of  smallness 
relative  to  the  total  variations  we  have 


as  ^  dn  '  ac  ^  dv^ 


(5.9) 


dV, 


dt 
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>.  minnow 


where  At  *  -  t*  -  the  variation  in  the  moment  of  time  of  NS 

K  H  H 

separation. 

The  partial  derivatives  in  this  expression  (ballistic  co¬ 
efficients)  are  determined  for  the  calculated  values  of  variables 

V*(t*),  t*  (usually  by  calculations  on  a  digital 

H  H  ^  K  K 

computer. 


Analogous  to  expression  (5-9)  the  deflection  AZ  of  the  point  of 
impact  of  the  NS  from  the  firing  plane  is  written 


4Z=-2-aI+.#  AOi-f  -  AC+-^  av,+ 


+ 


dq 

dz 


ac 


dV. 


4V,+^AV,. 


(5.10) 


Taking  the  expressions  for  variations  (5*8)  into  account,  let 
us  write  the  conditions  for  the  equality  to  zero  of  relationship 
(5.9)  and  (5.10)  in  the  form 


where 


aL=3Ji—JI=^0  h;ih 
7^=0  h;ih 


dZ 

dqi 


/-I 


(5.11) 

(5.12) 


(5.13) 


(5.1^*) 


I*!*] 


Functional  Jj^  we  will  call  the  functional  flight  range  control, 
and  —  the  functional  of  flight  heading  control.  Values  J£  and  J| 
we  will  call  the  adjustment  values  of  the  corresponding  funtionals. 

If  the  difference  in  the  actual  motion  of  a  rocket  from  the 
calculated  motion  is  small,  i.e.,  the  variations  in  (5*8)  are  small, 
then  upon  separation  of  the  NS  at  a  moment  of  time  which  is  the  root 
of  the  equation  (5.11),  the  deflection  of  the  NS  from  the  target  with 
respect  to  range  due  to  perturbations  in  the  powered-flight  phase  will 
be  a  magnitude  of  the  second  order  of  smallness. 

It  is  possiule  to  always  find  such  a  moment  of  time  of  NS 
separation,  when  equality  (5.11)  is  fulfilled;  generally  speaking  it 
is  not  possible  to  attain  the  fulfillment  of  equality  (5.12),  only 
by  varying  the  time  of  NS  separation.  In  order  that  this  equality  is 
fulfilled,  it  is  necessary  at  the  moment  of  NS  separation  to  impart 
to  the  rocket  a  certain  lateral  component  of  velocity.  The  required 
value  of  this  velocity  component  can  be  obtained  by  supplying  the 
corresponding  signals  to  the  lateral  stabilization  channel. 

For  calculating  functionals  (5.11)  and  (5.12)  during  flight  it 
is  necessary  to  know  the  components  of  the  velocity  vector  and  the 
rocket  coordinates.  The  determining  of  these  data  in  a  launch 
coordinate  system  with  the  aid  of  measuring  devices  set  up  on  the 
earth  (as  is  done  in  radio-command  guidance  systems),  is  completely 
feasible  with  the  required  accuracy.  However,  when  using  inertial 
guidance  systems  these  parameters  cannot  be  directly  measured.  Thus 
when  developing  inertial  systems  it  is  very  important  to  select  a 
controlling  functional  of  a  rather  simple  type,  ensuring  the  required 
accuracy  of  range  and  firing  direction  control. 

Let  us  examine  one  of  the  possible  ways  of  simplifying  con¬ 
trolling  functionals,  suitable  for  any  type  of  the  guidance  system. 

As  can  be  seen  from  relationship  (5.9)  and  (5.10),  the  deviation 
of  the  NS  Impact  point  with  respect  to  range  AL  depends  not  only  on 
the  variations  in  the  parameters  of  motion  of  the  center  of  mass  of 
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a  rocket  in  the  firing  plane  (AC,  An,  AV^,  AV^),  but  also  on  the 
variations  in  the  parameters  of  the  lateral  motion  of  the  rocket 
(Ac,  AV  ).  The  deviation  of  the  impact  point  with  respect  to 
direction  AZ,  in  turn,  depends  not  only  on  the.  variations  in  the 
parameters  of  lateral  motion  (Ac,  AV^),  but  also  on  variations  in 
AC,  An,  AV^,  AV^.  In  spite  of  this,  in  rocket  control  systems  with 
regulated  thrust  a  system  of  Independent  range  and  firing  direction 
control  can  be  used. 


Let  us  examine  the  order  of  magnitudes  of  ballistic  derivatives 
for  the  case  of  the  firing  of  a  ballistic  missile  a  distance  of  about 
10  000  km: 


^ss5000-6000  s, 

1500  -  2500  3, 

^«100  -  200  3, 


~«2-10; 

di| 

|«0.1-0.5. 


As  can  be  noted,  the  range  derivatives  for  the  parameters  of 
dL  tiL 

lateral  motion  ^  are  substantially  less  than  the  corresponding 

range  derivatives  for  the  projections  of  velocities  and  for  the  co¬ 
ordinates  characterizing  the  motion  of  a  rocket  in  the  firing  plane. 


Analogously  derivatives 

dZ  ..  dZ 


dZ  dZ 


than 


H 


are  substantially  less 

di  *  dij 


dC 


Independent  control  becomes  possible  due  to  the  rather  exact 
operation  of  the  systems  controlling  apparent  velocity,  and  normal 
end  lateral  stablllaation  of  the  motion  of  the  rocket  center  of  mass. 

In  this  case  the  variations  in  the  parameters  of  motion  of  the  rocket 
center  of  mass  at  the  moment  of  NS  separation  remain  within  such  limits, 
which  for  ensuring  assigned  firing  accuracy  there  is  no  need  in  the 
controlling  functional  to  consider  the  effect  of  variations  AC»  AV^ 
on  range  error,  and  variations  AC,  An,  AV^,  AV^  on  heading  error. 
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As  a  result  flight  range  Is  determined  by  NS  separation  at  the  moment 
of  time,  when  the  following  equality  is  fulfilled 


(5.15) 

where 

yi=|-f(<:)+^»i’(<;)+^v'U<:)+  (s.ie) 


In  this  case  the  necessary  heading  of  the  NS  is  ensured  by  the 
fulfillment  at  the  moment  of  its  separation  of  the  following  con¬ 
dition  imposed  on  the  lateral  component  of  velocity: 


where 


•/zW=f  c(o+^v.(yi  ■ 
yi=o. 


(5.17) 


(5.18) 


In  the  simplest  guidance  system  the  heading  of  a  rocket  and  its 
nose  section  is  assigned  by  the  prelaunch  orientation  of  the 
corresponding  measuring  elements  and  is  maintained  with  the  required 
accuracy  by  the  rocket  lateral  stabilization  system  (see  Sect.  1.8); 
the  corresponding  principles  of  lateral  motion  control  have  the  form 

V’c(0«0;  C(0-*=0,  (5.19) 

Let  us  now  reduce  control  equation  (5.15)  to  the  form  which 
makes  it  possible  to  obtain  the  information  necessary  for  the 
calculations  directly  from  the  inertial  measuring  devices. 


The  Equation  of  Range  Control  in  Apparent  Parameters 
of  Motion 

The  operating  principle  of  inertial  measuring  systems  is  based 
on  the  measurement  of  accelerations  and  the  utilization  of  the  Inertial 
properties  of  gyroscopes.  The  direction  in  space  of  the  axes  of  a 
certain  inertial  coordinate  system  is  fixed  with  the  aid  of  gyroscopes. 
By  measuring  the  projections  of  rocket  acceleration  for  any  directions 
in  inertial  space  and  integrating  the  measured  values,  it  is  possible 
to  obtain  the  projections  of  the  velocity  of  the  rocket  and  the 
components  of  the  path  which  the  rocket  has  covered  and  therefore, 
the  coordinates  of  the  rocket. 

As  is  known,  inertial  accelerometers  can  measure  the  projections 
of  the  so-called  apparent,  but  not  of  the  actual  acceleration  of  that 
point  of  the  rocket,  in  which  they  are  located.  The  apparent 
acceleration  vector  of  any  point  is  called  the  vector  of  the  difference 
between  the  acceleration  relative  to  an  inertial  coordinate  system 
and  the  acceleration  due  to  gravity: 

(5.20) 

standard  single-axis  accelerometers  measure  the  projection  of 
the  apparent  acceleration  vector  w  in  the  direction  of  their  axis  of 
sensitivity  I,  i.e.,  value 

/Tit  (5.21) 

where  -  the  projection  on  axis  X  of  the  acceleration  of  the 
accelerometer  housing  relative  to  an  inertial  coordinate  system; 

-  projection  on  the  same  axis  of  acceleration  due  to  gravity. 

The  indicated  condition  is  due  to  the  effect  of  gravity  which  on  the 
basis  of  Einstein's  General  Theory  of  Relativity  oan.not  be  distinguished 
from  inertia.  This  gives  rise  to  the  fact  that  acceleration  due  to 
gravity  is  recorded  by  an  accelerometer  as  the  acceleration  directed 
opposite  to  the  projection  of  the  gravity  vector  on  the  axis  of 
sonsltlvlty  of  the  Instrument. 
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Besides  accelerometers,  for  inertial  guidance  purposes  integrating 
accelerometers  are  also  used.  Integrating  gyros  are  broadly  employed 
in  them.  The  rate  of  angular  precession  of  an  Integrating  gyro  o)  is 
proportional  to  the  component  of  apparent  acceleration  along  the  axis 
of  precession  The  output  signal  of  the  integrating  gyro 

characterizing  the  angle  of  precession 


t  t 


(5.22) 


is  proportional  to  the  component  of  apparent  velocity  along  axis  X: 


fOX— f  tlPx(t)£(T  (Wx(0)a«0). 
I 


(5.23) 


Iterated  Integration  of  the  integrating  gyro  output  signal  (>, 
accomplished  even  by  another  instrument,  will  give  the  value  of  the 
apparent  path  with  respect  to  the  direction  of  Xj 


^=1 


wxix)dx  (sx(0)«0>. 


(5.24) 


In  accordance  with  expressions  (5.20),  (5.21)  and  (5.24)  it  is 
possible  to  introduce  the  concepts  of  apparent  velocity  vector  and 
apparent  path  vector  by  representing  these  vectors  in  the  form: 


—  i  •  -  ^ 

»(/)*=*  f  (<)—  {gix)dxi 


5(0*=» f f P (t) —  f  f  g{x)dxdi 


(5.25) 


when 


tiiJ(0)a=0  H  5(0)=a0. 


The  coordinates  and  the  components  of  the  velocity  of  the  center 
of  mass  of  a  rocket  can  be  calculated,  if  In  the  equation  of  motion 
of  the  center  of  mass  determining  absolute  acceleration: 


••  ^ 


(5.26) 


193 


where  r  —  the  radius-vector  of  the  center  of  mass  of  the  rocket; 
the  right  side  and  the  initial  conditions  (the  coordinates  and  the 
projections  of  the  velocity  of  the  launch  point  are  known.  With  the 
aid  of  three  accelerometers  (or  integrating  gyros),  oriented  relative 
to  the  inertial  axes  and  mounted  at  the  center  of  mass  of  the  rocket, 
it  is  possible  to  calculate  the  three  components  of  apparent 
acceleration  w  (or  velocity  w).  For  calculating  components  of  accel¬ 
eration  due  to  gravity  dependence  g(r)  .should  be  given. 

Equation  (5.26)  can  be  solved  by  one  of  the  numerical  methods 
(by  the  iterative  method,  etc.).  For  automatic  computation  of  function 
r(t)  it  is  possible  to  use  the  circuit  (Fig.  5.3)  which  is  called  an 
automatic  compensation  circuit.  This  circuit  is  rather  complex,  thus 
it  is  advantageous  to  use  a  number  of  simplifications.  Thus,  for 
rockets  moving  along  trajectories,  close  to  optimum,  function  g(t)  can 
be  calculated  first.  In  this  case  the  autocompensation  circuit  becomes 
open  with  program  input  of  the  correction  for  acceleration  due  to 
gravity  (Fig.  5.^). 


Fig.  5.3.  The  closed  circuit  for 
taking  gravitational  acceleration 
into  account. 


Pig.  5.^.  The  open  circuit  for  taking 
gravitational  acceleration  into  account. 


Determining  the  variations  in  the  actual  parameters  of  motion 
Aq^(t)  and  Aq^(t)  with  the  aid  of  inertial  measuring  systems  with  the 
use  of  autocompensation  circuits  complicates  and  increases  the  price 
of  the  control  system.  At  the  same  time  it  turns  out,  that  with 
rather  small  deviations  in  the  perturbed  motion  of  a  rocket  from  the 
calculated  it  is  possible  to  go  over  to  the  apparent  parameters  of 
motion,  directly  obtained  by  the  inertial  measuring  system.  For  this 
the  concept  of  iBaohponoue  variations  in  the  parameters  of  motion  of 
the  rocket  is  Introduced. 

Examining  dependences  qj^(t)  and  q|(t)  at  any  moment  of  time 
t(0  <  t  <  t*),  let  us  define  iboohronous  variation  qj^(t)  at  moment  of 
time  t  as 

(5.27) 

In  particular,  at  moment  t  wa  have 

H 

^  5 . 28 ) 

Let  us  establish  the  connection  between  complete  and  Isochronous 
variations  at  arbitrary  moment  of  time  t,^,  for  which  let  us  extra¬ 
polate  dependence  qj[(t)  for  a  certain  moment  of  time,  which  somewhat 
exceeds  value  t*,  having  assumed,  for  example,  that  the  engine  at 
moment  of  time  t*  was  not  shut  down.  In  acoordancc  with  expression 
(5.8)  we  have 

(5.29) 

Considering  At^  to  be  a  small  value  and  disregarding  magnitudes 
of  the  second  order  of  smallness,  we  obtain 

(5.30) 

Thus,  from  expressions  (5.28),  (5.29)  and  (5-30)  it  follows 
(see  Pig.  5.2) 


(5.31) 


The  total  variation  in  parameter  is  expressed  by  isochronous 
variation  in  a  similar  manner; 

(5.32) , 

Let  us  now  transform  (taking  isochronous  variations  into  account) 
the  expression  for  AL,  which  corresponds  to  the  simplified  control 
equation  (5.15): 

(5.33) 

Substituting  expressions  (5.31)  and  (5.32),  we  obtain 

4^“^  4«V'.(4)+^  *iU4)+ 

Considering  dependence  (5.21),  let  us  repretent  expression  (5.3^) 
in  the  form 

A|\^,(/*)*|~  Alteon* 

M  (At)+ W)  +  W)]  a4+ 

The  expression  in  the  second  square  brackets  in  dependence  (5.35) 
is  identically  equal  to  aero  as  a  range  derivative  for  time  of  flight 
in  the  unpowered-fllght  phase  of  the  trajectory.  Then 

A, V', (/,)+— A«i)(4)+ 

‘  ^  ^  (5.36) 

+ ^  (f  3  4.^  wj  (i3|  A4. 
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t  » 


Let  us  examine  the  isochronous  variations  of  the  components  of 
acceleration: 


A|V^{=A|t»{+Af^£; 


The  appearance  of  isochronous  variations  in  apparent  acceleration 
and  is  directly  connected  with  the  deviation  in  forces  of 
nbngravitatlonal  origin  and  the  mass  of  the  rocket  from'  the  calculated 
values j  the  isochronous  variations' in  acceleration  idue  to  gravity 
A^g^  and  A^g^^  caused  by  ^he  fact  that  the  trajectory  of  perturbed 
.flight  is  higher  (or  lower  than)  the  calculated  trajectory.  For  * 
rockets »  whose  perturbed  trajectories  are  close  to  the  calculated  ones, 
the  isochronous  variations  in  acceleration  due  to  gravity  ai^  small. 

In* this  case  it  is  possible  tb  take: 

s 

A|V'i(<)a»A||»t(l); 

*•****••  ’  (5.37) 


The  assumption  made  makes  it  possible  to  write  expression  (3.3^) 
In  thAr  form  "  ’ 


(5.38) 


Let  us  hence  eliminate  unknown  value  At^,  taking  into  account 
that  in  accordance  with  expressions  and  (S.32) 


A«t(U**  A|«i  (4)4*  (^3  Atg^Wi  (O^  %  W)i  I 

a»4(4)*«a#»,  {#:)  a4^«,(4)-*  {<3. ) 


(5.39) 
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Then  instead  of  expression  (5-38)  we  will  obtain 


+-^  4/S,  (O — ^-Sll  (<  J— (/J). 


The  control  equation  in  this  case  can  be  represented  In  the  form 


or 


where 


^■*•^*(^3.  (5,^2) 

^  ®  (<)+  Y  Ml  ( 5 .  <«  3 ) 

*  e 


The  control  equation  is  now  reduced  to  a  form^  which  makes  it 
possible  to  realise  it^  without  resorting  to  complex  oaleuiations 
on  boaisl  the  rocket. 

tiiuruaiflt  Execution  of  the  kange  Cootroi  Equation 

Let  us  examine  the  basic  system  of  instrument  execution  of  the 
equation  of  firing  range  control  as  Illustrated  by  equation  (S.ai). 
the  basis  of  the  system  (fig,  5.5)  is  the  gyrostabillaed  platform 
trcn  •  dSfJi  the  axes  of  the  inertial  coordinate  system  assigned  by 
it  are  directed  along  the  axes  of  the  initial  launch  system,  two 
integrating  gyroscopes  (nt  «  lOj  are  mounted  on  the  Osl*«  whose  axes 
of  sensitivity  are  directed  along  the  axes  OC  and  On.  furthermore, 
there  is  the  storage  device  (3>’  •  SO],  into  which  the  values 
necessary  for  the  calculations  are  intt*oduced:  ballistic  derivatives, 
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computed  values  s|(t)  and  s*(t)  programmed  with  respect  to  time  and 
the  computed  values  of  the  controlling  functional.  The  values,  input 
Into  the  storage  device,  depend  on  the  geophysical  conditions  of 
firing. 


Pig.  S'-S*  Diagram  df  the  iftstrumental  execution 
of  the  control  equation. 

<1)  Instruction  for  separation. 


there  is  also  a  computer  CCPfi  •  C3^  containing: 

-  integrators  which  carry  out  iterative  integration  of  the  IQ 
readings  for  the  purpose  the  obtaining  the  apparent  coordinates; 

subtractors  which  shape  the  isochronous  variations  ^t^«i* 

multipliers; 

an  adder; 

a  comparator,  contlnously  carrying  out  during  the  time  of  the 
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powered-flight  phase  comparison  of  the  current  values  of  the  con¬ 
trolling  functional  J(t)  with  its  calculated  value  J*.  At  moment, 
when  the  equality  J(t)  =  J^,  is  fulfilled,  the  computer  shapes  the 
instruction  for  engine  shutdown  and  nose  section  separation. 

Let  us  now  examine  the  possible  ways  of  simplifying  instrumental 
execution  of  the  equation  of  firing  range  control. 

Of  practical  Importance  is  the  possibility  of  reducing  the 
number  of  automatic  range  control  elements  by  the  proper  selection  of 
the  orientation  of  the  axes  of  sensitivity  of  the  accelerometers  of 
the  Integrating  gyro  accelerometers.  It  turns  out,  that  it  is  possible 
to  reduce  by  half  the  number  of  integrating  elements  as  compared  with 
the  method  of  setting  up  the  control  equation  presented  above.  For 
this  purpose  the  axes  of  sensitivity  of  the  accelerometers  (inte¬ 
grating  gyro  accelerometers)  snould  have  a  special  orientation  - 
parallel  to  certain  directions,  constant  for  the  actual  case  of  firing. 


. In  order  to  determine  these  directions  to  set  up  the  appropriate 
functional,  let  us  examine  thd  pl'’6jectlons  of  apparent  velocity 
w^,  w^  as  components  of  a  certain  vector  w,  which  is  characterized  by 
a  modulus  jaf|=  and  by  argument  argitf  — arctg  ■ 


Let  us  similarly  construct  vector  A^s  with  modulus 


In  a  similar  manner  it  is  also  possible  to  examine  ballistic 
derivatives  as  projections  of  vector  A  with  modulus  |A|  = 


***1/  (dpr)  and  argument  X  =  ^arctg 

M  with  modulus  1m|  “  atid  £ 


dLldV, 


argument  y 


3-  and  of  vector 


Using  the  designations  and  the  known  rule  for  recording  the 
scalar  product  of  two  vectors  by  tneir  projections  introduced  in  this 
manner,  let  us  rewrite  expression  (5.^1)  in  the  form 


Aw  (/)  -f  M  (0  «=  Aw*  (/ 1!). 


(5.45) 


JOO 


On  the  other  hand,  the  scalar  product  can  be  represented  In  the 


form 

where  —  the  projection  o'f  vector  b  in  the  direction  of  a. 

On  this  basis  let  us  represent  control  equation  {5*^5)  in  the 

form 

(5.46) 

where 

«3i(i)=s®{(/)cosX4-«,(^sinX; 

(/)=»  A|S4  (0  cos  j»-f-  A<s,  (0  sin 

Control  equation  (5.46)  can  be  standardized  relative  to 
coefficient  |a|,  as  a  result  of  which  it  takes  the  form 

®x(0+M<«i^(0=Wx(<k)»  (5.48) 

where 

Thus, 

f 

^(5.49) 

yx%==«e>*W).  (5.50) 

The  examined  modification  of  the  controlling  functional  is 
called  the  X-p-functional.  It  can  be  shown  that  the  directions, 
assigned  by  angles  X  and  p,  are  the  optimum  ballisti^^lrectlons  in 
the  following  sense.  The  deviations  in  the  apparent  v^ocity  of  a 
rocket  along  the  direction  of  vector  A  and  the  deviations  in  the 
apparent  path  along  the  direction  of  vector  M  maximally  aff'ects  the 
range  errors,  and  the  deviations  in  apparent  velocity  and  apparent 
path  along  the  normal  to  the  corresponding  direction  do  not  cause 
range  errors. 


W 


(5.47) 
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A  block  diagram  of  the  instrumental  execution  of  the  control 
equation  using  the  A-y-functional,  is  shown  in  Pig.  5.6.  This 
diagram  is  simpler  than  the  previous  one  (see  Fig.  5.5)  due  to  the 
elimination  of  one  of  the  integrators  and  the  reduction  in  the  volume 
of  the  memory.  Angles  X  and  y  of  the  setting  of  the  axes  of 
sensitivity  of  Integrating  relative  to  axis  0?  of  the  inertial 
coordinate  system,  program  w*(t),  parameter  p  and  the  calculated  value 
of  the  controlling  functional  w?(t*)  are  determined  by  the  geophysical 

A  K 

firing  conditions. 


Pig.  5.6.  Diagram  of  the  Instrumental  execution 
of  the  control  equation  using  the  X-y-functional . 

KEY:  (1)  Instruction  for  NS  separation. 


5.4.  NOSE  SECTION  IMPACT  POINT  DISPERSION  CAUSED 
BY  CONTROL  SYSTEM  ERRORS 


The  Basic  Formulas  for  Calculating  Nose  Section 
Impact  Point  Dispersion 


Let  us  rewrite  expression  (5*3^)>  taking  into  account  that  the 
isochrounous  variations  in  momenta  of  time  t„  and  t*  are  equal  to 

K  H 

each  other  to  within  an  accuracy  of  values  of  the  second  order  of 
smallness : 

Ai=-^  A,va<;)+^  a,s  (<;)  A,r,(/:)+ 


+ [#  ^  n  (<;)  +1  vi  (/;) + «;)+^]  44. 


(5.51) 


It  is  readily  noted  that  expression 


dL 


dL 


dL  dL 


(5.52) 


dn 


dt  dt 


is  the  value  at  the  moment  of  NS  separation  of  the  total  firing 
range  derivative  with  respect  to  flight  time  in  the  powered-flight 
phase. 

Let  us  designate  the  first  term  in  expression  (5.51) 


dL 


dV, 


I  -n 


dV. 


+|a,EK)+“^4,i1«:) 


dL 


(5.53) 


and  let  us  call  it  the  isochronous  firing  range  deviation.  This 
value  A^L(tJI)  is  the  deviation  in  the  impact  point  of  the  NS  in  the 
case  of  flight  along  a  perturbed  trajectory  upon  separation  of  the 
NS  at  calculated  moment  of  time  t*. 

K 

Taking  into  account  what  has  been  said,  let  us  write  expression 
(5.51)  in  the  form 


A/){. 


(5.54) 


Deviation  At^  can  be  found,  by  varying  the  control  equation 
J(t  )  «=  J*(t*).  Then  we  will  obtain 

K  K 

A/(4)«A|y(/I)+y*(/yA/K~0,  (5.55) 

A^J(t*)  -  the  isochronous  variation  in  the  controlling  functional. 


where 


Let  us  hence  find  deviation 

A/,- 


‘1 '(<’.) 

“W 


(5.56) 
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Using  relationships  (5*5^)  and  (5.56),  it  is  possible  to  represent 
range  deviation  in  the  form 

— j|jyy  A// (/k).  (5.57) 

Repeating  the  arguments  carried  out,  it  is  possible  to  obtain  an 
analogous  expression  for  the  deviation  in  NS  impact  point  with  respect 
to  direction 

A/jjfc  (5.58) 

According  to  the  definition  of  the  arbitrary  coordinate  system 
Z  =  0  and  for  this  system  we  have 

AZ=A/Z,  .  (5.59) 

where 

if  we  disregard  the  effect  of  the  variations  in  the  parameters  of 
motion  in  the  firing  plane  on  the  deviations  in  direction  Z. 

The  Effect  of  Control  System  Errors  on  the  Dispersion 
of  the  Parameters  of  Rocket  Motion  . 

Let  us  examine  the  effect  of  instrumental  and  systematic  errors 
of  the  cohtrol  system  on  rocket  flight  accuracy  in  the  powered- 
flight  phase  of  the  trajectory. 

Let  us  use  the  following  coordinate  systems: 

•-  inertial  coordinate  system  05nC; 

-  body  coordinate  system  oharacterizlng  the  actual 

directions  of  the  axes  of  a  rocket  In  perturbed  raotlonj 


-  reference  coordinate  system  Ox^y^z^,  giving  the  directions  of 
the  body  axes  of  the  rocket  during  flight  along  the  optimum  trajectory. 
The  directions  of  the  reference  axes  relative  to  the  axes  of  the 
inertial  system  are  shown  in  Pig.  5.7*  Axis  Oz^  is  directed  parallel 
to  axis  Oc,  and  axes  Ox^  and  Oy^  are  turned  relative  to  axes  0?  and 
On  by  programmed  angle  of  pitch  (J)*.  As  is  evident,  the  body  co¬ 
ordinate  system  coincides  with  the  reference  system  during  the  flight 
of  the  rocket  along  the  optimum  trajectory. 


Pig.  5.7.  Orientation  of 
the  reference  coordinate 
system  relative  to  the 
inertial  system. 


Let  us  find  the  interrelationship  between  the  components  of  the 
apparent  acceleration  vector  determined  by  the  measuring  elements  of 
the  longitudinal  [PHC  »  RKS],  normal  [HC  *=  VS]  and  lateral 
stabilization  [BC  =  LS]  systems  and  the  projections  of  this  vector 
on  the  reference  coordinate  system. 

Let  the  measuring  element  of  the  RKS  system,  for  example  the 
longitudinal  acceleration  integrating  gyro  which  we  will  call  the 
velocity  error  sensor  CAPC  »  VES],  be  mounted  on  the  rocket  in  such 
a  way  that  its  axis  of  sensitivity  is  oriented  in  the  direction  of 
rocket  axis  Ox^^.  This  instrument  measures  the  projection  of  the 
apparent  acceleration  vector  on  the  longitudinal  axis  of  the  rocket 
and  carries  out  its  integration: 
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Let  us  assume  that  the  measuring  elements  of  the  VS  and  LS  systems 
are  mounted  on  a  GSP  in  such  a  way  that  during  optimum  flight  the  axis 
of  sensitivity  of  the  VS  system  measuring  el'ement  is  directed  along  . 
the  Oy^  axis,  and  the  axis  of  sensitivity  of  the  LS  system  measuring 
element  -  along  the  Oz^.  Since  the  axes  of  sensitivity  of  these 
elements  during  the  whole  time  of  controlled  flight  are  directed 
perpendicular  to  the  Ox^  axis,  then  the  effect  on  the  VS  and  LS 
systems  sensing  head  readings  of  the  longitudinal  component  of  the 
apparent  acceleration  vector  w^^  eliminated  in  this  way  and  the 
deviation  of  the  Ox^^  axis  from  the  reference  direction  is  recorded. 

The  directions  of  the  reference  axes  Ox^y^z^  are  materialized  on 
the  rocket  by  the  directions,  of  the  axes  Ox^i-|,z^  of  the  QSP  and  by  the 
programmed  turning  of  the  base  of  the  angle  of  pitch  sensor.  In 
optimum  flight  the  axes  of  the  QSP  OX|.y^Z|.  are  directed  parallel  to 
the  corresponding  axes  OCn?  of  the  inertial  (initial  launch) 
coordinate  system  (Pig.  5.8). 


Pig,  5.8.  Orientation  of 
the  axes  of  the  gyro- 
stabilized  platform  0Xj.y^Z|. 

relative  to  the  inertial 
(initial  launch)  coordinate 
system  O^nC  in  optimum 
flight  OXj^yj^Zj^  _  the  body 

axes  of  the  rocket  at  launch. 


In  actual  flight  the  directions  of  the  QSP  axes  0X272^2 
general  case  do  not  coincide  with  the  directions  of  the  axes  of  the 
inertial  coordinate  system.  The  deviation  of  the  0X2*  Oyg*  OZ2  axes 
from  the  optimum  direction  are  caused  by; 


-  aiming  errors  (turning  around  axis  Oyj  of  the  QSP  suspension); 
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-  errors  in  setting  the  GSP  at  the  moment  of  launch,  i.e., 
errors  in  the  GSP  actuating  system  (turns  around  the  0X2  and  OZ2  axes); 

-  gyroscopic  drifts  during  flight. 

In  perturbed  flight  the  error  in  the  execution  of  the  direction 
of  reference  axis  Ox^  is  determined  by: 

-  errors  in  the  setting  of  the  GSP  at  the  moment  of  launching; 

-  errors  in  the  assigning  of  the  angle  of  pitch  which  are  made 
up  of  errors  of  the  program  unit  and  errors  in  assigning  and  re¬ 
producing  the  program; 

-  GSP  drifts  around  the  axis  of  pitch  Oz^. 

The  deviation  in  the  direction  of  the  axis  of  sensitivity  of  the 
VS  system  measuring  element  from  the  direction  of  the  Oy^  axis  is 
caused  by  the  same  errors. 

The  deviation  in  the  direction  of  the  axis  of  sensitivity  of  the 
LS  system  measuring  element  from  the  direction  of  the  Oz^  axis  is 
caused  by: 


—  aiming  errors; 

-  errors  in  the  setting  of  the  LS  system  measuring  element 
relative  to  the  aiming  prism  platform; 


-  GSP  drifts  around  the  OXj.  axis. 


When  errors  exist  in  the  orientation  of  the  RKS,  VS,  and  LS 
systems  measuring  elements  errors  occur  in  the  measurement  of  the 
components  of  apparent  acceleration  ’^y3»  ^3*  '**'“*’  determining 

these  errors  let  us  examine  Pig.  5*9‘  The  direction  of  the  axis  of 
sensitivity  of  the  VS  system  measuring  element  is  determined  by 
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axis  0-^2*  its  orientation  errors  —  by  angles  a  and  6;  the 
direction  of  the  axis  of  sensitivity  of  the  LS  system  measuring 
element  is  determined  by  axis  0z2>  and  its  orientation  errors  -  by 
angles  y  and  x* 


Fig.  5.9.  The  orientation 
of  the  0x2y2Z2  coof'iihate 

system,  executed  as  a 
reference  system,  relative 
to  the  Ox^y^z,  reference 
system.  ^  ^  ^ 


Table  5.1  gives  the  direction  cosines  of  the  Ox^j^,  Oyj,  OZg  axes 
relative  to  the  Ox^,  Oy^*  Oz^  axes,  determined  to  within  an  accuracy 
of  second  order  smallnesses  (such  accuracy  is  entirely  sufficient  for 
practical  purposes).  Prom  Table  5*1  it  follows  that  projections  of 
the  apparent  acceleration  vector  on  the  OXj^,  Oyg,  Ozg  axes  and  on  the 
Ox^*  Oy^,  Oz^  axes  are  found  In  the  following  dependence: 

® jr^  “f"  4“  * 


Table  5.1. 


(l)OeN 

Oxi 

Oyt 

Oh 

OtTs 

1 

t 

Oyt 

Af 

• 

1 

—x 

Oh 

« 

1 

KKf:  (1)  axes. 


(5.62) 

(5.63) 

(5.6il) 
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The  projections  of  the  apparent  acceleration  vector 
angular  deflections  A(fr,  a,  0,  y>  X  in  optimum  flight  are  equal  to 

zero,  and  in  actual  flight  they  arise  due  to- the  effect  of  perturbing 
factors.  All  these  values  are  small  control  system  errors.  Thus 
products  of  the  type  ”23’^*  ^z3“  disregarded  as  second 

order  of  smallness  values.  Then  the  projections  of  the  apparent 
acceleration  vector  on  the  reference  axes  determined  by 

the  following  expressions: 


«,s««jnS 

(5.65) 

(5.66) 

(5.67) 

Hence  we  will  obtain  the  deviations  of  the  projections  (in 
question)  of  the  apparent  acceleration  vector  from  their  optimum 
values: 

(5.68) 

(5.69) 

(5.70) 

Let  U8  now  find  the  values  of  the  deflections  from  the  optimum 
values  of  the  projections  of  the  apparent  acceleration  vector  on  the 
axes  of  an  inertial  coordinate  system.  The  Indicated  values  can  be 
easily  obtained,  using  known  formulas  for  transforming  from  a  body 
to  an  inertial  ooot'dinate  system: 

(5.71) 

A|W, »  sfn  f •  -i-  A|«|,  cGif •; 

(5.72) 

(5.73) 

and  relatlonshlpd  (5«68}*>(5>70}. 
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We  will  finally  obtain: 


A|W{s=A|tt>jrtCOSf*“-A|WjasInf*— siny*; 

(5.74) 

A|W,=A|®,islnf*-|-AiWyaCOs  cotf*; 

(5^75) 

A,tt>t«A|«,a— «„Y. 

'(5.76) 

Integrating  expressions  {5-7^')-(5*76) »  we  obtain  the  Isochronous 
variations  in  the  projections  of  the  apparent  velocity  vector  on  the 
axes  of  an  inertial  coordinate  system: 

• 

•  * 

Ai®i«»|  A,Wjrt  cos  fVt—J  A|«#»slDfV«- 
1 

(5.77) 

— fVt; 

A|«,*»|  A|«jrt$tnf*<^f A|«fiiCOSfVT+ 

1  ^ 

I  ‘ 

(5.78) 

t  • , 

(5.79) 

Iterative  intcst*ation  will  give  the  isochronous  variations  In 
the  apparent  path  for  axes  of  the  inertial  coordinate  system: 

« 

A,*i-J  hmdn 

(5.80) 

■t 

(5.011 

9 

A|lt«m  J  At«M«* 

(5.821 

tquatlona  arc  integrated  under  aero  initial 

condittona. 


no 


1 


Assuming  that  the  effect  of  gnavlty  on  a  rocket  in  perturbed  and 
'  optimum  flights  is  practically  Identical  (such  an  assumption  is 
permissible  beca,use  the  de\^iatlons  in  perturbed  motion  from  optimum 
ai^e  rather  small),  it  Is  possible  to  approximately  assume; 

.... 

In  equations  (5.77)-(5*82)  dependences,  and  ♦•(t)  correspond 

to  flight  under  optimum  conditions.  The'  remaining  parameters 
A^jJtj^j^(t),  A^Wygtt*),  6(.t)ro  Y(t)  are  dete^rmlned  by  the  effect 

of  the  perturbations.  The  methods  for  determining  them  for  the  basic 
types  of  control  system  errors  are  examined  below. 

'  •  I 

i 

1.  The  instrumental  error  of  the’ HK$  system  meter  is  mainly 
detemlrted  by  the  variance  in  the  transmission  aoefflelent  of  the 
meter  and  thus  is 'proportional  to  the  measured  value,  i.e», 

'  j  Aii&»i(0  *«*&*>(<)» 

^  i 

Where  n  -  a  dimenaional  coefficient. 

.  2.  The  error  In  activating  the  SKS  systess  meter  is  taken  into 
account  In  the  initial  conditieno,  i.e.,  it  i£  assumed  that 

•i 

The  eri^r  In  assigning  the  apparent  velocity  program  is  taken 
into  account  in  ah  analogous  mannei'. 

3.  The  systematic  error  in  assigning  the  angle  of  pitch  da 
program  is  one  of  the  components  of  angle  B.  Among  the  other 
con3t|int  components  of  angle  S  are:  the  angle  of  pitch  program  unit 
error,  the  error  in  actuating  the  dSF  around  the  pitch  axis,  the 

n  q  ; 

error  in  setting,  the  VS  system  measuring  element. 


Aiming  error,  the  errors  in  actiuaiing  the  dSr  arouttd  the  yaw 
atwl  dpin  axes,  the  efror  in  setting  the  lU:^  system  measuring  element 
are,  In  an  analogous  manner,  iaken  into  account  as  constant  components 
of  angle  y«  » 


’,1 


The  error  in  activating  the  RKS  program  t. 


As  can  be  seen  from  Pig.  5.10,  this  error  leads  to  a  shift  in 
curve  along  the  abscissa  axis  by  constant  value  x.  Exparidlng 

Wjj^(t)  »  into  a  series  by  degrees  of  t,  we  obtain  as  a  first 

approximation  “  -xwJj^Ct). 


The  erin^r  in  activating  the 
in  an  analogous  manner 


Pig.  5.10.  The  effect  of 
the  error  in  activating 
the  PKS  program  on  the 
longitudinal  component  of 
apparent  velocity. 


pitch  program  la  taken  into  account 


5.  the  OSP  drifts  due  to  the  effect  of  conaiant  aoaente  can  be 
aaauised  proportional  to  time: 


where  respectively  the  rates  of  OSf  drifts  around  the 

pitch,  yaw,  and  spin  axes. 

6.  Qv?f  drifts  due  to  the  statistical  lack  of  balance  of  the 
gyro*.blooi(s. 


It  Is  necessary  to  n-'^te  the  following  characteristic  of  drift  of 
the  GSP  gyroscopes.  For  gyroscopes  mounted  for  stabilizing  a  OSP 
equipped  with  stabilizing  engines,  the  perturbing  moments  with  respect 
to  the  axes  of  sensitivity  of  the  gyroscopes  are  compensated  for  by 
stabilizing  moments  and  do  not  give  rise  to  drifts.  However  the 
harmful  effect  of  the  perturbing  moments  with  respect  to  the  axis  of 
precession  Is  preserved  and  produces  drifts  of  the  OSP  relative  to  the 
axis  of  sensitivity. 

Let  us  examine  the  expression  for  a  corresponding  error  as 
illustrated  by  a  pitch  gyro-block  installed  at  angle  to  the  Ox^ 
axis  (Pig.  5.11).  In  this  case  the  component  of  apparent  acceleration 
causing  drift,  is  equal  to  sin  (♦j-g  -♦•)»  and  the  magnitude  of 
drift  is  determined  by  the  expression 

^  i 

where  -■  the  rats  of  drift  of  the  OSP  around  the  pitch  axis  under 
the  effect  of  acceleration  due  to  gravity. 


5.11.  Per  determining 
the  drift  of  the  OSP 
gyroscopes . 

(1)  Axis  of  aenditivity. 


Hie  G3P  drifts  arouitd  the  yaw  and  spin  axes  are  determined  in  an 
analogous  manner. 


Calculating  Dispersion 


Examining  expression  (5.57)  as  a  recording  of  a  certain 
realization  of  the  random  deviations  of  the  parameters  of  motion,  let 
us  transform  it,  having  clearly  distinguished  the  systematic  errors, 
the  instrumental  errors  of  the  GSP  and  the  other  instrumental  errors : 


~ A/ H-/ =  Am^  +  Af^  ^  Ah^  . 


(5.84) 


Let  us  write  the  expression  for  the  actual  realization  of  random 
deviation  for  the  following  in  an  analogous  manner: 

AZ=  A^^+Af^-f  Ah^.  (5.85) 


Terms  A^L  and  A^Z  in  these  formulas  are  due  to  the  instrumental 
errors  of  the  instruments  shaping  the  main  instruction  for  NS 
separation,  and  the  instruments  of  the  lateral  stabilization  system. 


As  follows  from  expressions  (5.84)  and  (5.85),  the  calculation 
equations  for  determining  the  instrumental  errors  have  the  form: 


ac 


(5.86) 

(5.87) 


where  A.  J  -  the  instrumental  error  in  calculating  controlling 
functional  J;  A,  V_,  A.  c  -  the  instrumental  errors  in  determining  the 

w  H  ^  w  M 

lateral  component  of  velocity  and  the  lateral  coordinate. 


Terms  A  L  and  A  Z  in  formulas  (5.84)  and  (5.85)  represent  the 
r  r 

deviations  in  the  NS  Impact  points  due  to  the  instrumental  errors  of 
the  GSP: 


A A,  A/ ^  A/ A< 

5  %  » 

+ ^  Ai,E+'~  A<  A/ 
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(5.88) 


4,Z=A,^=^  A,ys+ 

+-f-A,4+-^A„ll+|^A,,C 


(5.89) 


The  instrumental  errors  of  the  GSP  A^^<;  are  calculated, 

by  formulas  (5.77)-(5.82). 


The  first  terms  in  formulas  (5.8^1)  and  (5.85)  are  the  systematic 
errors  brought  about  by  the  approximate  nature  (incompleteness)  of 
the  controlling  functional. 


Let  functional  (5.^9)  be  accepted  for  range  control-  Comparing 
it  with  exact  functional  (5.6),  we  detect  the  follov/ing  systematic 
errors  brought  about  by  simplifying  the  functional. 


1.  The  error  due  to  neglecting  terms  higher  than  the  first 
order  of  the  expansion  of  function  L  into  a  Taylor  series “which-  can 
be  approximately  evaluated  using  formula 

6  6 


Ai»=-Z  Z- 


dqtdqf 


(5.90) 


2.  The  error  due  to  disregarding  the  isochronous  variations  in 
gravity 

t  I 

5  i'*"*  <“  +  ^1 

'  0  ’*0  ft 

0  0  00 

3.  The  error  due  to  disregarding  the  effect  of  deviations  in 
the  parameters  of  lateral  motion  on  firing  range 
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A4=^^A,V’c-1-|-4,C 


(5.92) 


If  the  direction  of  flight  of  the  NS  is  ensured  by  fulfilling 
conditions  (5.17)  or  (5.19) >  then  the  systematic  error  for  firing 
direction  is  defined  as 


az 


■S?^A,K,+~4,5+— i,T. 


(5.93) 


The.  formulas  given  above  can  be  used  for  calculating  individual 
component  errors  which  ai*e  then  added  up  by  the  rules  for,  summing 
independent  random  values,  for  example. 

The  total  dispersion  due  to  instrumental  and  systematic  errors 
of  a  control  system  and  the  perturbations  during  the  unpowered- 
flight  phase  of  a  trajectory  we  find  by  formulas: 

+  (5.9^) 

-  A„Z='-i- (5.95) 

in  which  A„L  and  A„Z  are  determined  by  formulas  (5.1). 
n  n 
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CHAPTER  VI 
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OPTIMUM  ROCKET  FLIGHT  PATH  IN  THE  POWERED-FLIGHT 
PHASE 


The  selection  of  the  control  programs  is  an  integral  part  of  i 

rocket  design  and  development.  This  is  due  to  the  fact,  that  the  | 

design,  tactical-flight  and  operational  characteristics  of  a  rocket  i 

to  a  significant  degree  depend  on  the  flight  path  determined  by  the  1 

programs  or  by  the  control  algorithms .  | 

I 

i 

The  composition  of  rocket  flight  control  programs  can  be  diverse  j 

and  depends  on  the  purpose  of  the  rocket,  its  design  characteristics  | 

and  on  the  control  system.  For  rockets  with  controlled  thrust  j 

the  programs  of  pitch  angle  and  of  the  projections  of  apparent  veloc-  | 

ity  in  certain  direction  can  be  included  in  the  main  control  programs.  | 

■j 

I 

The  selection  of  the  optimum  configuration  of  the  flight  path  | 

of  ballistic  rockets  with  zero  program  values  of  normal  and  lateral  | 

velocities,  angles  of  yaw  and  roll  reduces  to  the  optimization  of 


two  control  system  progrsims  —  programs  of  apparent  velocity  and  pitch 
angle  regulation. 

The  program  of  apparent  velocity  regulation,  is  equal  to 


thrust  of  the  engine  systems  of  the  stages,  by  the  fuel  consumption 
per  second  and  to  a  lesser  extent  by  the  configuration  of  the  tra¬ 
jectory.  For  this  reason,  and  also  as  a  result  of  the  rather  narrow 
limits  of  thrust  level  regulation  the  problem  of  selecting  an  optimum 
program  of  apparent  velocity  regulation  does  not  have  vital  Importance. 
Thus  for  a  rocket  with  assigned  design  parameters  the  determining  of 
control  programs  reduces  to  the  selecting  of  an  optimum  pitch  angle 
program  which  is  an  independent  problem  in  this  case.  •, 

A  number  of  works  has  been  dedicated  to  the  solving  of  the  prob¬ 
lem  of  ballistic  missile  pitch  angle  program.  However,  in  the  over¬ 
whelming  majority  of  these  the  selection  of  a  program  is  examined 
disregarding  the  actual  limitations  imposed  by  the  technical  specifi¬ 
cations  on  the  control  program,  the  configuration  of  the  trajectory 
and  flight  conditions  of  the  rocket. 

The  purpose  of  the  present  chapter  is  mainly  to  present  the 
engineering  approach  to  the  selecting  of  the  optimum  configuration 
of  the  trajectory  or,  in  other  words,  of  the  optimum  program  of  pitch 
angle  variation  for  long-range  rockets  with  liquid-propellant  engines. 

6.1.  SPECIFICATIONS  IMPOSED  ON  A  PITCH  ANGLE 
PROGRAM  AND  THE  METHODS  FOR  SELECTING  IT 

Such  flight-tactical  characteristics,  as  maximum  firing  range, 
nose  section  dispersion,  and  also  skin  temperature,  rocket  body  and 
nose  section  strength,  controllability  in  the  powered- flight  phase, 
etc.,  depend  on  the  flight  path  configuration  assigned  by  the  pitch 
angle  program.  Thus  the  selection  of  a  rocket  pitch  angle  program 
should  be  carried  out  taking  into  account  the  specifications  imposed 
on  the  flight  path  configuration,  together  with  the  selection  of 
control  element  effectiveness,  body  skin  thicknesses,  by  strength 
calculations,  etc.  The  disregarding  of  the  complex  approach  to  the 
selection  of  pitch  angle  program  can  lead  to  a  substantial  reduction 
in  the  tactical-flight  characteristics  of  a  rocket. 

One  of  the  basic  specifications,  imposed  on  a  pitch  angle  pro¬ 
gram,  is  the  ensuring  of  maximum  firing  range.  A  pitch  angle 
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program  satisfying  this  condition  and  all  the  other  specifications 
imposed  on  it,  is  called  maximum  Tange  pTogram.  Another  Important 
specification,  imposed  on  a  pitch  angle  program,  is  the  requirement 
of  ensuring  minimum  nose  section  dispersion. 

Both  requirements  -  the  ensuring  of  maximum  range  and  minimum 
dispersion,  are  almost  always  incompatible.  Minimum  dispersion,  as 
a  rule,  does  not  correspond  to  maximum  range  flight.  By  reducing 
range  it  is  possible  by  an  appropriate  selection  of  pitch  angle  pro¬ 
gram  to  diminish  dispersion.  Thus  long-range  ballistic  missiles  can 
be  equipped  not  with  one,  but  with  several  programs.  One  of  these 
is  the  maximum  range  program  (or  a  program  close  to  it).  ■  It  is 
intended  for  firing  for  maximum  range  or  ranges  close  to  it.  Another 
program  is  the  so-called  minimum  dispeTsion  pTognam.  This  program 
is  used  for  firing  for  minim'jm  and  Intermediate  ranges.  Nose  section 
dispersion  in  the  rocket  flight  using  this  program  is  less  than  in 
flight  with  a  maximum  range  program. 

The  flight  path  of  a  rocket  when  using  a  minimum  dispersion  pro¬ 
gram  is  steeper  (less  flat)  in  comparison  with  a  flight  for  maximum 
range.  There  can  be  several  minimum  dispersion  programs.  .ach  of 
these  has  its  own  sphere  of  application. 

Besides  the  two  indicated  specifications,  still  other  specifica¬ 
tions  are  imposed  on  a  pitch  angle  program,  which  are  determined  by 
the  operating  conditions,  the  purpose  of  rocket,  the  characteristics 
of  the  control  system,  etc.  However  these  specifications,  as  a  rule 
do  not  depend  on  which  program  is  used  -  maximum  range  or  minimum 
dispersion. 

Among  the  mentioned  specifications  there  are  also  those  which 
are  common  and  typical  for  long-range  ballistic  missiles.  There  are 
those,  which  are  determined  by  the  specifics  of  a  given  missile  or 
its  Individual  systems  and  are  not  always  mandatory  for  any  missile. 

Among  the  common  and  typical  specifications  imposed  on  a  program 
it  is  possible,  to  include,  for  example,  the  following. 

kl9 


1.  A  missile  launch  should  be  vertical]  the  duration  of  the 
vertical  phase  of  the  trajectory  should  not  be  less  than  assigned, 
usually  determined  by  the  launch  conditions; 

2.  The  pitch  angle  program  should  be  a  continuous  function  of 
tlme]^  the  programmed  velocities  and  the  accelerations  of  the  turning 
of  the  axis  of  rocket  should  be  acceptable  for  Instrumental  execution. 

3.  The  temperatures  of  the  missile  body  skin  and  the  programmed 
angles  of  attack  in  the  high  ram-pressure  phase  should  be  acceptable 
from  the  point  of  view  of  strength. 

In  the  rocket  flight  phase  in  the  dense  layers  of  the  atmo¬ 
sphere  acceptable  conditions  should  be  ensured  for  controllability 
(with  a  reduction  in  the  slope  of  the  trajectory  maximum  ram  pressure 
Increases  and,  as  a  consequence  of  this,  the  perturbations  caused  by 
the  effect  of  such  perturbing  factors,  as  wind,  aerodynamic  asymmetry 
of  the  configuration,  etc.,  increase). 

5.  The  rocket  flight  conditions  in  the  stage  separation  phase 
should  be  acceptable  for  ensuring  reliable  separation, 

6.  The  parametric  domain  of  the  reentry  of  nose  sections  into 
the  atmosphere  should  be  acceptable  from  the  point  of  view  of  strength, 
temperature  regimes  and  the  operating  conditions  of  the  automatic 
equipment  of  the  nose  section. 

An  example  of  the  particular  specifications  imposed  on  a  program 
due  to  the  specifics  of  a  rocket,  is  the  specifications  imposed  on 
the  pitch  angle  program  control  system: 

a)  the  angle  included  between  the  line  of  radio  sighting  and 
the  plane  of  the  local  horizon  at  the  point  of  the  location  of  the 

‘in  this  case  there  is  meant  the  requirement  of  the  continuity 
of  function  <ji(t)  with  its  "ideal”  (without  gaps)  assignment  in  the 
control-.nystem  equipment. 
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ground-based  antenna  (angle  of  elevation  3^)  should  not  be  less  than 

H 

permissible  3^  i.e., 

HmJn;  (6.1) 

b)  the  angle  included  between  the  line  of  radio  sighting  and  the 
longitudinal  axis  of  the  rocket  3g  should  be  located  within  certain 
limits,  l.e.,  satisfy  the  Inequality 


<‘'6  ain  max*  (6.2) 

The  enumerated  specifications  impose  more  significant  limitations 
on  a  maximum  range  program.  This  is  due  to  the  fact  that  any  depar¬ 
tures  from  the  optimum  program  executing  the  maximum  range,  caused 
by  the  above  enumerated  requirements,  g  ve  rise  to  a  reduction  in 
maximum  range.  Among  the  number  of  such  specifications  whose  effect 
on  the  configuration  of  the  trajectory  and  the  maximum  range  program 
is  determinant,  it  is  possible  to  include  the  specifications  ensuring 
acceptable  dispersion,  strength  and  controllability. 

Thus,  for  reducing  rocket  dispersion  it  is  necessary  to  increase 
the  slope  of  the  trajectory.  With  an  Increase  in  the  slope  of  the 
trajectory  the  values  of  the  partial  derivatives  of  range  and  lateral 
deflection  with  respect  to  the  parameters  of  rocket  motion  at  the 
moment  of  nose  section  separation  decrease  and,  as  a  consequence  of 
this,  dispersion  is  decreased;  furthemore,  the  dispersion  of  nose 
sections  in  the  atmospheric  descent  phase  of  the  trajectory  is  de¬ 
creased.  With  an  increase  In  the  slope  of  the  trajectory  the  loads 
acting  on  the  missile  body  (mainly,  due  to  the  reduction  in  ram 
pressure),  and  the  temperature  of  the  body  skin  (due  to  the  fact  that 
the  time  of  motion  in  the  dense  layers  is  decreased)  decrease. 

Finally,  with  an  increase  in  the  slope  of  the  trajectory  the  ram 
pressures  and  the  values  of  the  perturbing  moments  decrease,  which 
facilitates  rocket  control.  On  the  other  hand,  a  consequence  of  an 
increase  in  the  slope  of  a  trajectory  is  a  reduction  in  maximum  range. 
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When  selecting  a  program  of  minimum  dispersion  the  specifications 
of  acceptable  temperature  regimes,  controllability  and  a  number  of 
others  becomes  superfluous  because  the  trajectory  in  this  case,  as  a 
rule,  takes  precedence  over  the  trajectory  of  maximum  range.  Further¬ 
more,  when  selecting  a  minimum  dispersion  program  a  certain  freedom 
of  action  in  varying  the  program  is  possible.  The  fact  is  that  a 
certain  variation  in  the  program  in  one  or  another  direction  for  ful¬ 
filling  the  specifications  and  limitations.  Imposed  on  it,  leads,  as 
a  rule,  to  an  insignificant  variation  in  dispersion. 

In  connection  with  what  has  been  said  it  can  be  concluded  that 
the  greatest  difficulties  arise  when  selecting  the  maximum  range 
program.  Thus  a  further  examination  of  the  requirements  imposed  on  the 
pitch  angle  program  is  carried  out  with  respect  to  maximum  ratige 
program. 

The  necessity  for  ensuring  the  first  of  the  above  enumerated 
requirements  is  due  to  the  simplicity  and  the  convenience  of  vertical 
launch.  In  this  connection  vertical  launching  of  long-range  rockets 
is  generally  accepted. 

The  flight  time  in  the  vertical  phase  of  a  trajectory  t  (or  the 
path  covered  in  the  vertical  flight  phase)  can  be  varied  in  selecting 
the  flight  program.  The  ralnlmura  permissible  duration  of  vertical 
flight  is  detennlned  by  the  conditions  of  launch  safety.  The  duration 
of  the  vertical  phase  is  selected  as  short  as  possible  because  the 
greater  it  is,  the  steeper  is  the  trajectory  (the  velocity  losses  In 
overcoming  gravity  are  increased)  and  the  more  difficult  It  Is  to 
accomplish  turning  of  the  rocket  in  the  subsequent  phase  (large  angles 
of  attack  are  required)  [2]. 

The  second  requirement  is  due  to  the  possibilities  of  Instrumental 
execution  of  pitch  angle  programs.  It  is  evident  that  the  technical 
Implementation  of  discontinuous  pitch  angle  programs  is  generally 
impossible,  because  the  two  angular  positions  of  the  longitudinal 
axis  of  the  rocket  differing  from  one  another  by  a  finite  angle, 
correspond  to  one  and  the  same  moment  of  time.  Thus  It  la  possible 
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to  discuss  only  the  very  high  velocities  of  the  turning  of  the  longi¬ 
tudinal  axis  of  a  rocket.  The  magnitude  of  this  velocity  is  limited 
by  the  technical  capabilities  of  the  control-system  equipment.  With 
non-fulfillment  of  the  indicated  limitation  the  accuracy  of  execution 
by  the  pitch  angle  program  control  system  deteriorates.  The  limiting 
of  the  velocity  of  the  turning  of  the  axis  of  the  rocket  plays  a 
significant  role  with  a  large  rocket  thrust-weight  ratio,  in  which 
the  duration  of  the  powered-flight  phase  is  short.  The  necessary 
velocities  of  turning  of  the  rocket  axis  in  this  case  can  attain 
great  values. 

The  pitch  angle  program  has  a  substantial  effect  on  the  magnitude 
of  the  transverse  loads  and  the  temperatuj’e  of  the  body  skin.  With 
a  ’'duction  in  the  slope  of  the  trajectory  the  velocity  of  movement 
and  the  time  of  the  rocket  sojourn  in  the  dense  layers  of  the  atmo¬ 
sphere  increase.  A  consequence  of  this  is  an  increase  in  the  temper¬ 
ature  of  the  housing  skin  and  in  this  connection  a  reduction 
in  the  strength  margins.  Purthemore,  with  a  reduction  in  the  slope 
of  the  trajectory  the  effect  of  the  perturbing  factors  (wind,  variance 
in  atmospheric  density,  etc.)  on  the  3tr*ength  of  the  housing  is  in¬ 
creased.  And  finally  with  a  reduction  in  the  slope  of  the  trajectory 
in  rocket  flight  in  the  dense  layox^a  of  the  atmosphere  the  values  of 
the  programmed  angles  of  attack  Increase  and,  as  a  consequence »  the 
values  of  the  transverse  loads  Inci'cace.  As  a  result  the  thicknesses 
of  the  body  skins  and  the  “dry**  weight  of  the  rocket  are  Increased. 

The  loss  In  maximum  range  due  to  an  increase  in  “dry"  weight  In  this 
case  can  be  more  than  the  gain  in  range  due  to  the  variation  in  the 
progriun  in  the  atmospheric  phase. 

For  long-range  missiles  and  in  pat^ticuiar  for  intercontinental 
ballistic  missiles  the  requirement  of  reducing  body  skin  thickness 
and  "dry"  weight  almost  always  limits  the  domain  of  the  possible 
values  of  pitch  angle  in  the  dense  layers  of  the  atmosphere  to  the 
condition  of  small  (close  to  sero)  angles  of  attack.  The  i>equlrement 
of  smallness  of  angles  of  attack  Is  the  more  significant,  the  greater 
is  the  thrust-weight  ratio  of  the  rocket.  In  the  case  of  small  values 
of  thrust-weight  ratio  the  velocity  of  the  rocket  increases  slowly 


and  the  rocket  passes  through  the  danse  layers  of  the  atmosphere  at  < 
comparatively  small  velocities.  With  an  increase  in  thrust-weight 
ratio  the  velocity  of  a  rocket  increases  mow  rapidly  and  the  rocket 

:  I 

passes  through  the  dense  layers  of  the  atmosphere  at  high  velocities. 

In  accox*dance  with  this  the  transverse  loads  caused  by  the  angles  of 
attack,  increase  with  an  increase  in  thrust-weight  ratio 

The  flight  path  of  a  rocket  in  powered- flight  phase  affects  the 
controllability  of  the  rocket  and  conditions  of  stage  separation. 

With  a  reduction  in  the  slope  of  the  flight  path  in  the  powered-flight 
phase  the  perturbing  forces  and  moments  Increase,  the  required  control 
element  effectiveness  increases  and  the  conditions  of  stage  separation 
deteriorate.  Purthemore,  the  controllability  of  a  rocket  and  the 
reliability  of  stage  separation  depend  on  the  programmed  angles  of 
attack,  and  with  an  increase  in  the  latter  the  controllability  f  the, 
I'ocket  and  the  reliability  of  separation  deteriorate.  Thus  for  en¬ 
suring  for  racket  controllability  and  stage  separation  reliability 
it  is  expedient  to  increase  the  slope  of  the  trajectory  and  to  decrease 
the  programmed  angles  of  attack  during  flight  in  the  dense  layers  of 
the  atmosphere.  However  in  this  case,  as  a  rule,  the  fflaxlaun  firing 
range  decreases. 

The  greatest  difficulties  arise  in  ensuring  rocket  controllability 
at  the  beginning  of  the  motion  of  the  second  stage.  This  is  due  to 
the  fact  that  for  reducing  the  weight  of  the  second  stage  control 
elements  It  is  expedient  to  select  the  latter  from  the  condition  of 
ensuring  conttxUablllty  in  the  rarefied  layers  of  the  atmospheres » 
since  the  gi^ater  part  of  flight  of  the  second  stage  practically  oc¬ 
curs  In  airless  space.  For  this  reason  for  ensuring  reliable  stage 
separation  and  controllability  of  the  second  stage  it  is  necessary  to 
limit  the  magnitudes  of  the  perturtsations  acting  in  the  stage  separa¬ 
tion  phase  and  at  the  beginning  of  motion  of  the  second  stage.  The 
solution  to  this  problem  is  more  complex  for  rockets  with  the  low  stage 
separation  altitudes  (b  «  <<0  km),  when  the  aerodynamic  perturbation 
are  comparable  with  the  perturbations  due  to  errors  in  the  manufac¬ 
ture  and  the  assembly  of  a  rocket.  For  rockets  with  short  first 
stage  flight  duration  the  fulfillment  of  the  indicated  requirement 
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can  lead  to  a  significant  reduction  in  maximum  range. 

i 

I 

Slgnifloant  losses  in  range  conr^fcted  with,  ensuring  the  require¬ 
ments  of  reliable  stage  separation,  second  stage  controllability, 
acceptable  temperature  regimes  of  the  body  and  its  strength,  give 
rise  to  the  neoesslty  for  selecting  tiie  pitch  angle  program  Jointly 
with  the  selection  of  the  stage  Reparation  configuration,  contiv}! 
element  effectiveness,  and  skin  thicknesses.  The  necessity  of  eri- 
suripg  acceptable  temperature  regimes  of  a  missile  body 'skin  in  the 
flrat  place  makes  it  necessary  to  consider  trajectories  executing  the 
maximum  ironge  of  i^okets  with  a  high  thrust-weight  ratio. 

For  ensuring  the  strength  and  the  controllability  of  a  rocket 
‘and  reliability  of  stage  separation, there  is  imposed  on  the  pitch 
angle  pi^graa  the  requirement  of  smallness  of  the  angles  of  attack 
during  i*ocket' flight  in  the  dense  layers  rof  the  atmofiphere.  .in  this 
phase  the  pitch  angle  program  is  Usually  taken  so  that  the  prograumsed 
angles  of  attack  are  equal  to  aero.  The  loss  in  maxiaum  range  due  to 
the  necessity  of  fuiniling  condition  o  *•  0,  for  rockets  with  a 
comparatively  large  powered-flit^t  phase -duration  is  small i  with  a 
i^eduction  in  the  powered-flight  phase  duration  loss  in  maximum  range 
increases.  -  * 

t 

The  flight  paths  of  a  nose , section  in  the  atposphere,  overloads, 
temperature  regimes  and  the  strength"  of  the  nose  section  body  ai'e 
mainly  determined  by  the  parameters  of  motion  of  the  center  of  mass 
of  the  nose  section  at  the  moment  of  its  reentry. into  the  atmosphere* 

-  by  the  velocity  of  the  nose  section  and  by  the  angle  of  reentry 
0Q.  In  firing  under  various  geodetio  cmtdltlons  C latitude  of  the 
launch  point  and  firing  asimuth)  for  maximum  and  minimum  ranges  using 
the  accepted  pitch  angle  programs  (maximum  r&ttge,  minimum  dispersion) 
the  parameters  of  motion  of  the  center  of  mass  at  the  mcaent  of  reentry 
Into  the  atmosphere  form  a  certain,  region,  called  the  region  of  reentry 
of  o  W««:,seetfcsa  into  tki  otaospAere.  In  the  case  when  the  rocket 

I  }l  II  ■■  f  11  I  I  I  !■ 

‘The  angle  of  attack  at  the  moment  of  reentry  into  the  atmosphere 
which  also  determines  the  transverse  overloads,  Is  not  examined  here. 
Since  its  dependence  on  the  pitch  aingle  program  eSn  be.  disregarded. 
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is  equipped  with  several  programs,  this  region  includes  the  regions, 
obtained  using  each  of  the  Indicated  programs.  The  approximate  form 
of  the  region  of  reentry  of  the  center  of  mass  of  a  nose  section  into 
the  atmosphere  using  two  pitch  angle  programs  (maximum  range  and  min¬ 
imum  range  and  minimum  dispersion)  Is  given  in  Figure  6.1. 

The  upper  boundary  of  the  given  region  (line  2-3)  corresponds  to 
employment  of  the  minimum  dispersion  program,  the  lower  line  1-^)  - 
the  maxim. \m  range  piN^gram.  The  boundary  of  the  region,  passing 
through  pttlnts  1  and  2,  corresponds  to  firing  for  minimum  range  using 
the  mentioned  pitch  angle  programs,  through  points  3  and  4  »  to  firing 
for  maximum  possible  range. 

With  cx\  Increase  in  velocity  Vy  and  in  the  absolute  valve  of  the 
reentt^  angle  jOyl  the  longitudinal  and  transverse  accelerations  in¬ 
crease  and,  as  consequence,  tlir  weight  of  the  nose  section.  The  worst 
(from  the  point  of  view  of  nose  section  strength  and  the  efficiency 
of  its  automatic  e<?nip»«t.t)  conditions  of  reentry  into  the  atmosphere 
correspond  to  point  3  of  ihe  gi-mn  region.  On  the  other  hand,  with 
a  reduction  in  absolute  value  of  angle  0^  the  required  weight  of 
the  heatshield  covering  is  increased,  which  is  diue  to  the  increase  in 
the  fU^t  titi'^  of  the  hose  sectioii  in  the  atmoaphere. 

The  heandarles  of  the  region  of  the  parameters  of  the  reentry 
of  the  center  of  mass  of  the  nose  section  Into  the  atmosphere,  as  a 
rule,  are  due  to  the  eaximio!;  p^mi^rsihle  values  of  longitudinal  and 
lateral  acccieraUoiiS.  the  latter  are  <detemined  by  the  stretigth 
and  by  the  cs^.'^.nitions  of  .noraal  opei'ation  of  the  automatic  equipment 
or  the  noie  section  and,  finally,  —  ^^py  the  level  of  the  development 
or  technology  at  the  time  of  th^  designing  of  the  rocket.  The  pitch 
angle  program  of  a  ballistic  missile  should  be  sueh_;  .that- tin  pants- 
eters  of  motion  of  the  nose  sectloti  imd  0^  aa'-f  .'fy'  th*t  assigned  ■ 
region  of  l?v«  reentry  *nto  the  atmosphere. 

Requirements  ImpaSed  on  tne  pitch  program  usth  rospect  to 

ensurifsg  limited  veiues  of  the  angle  of  t  .evatlong^  and  tiie  onboard 
angle  0^  of  the  line  of  radio  si^tli'i^i,  are  ■■'laused  by  the  <^«rational 


Pig.  6.1.  The  region  of  the  re¬ 
entry  of  a  nose  section  into  the 
atmosphere:  a)  region  of  reentry 
corresponding  to  the  maximum  range 
program;  b)  region  of  reentry  cor¬ 
responding  to  the  minimum  disper¬ 
sion  program. 


Gharaeterlstics  of  the  radio  contrel  system.  In  particular,  the  re¬ 
quirement  for  limiting  the  range  of  the  possible  values  of  the  angle 
of  elevation  by  the  condition  8^  >  8^  is  connected  with  the  fact 
that  with  a  reduction  in  the  angle  of  elevation  of  the  line  of  radio 
sighting  8^  the  measuring  errors  of  the  radio  contrel  system  in  the 
parameters  of  motion  of  the  rocket  due  to  an  Increase  in  the  effect 
of  the  heterogeneity  of  the  atmosphere,  its  turbulence,  refraction, 
etc.  on  measuring  accuracy  Increase.  For  this  reason,  if  the  possible 
values  of  the  angle  of  elevation  8^,  are  not  limited  doeneard,  then 
the  measuring  errors  of  the  radio  control  system  of  the  parameter  of 
motion,  and  also  of  the  deviation  of  the  nose  secii.on  impact  points 
from  the  target  ehen  usiitg  fiat  trajectories  dll  be  large. 

The  requirement  for  lialting  the  ra«4?<?  of  variation  in  the  on¬ 
board  ar.gle  of  the  line  of  radio  sighting  is  brevght  about  by  using 
narreu  onboard  and  ground-based  antenna  radiation  patterns.  (As  Is 
known,  with  an  Increase  in  the  width  of  the  antenna  radiation  patter: 
the  region  of  space  is  increased,  in  which  the  radi^  waves  are  prop¬ 
agated  and  accordiitgiy  the  probability  or  detectistg  radio  emission 
is  increased.  Furthemore,  with  an  increase  in  the  width  of  the 
radiation  pattern  Ute  power  requlres^ent  of  the  radio  transfiiitter  is 
Increased.} 

in  connection  with  this  the  range  of  the  var'^.atian  in  the  onboard 
angle  of  the  line  of  radio  sighting  is  usually  Simall.  a  certain  part 
of  this  range  is  expended  on  the  oscillations  of  the  rocket  aroutvi  Its 
center  of  mass,  if  in  the  radio  control  phase  prcgraismed  pitch  t-x^rn- 
iig  of  the  rocket  of  an  order  of  several  degrees  is  executed,  then  the 
regaining  (available)  range  of  variation  in  a:ig.le  8^  is  small  (Isss 


than  5'^)’  In  connection  with  this  in  the  program  of  a  rocket  flight, 
in  which  separation  of  the  nose  section  Is  accomplished  upon  instruc¬ 
tion  from  the  radio  control  system  limitation  of  pitch  turning  of  the 
rocket  is  specified  in  the  radio  control  phase.  Usually  this  phase 
of  the  trajectory  is  rectilinear. 

One  of  the  requirements,  imposed  by  an  autonomous  rocket  control 
system  on  the  pitch  angle  program,  is  the  limitation  of  the  maximum 
angle  of  pitch  turning  of  the  rocket  in  the  powered-flight  phase  to 
a  maximum  of  85° -90°  (in  firing  for  ultra-long  ranges  the  angle  of 
pitch  turning  can  exceed  90°).  If  the  programmed  angle  of  rocket 
turning  exceeds  the  indicated  limit,  then  the  structure  of  the  gyro¬ 
scopic  instruments  is  complicated,  their  overall  dimensions  and  weight 
are  Increased. 

The  pitch  angle  program  ensuring  execution  of  all  the  requirements 
imposed  on  it,  we  will  henceforth  call  the  optimum  program.  For 
selecting  pitch  angle  programs  various  methods  can  be  employed. 

In  general  the  selection  of  the  optimum  pitch  angle  program  is 
a  complex  variational  problem.  The  solution  to  this  problem  by  clas¬ 
sical  Euler-Lagrange  methods  is  fraught  with  severe  difficulties. 

Even  in  the  simplest  case,  when  a  rocket  flight  occurs  in  airless 
space,  these  methods  lead  to  the  necessity  of  solving  a  boundary 
value  problem  for  a  complex  system  of  differential  equations.  For 
the  atmospheric  flight  phase  the  problem  becomes  still  lengthier  due 
to  the  necessity  of  selecting  a  pitch  angle  program  taking  Into  ac¬ 
count  the  requirements  demanded  by  the  control  system  and  the  rocket 
design,  which  were  discussed  above. 

Actually  these  requirements  in  the  individual  phases  of  a  tra¬ 
jectory  will  so  narrow  the  sphere  of  the  possible  variations  in  the 
pitch  angle  programs,  that  for  these  phases  the  solution  to  the  vari¬ 
ational  problem  does  not  have  practical  significance.  Furthermore, 
the  design  execution  of  the  rocket  body  and  the  systems,  composing 
it,  Imposed  restrictions  on  the  parameters  of  motion  (for  example, 
on  the  angle  of  attack  in  the  sphere  of  high  ram  pressures  and  on 
the  stage  separation  phase,  on  ram  pressure  in  the  stage  separation 


phase,  etc.).  Under  these  conditions  in  attempting  to  solve  a  prob¬ 
lem  by  classical  methods  of  the  calculus  of  variations  such  crude 
assumptions  are  unavoidable,  that  the  effectiveness  of  these  methods 
comes  to  naught. 

The  considerations  presented  above  led  to  the  development  of 
engineering  methods  of  selecting  optimum  trajectory,  on  the  basis  of 
which  lie  the  ideas  of  the  direct  methods  of  solving  variational 
problems.  One  of  these  methods  is  examined  in  Section  6.3. 

In  conclusion  let  us  note,  that  there  are  great  prospects  in  the 
development  of  methods  of  selecting  the  optimum  trajectory  of  rocket 
motion  for  the  new  methods  of  the  theory  of  optimum  processes  which 
make  it  possible  to  find  solutions  of  optimization  problems  taking 
into  account  the  limitations  of  the  possible  values  of  motion  param¬ 
eters  '  or  rocket  characteristics  [19],  L25j,  [28]. 

6.2.  OPTIMUM  PITCH  ANGLE  PROGRAM  IN  THE  NON-ATMOSPHERIC 
PHASE  OF  A  TRAJECTORY 

The  flight  range  of  a  nose  section  is  determined  by  the  parameters 
of  motion  of  the  center  of  mass  of  a  rocket  at  the  moment  of  the 
separation  of  the  nose  section  from  the  last  stage  of  the  rocket, 
i.e.,  at  the  moment  of  the  introduction  of  the  main  instruction: 

L»L((7i).  (6.3) 


The  parameters  of  motion  of  the  center  of  mass  of  a  rocket  at 
the  moment  of  the  introduction  of  the  main  instruction  (i  =  1-6), 
in  turn,  are  determined  by  the  pitch  angle  program  <i)(t): 

<7<“^<E<P(01  1-7-6). 

Thus,  the  flight  range  is  determined  by  the  program  of  4>(t): 
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The  necessary  condition  of  the  extremum  of  functional  (6.3)  can 
be  written  in  the  form 


6 


Here  3 L/^  -  the  ballistic  range  derivatives  with  respect  to  the 

parameters  of  motion  at  the  moment  of  the  introduction  of  the  main 
instruction;  <Sq^  (i  =  1-6)  -  the  deviations  in  the  parameters  of 
motion  of  a  rocket  to  the  moment  of  the  introduction  of  the  main 
instruction,  caused  by  variation  in  the  pitch  angle  program  6(}i(t). 

The  pitch  angle  program  (ji(t),  satisfying  condition  (6.4),  real¬ 
izes  the  maximum  firing  distance.  We  will  carry  out  the  determina¬ 
tion  of  this  program  under  the  following  assumptions: 

1)  the  effect  of  the  rotation  of  the  earth  on  the  parameters  of 
motion  of  the  rocket  in  the  powered-flight  phase  is  small  and  it  can 
be  disregarded; 

2)  the  aerodynamic  forces  are  equal  to  zero; 

3)  the  gravitational  field  in  the  powered-flight  phase  is  plane- 
parallel,  the  acceleration  due  to  gravity  is  constant  (it  does  not 
depend  on  altitude). 

The  equations  of  motion  of  a  rocket  in  the  powered-flight  phase 
of  its  trajectory  in  a  terrestrial  coordinate  system  in  this  case  are 
written  in  the  form: 


nw 


(6.5) 
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The  parameters  of  motion  of  a  rocket  at  the  moment  of  the  intro¬ 
duction  of  the  main  instruction  t  can  be  determined  by  integrating 

K 

the  equation  of  (6.5): 


0 

''.,  =  ‘^.0+  ('  (v  s'"f  (<>-«) 

0 

0  '0 


COS?(Orf^ 


=  ^o4'^jr(/K4'|^  (^if  *■“  CpSf 

0 

.Vk= I/o+^m/k+  ^"(4  -  i)  sli.  (p(0-  dt. 


(6.6) 


Time  t^  in  these  equations  is  a  constant  value.  Thus  the  varia¬ 
tions  in  the  parameters  of  motion  at  the  moment  of  the  main  instruc¬ 
tion  and  the  variation  in  the  firing  range  with  variation  in  the  pitch 
angle  program  will  be  written  in  the  form; 

I- 


— “  sin  (/)<//; 

*  J  M 
0 

=  \  —  COS  (0  &?  (0  dt; 
*  'lit 
0 

j  .  tit 
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(6.7) 
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Considering  the  arbitrary  nature  of  variation  6())(t),  it  is  pos¬ 
sible  to  show  that  tne  necessary  condition  of  equality  to  zero  varia¬ 
tion  in  range  6L  is  the  equality  to  zero  of  the  Integrand  at  any  point 
of  the  trajectc  y  of  the  powered- flight  phase: 


The  last  equation  directly  gives  the  dependence  of  the  optimum 
pitch  angle  program  on  flight  time : 


i 

(6.9) 


This  formula  is  suitable  in  principle  for  programming  the  pitch 
angle  of  ballistic  missiles  in  firing  for  any  range,  if  the  accepted 
assumptions  are  fulfilled.  Let  us  examine  these  assumptions  in  more 
detail. 
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The  first  assumption,  apparently,  has  insignificant  effect  on 
program  (J»(t),  since  the  parameters  of  motion  in  the  powered-flight 
phase  weakly  depend  on  whether  or  not  the  rotation  of  the  earth  is 
taken  into  account  in  equations  (6.5)  •  Moreover,  the  effect  of  the 
rotation  of  the  earth  on  the  appearance  of  program  4i(t)  with  variation 
in  firing  range  and  in  the  geographical  conditions  of  the  rocket 
launch  (the  latitude  of  the  launch  site  and  the  firing  azimuth)  is 
taken  into  account  in  formula  (6.9)  by  corresponding  variation  in 
the  derivatives 


dL  dL  dl  dl 
dVx  ’  '  dx  '  dy  ' 

The  second  assumption  can  Impose  substantial  restrictions  on  the 
possibility  of  using  formula  (6.9).  For  rockets  with  a  firing  range 
of  up  to  1000-1500  km  the  powered-flight  phase  of  the  trajectory,  as 
a  rule,  lies  in  the  dense  layers  of  the  atmosphere.  The  determination 
of  the  optimum  pitch  angle  program  using  this  formula  unavoidably 
leads  to  error.  For  intercontinental  missiles  the  greater  part  of 
the  powered-flight  phase  (approximately  60-70%)  lies  in  the  rarefied 
layers  of  the  atmosphere,  and  in  this  part  of  the  trajectory  the 
optimum  control  program  is  close  to  program  (6.9). 

The  third  assumption  is  I'ather  well  fulfilled  in  firing  for 
short  and  intermediate  ranges,  when  the  altitude  of  the  powered-flight 
phase  does  not  exceed  80-100  km,  and  the  range  angle  at  the  moment 
of  the  main  instruction  does  not  exceed  several  degrees.  The  condi¬ 
tion  of  the  constancy  of  acceleration  due  to  gravity  in  this  case  is 
fulfilled  with  an  error  of  2-3%,  and  the  condition  of  plane¬ 
parallelness  the  gravitational  field  -  with  an  error  of  l°-2o.  For 
Intercontinental  rockets  the  cited  errors  increased  by  two  or  three 
times . 

The  errors  in  determining  the  pitch  angle  program  due  to  these 
errors  can  be  reduced,  if  the  acceleration  due  to  gravity  in  calculat¬ 
ing  the  powered-flight  phase  is  taken  equal  to  its  mean  value  in  this 
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phase,  and  the  equations  of  motion  (6.5)  are  written  in  the  coordinate 
system  O'x'y',  the  origin  0’  of  which  is  located  on  the  surface  of  the 
earth  at  a  distance  x(t^)/2  from  the  launch'point  in  the  line  of  flrej 

axis  O'x'  is  directed  at  a  tangent  to  the  surface  of  the  earth  in  the 
firing  plane j  axis  0*y*  -  along  the  vertical. 

The  equation  of  the  optimum  pitch  angle  program  4i'(t)  in  this' 
coordinate  system  takes  the  form 


tg  ?'(/)= 


+(5^), 


(6.10) 


where3L/3x*,  3  L/3  y ' ,  3  L/3  V  , ,  3  L/3  V  ,  -  the  ballistic  range  deriva- 

X  y 

tives  with  respect  to  the  parameters  of  motion  in  the  coordinate 
system  O'x'y • . 


The  conversion  of  the  pitch  angle  program  to  a  coordinate  system 
located  at  the  launch  point,  can  be  accomplished  using  formula 


where  x  “  the  range  angle  from  the  launch  point  to  the  origin  O'  of 
coordinate  system  O'x'y'. 

It  is  necessary  to  note  that  the  determination  of  the  optimum 
pitch  angle  program  using  formula  (6.9)  is  an  Iterative  process, 
since  the  partial  range  derivatives  with  respect  to  the  parameters 
of  motion  of  the  center  of  mass  of  the  rocket  at  the  moment  of  the 
main  instruction  are  unknown.  First  the  calculation  of  the  trajectory 
with  the  pitch  angle'  program  selected  as  a  first  approximation  is 
carried  out  and  derivatives  (3L/3x)^,  (9L/^y)^,  (3L/3Vjj)^,  (3L/3V^)^ 
are  determined.  The  ballistic  derivatives  obtained  during  the  first 
calculation,  ai’e  used  for  determining  the  second  approximation  of 
the  pitch  angle  program  already  using  formula  (6.9).  Then  the  cal¬ 
culation  of  the  powered-flight  phase  is  repeated,  etc.  The  rate  of 
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convergence  of  the  iterative  process  depends  on  the  closeness  of  the 
first  approximation  of  program  <|>^(t)  to  the  optimum  program. 

6.3.  THE  METHOD  OF  SELECTING  PITCH  ANGLE 
PROGRAMS 

General  Aspects 

As  is  known,  the  solution  to  a  variational  problem  by  the  direct 
method  consists  in  the  following  stages. 

1.  The  construction  of  the  minimizing  sequence  of  functions 

yj^(t):  y^Ct),  y2(t)>***»  possessing  the  property: 

(6.11) 

where  I(y(t))  -  the  optimizing  functional. 

Curve  y°(t)  is  limiting  curve  of  the  sequence  {yj^(t) }  and  the 
solution  to  the  variational  problem. 

2.  The  proof  of  existence  for  the  sequence  {yj^(t)}  of  limiting 
curve  y°(t) . 

3.  The  proof  of  the  legitimacy  of  the  maximum  transfer  (6.11). 

With  respect  to  the  problem  of  selecting  of  optimum  pitch  angle 
programs  it  is  necessary  to  find  such  a  sequence  {(Jij^Ct)},  which  would 
ensure  the  extremum  of  certain  functional  ;:(<Ji(t)),  for  example  the 
maximum  distance  L((J>(t)). 

The  methods  of  constructing  sequence  can  be  rather  diverse. 

However  the  most  expedient  is  the  method  bused  on  the  representation 
of  sequence  {41^}  in  the  form  of  a  sequence  of  fajnilles  of  programs 
depending  on  the  parameters  X^,  X^,  ...,  X^.^: 

<Pi(^.  >.1).  <Pa(/.  X|,  Xa),...,  <p„(/,  Xi,...,JL„). 
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If  program  X^,  X^)  depends  on  one  unknown  parameter 

(n  “  1)»  then  the  family  of  such  programs  is  called  unlparametrlc, 
with  two  unknown  parameters  (n  *  2)  —  bipararaetric,  etc. 

Our  problem  will  be  to  determine  such  a  program  of  iji„(t,  X,, 

0  n  X 

Xj^),  which  would  approximate  function  (|)  (t),  realizing  the  extremum 
of  functional  L((|)(t)),  i.e.,  would  ensure  insignificant  difference 
in  the  value  of  functional  L(<i»^(t))  from  the  extremum  of  functional 
L(4)  (t))  on  the  condition  that  program  <l>jj(t,  Xj^,  ...»  X^^)  satisfies 
all  the  requirements  imposed  on  the  configuration  of  the  trajectory 
by  the  rocket  design  and  by  its  control  system,  and  the  expenditures 
of  time  on  searching  for  the  optimum  pitch  angle  program  X^^, 

X^)  are  acceptable  for  practice. 

The  selecting  of  the  sets  of  programs  is  to  a  known  extent 

arbitrary,  however,  as  was  already  mentioned  earlier,  the  requirements 
imposed  on  the  configuration  of  the  trajectory  and  the  pitch  angle 
program  so  narrow  this  "arbitrariness,"  that  even  the  Initial  set  of 
programs  for  the  individual  flight  phases  becomes  almost  determined. 
The  selection  of  the  sets  of  programs  is  limited  to  a  class  of  con¬ 
tinuous  functions,  since  the  pitch  angle  program  should  be  continuous j 
in  the  high  ram  pressure  phase  the  appearance  of  the  set  is 

determined  by  the  condition  of  small  angles  of  attack}  in  the  region 
of  the  main  instruction  from  the  radio  control  system  -  by  the  condi¬ 
tion  of  the  constancy  of  the  pitch  angle,  etc. 

When  selecting  the  sequence  of  programs  there  is  no  need  to 

carry  out  the  proofs  of  existence  for  this  sequence  of  limiting  curve 
(t>®(t)  and  for  the  validity  of  the  maximum  transfer  (6.11).  In  fact, 
the  sphere  of  possible  variations  in  the  pitch  angle  programs  taking 
into  account  the  requirements  presented  in  Section  6.1,  is  completely 
limited.  The  initial  set  of  programs  X^,  ...,  X^)  and  the 

optimum  pitch  program  ♦'^(t)  lies  in  this  narrow  sphere.  Thus  even 
without  mathematical  proof  it  is  obvious,  that  with  an  increase  in 
the  number  of  parameters  X^and  when  selecting  their  optimum  values 
from  the  pemisalble  sphere  the  program  Xj^,  ...,  X^^)  from  the 

examined  sequence  of  seta  of  continuous  functions  will  approach  the 
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optimum  program. 


Further,  for  fulfilling  equality  (6.11)  it  is  necessary  that  func¬ 
tional  L((J)^(t))  be  continuous  in  a  class  of  continuous  functions 
^1>  •••»  When  the  optimizing  functional  is  the  firing 

range,  the  continuity  of  function  LC(J>  (t,  X,,  ...,  X„)]  is  obvious. 

Finally,  it  is  necessary  to  note  that  for  practice  there  is  no 
need  for  the  strict  fulfillment  of  equality  (6.11),  and  the  fulfill¬ 
ment  of  this  condition  with  a  certain  error  which  corresponds 
to  the  permissible,  loss  in  maximum  range: 

Sets  of  Pitch  Angle  Programs 

The  powered-flight  trajectory  of  a  rocket  can  be  arbitrarily 
divided  into  thx'ee  phases: 

1)  the  subsonic  velocity  phase  (O-t^); 

2)  the  trans-and  supersonic  velocity  and  the  high  (q  >  800-1000 
kg/m^)  ram  pressure  (tr-t^^)  phase; 

3)  the  low  x*am  pressure  phase  or  the  non-atraosphei'lc  phase 

(tjj-t^). 

The  1st  Phase.  The  configuration  of  the  subsonic  phase  of  the 
trajectory  weakly  affects  maximum  range  and  rocket  dispersion.  In 
connection  with  this  the  pitch  angle  program  in  this  phase  Is  selected 
from  the  condition  of  a  safe  period  for  the  stai’tlng  of  vertical 
flight  tjj,  perraisslbio  pitch  turning  of  the  rocket  and  ensuring 
small  angles  of  attack  at  the  point  of  linking  of  the  lot  and  2nd 
phases . 

The  pitch  angle  program  In  the  1st  phase  after  vertical  flight 


21/ 


(t  <  t  <  tj)  can  be  selected  in  the  form  of  a  cubical  parabola 

B  X 

(Figure  6.2,  a)  or  two  straight  lines  (see  Figure  6.2,  b): 


or 


<Pi (/)  when  ( 6 .'12 ) 


I 

9it<— /|) 


when 

when  /|. 


(6,13) 


Pig.  6.2.  The  pitch  angle  program  in  the 
initial  phase  of  the  trajectory:  a)  in 
the  form  of  a  cubical  parabola;  b)  in  the 
form  of  two  aegtoents  of  straight  lines. 

Coefficients  a,  b,  c,  in  the  parabola  equation  and  the  slope  of 
the  straight  lines  are  determined  by  condition  o  •  0  when  t  •  t*,  by 
the  value  of  pitch  angle  at  the  same  moment  and  by  the  permissible 
magnitude  of  the  rate  of  pitch. 

The  2nd  Phase.  The  basic  requl icemen ts ,  imposed  in  this  phase  on 
the  pitch  angle  progrom,  apart  from  ensuring  maximum  range  and  the 
assigned  dispersion,  are  the  ensuring  of  limited  transverse  accelera¬ 
tions,  acceptable  temperature  regimes,  rocket  controllability  and 


238 


I 


I  >  . 

stage  separatjion  pellability.  The  set  Oif  programs  in  this  phase  is 
characterized  by  the  co^iditlon  of  small  angles)  of  attack  which  can 
be,  written  in  thp  form  i  ‘ 


'Jjl/V**  — ^  COS •’»(/)  wn’en  (/|  ^  Ai^- 


(6.14) 


The  integration  of  equation  (6.14)  gives  the  following  expi'es- 
sion  for  the  pitch  angle  program  in  the  2nd  phase: 


^j(/)=arcig 


,  (6.15) 


'  'Thus,  the  pitch  angle  program  of  a  rocket  ensuring  the  small 
values  of  angles  of  attack  in  area  of  high  rasa  pressui*es,  depends  on 
Uje  initial  value  of  pitch  angle  4)j  and  the  ratio  g/v.  Taking  into 
account  that  ratlq  g/v  practically  does  not  depend  on  the  variations 
>ln  the  flight  path  within  certain  limits,  it  is  possible  to  consider 
that  the  pitch  angle  pi*ograa  of  a  I'ocket  in  the  secynd  phase  Is  de¬ 
termined  by  parameter  The  selectii>n  of  the  magnitude  of  this 
parameter  should  be  carried  out  taking  into  aetount  the  above  enumer¬ 
ated  requireaents. 


^Th*  3rd  Phase.  The  basic  s'equircnients  imposed  on  the  pitch  Siigle 
program  in  this  phase  are?  the  ensuring  of  asxifau»  firing  range  and 
the  assigned  dispersion  and  in  necessat*y  cases, the  ensuring  of  the 
acceptable  conditions  for  radiq  control  system  operation. 

During  flight  In  a  vacuum  the  eaxi««i  range  is  ensuwd  by  ttse 
program  detemined  by  expression  Cb.9).  this  pitch  angle  program  can 
be  accepted  as  optimum,  if  no  other  spusirie  restrictions  are  itsposed 
on  the  foj’ta  of  the  ps-ogram  in  the  third  flight  phase.,  in  accordance 
with  expression  (6.9)  the  pitch  angle  in  this  phase  deci’eascs  roughly 
with  constant  angular  velocity  ii'.. 

a  However  with  such  a  pitch  angle  piKsgraa  the  ensuring  of  the 
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normal  conditions  for  radio  conti*ol  system  operation  are  made  difficult. 

Furthermore,  It  is  necessary  to  consider  that  the  variation  In 
the  pitch  a:jgle  of  the  rocket  In  the  powered-f light  phase  by  90®  (in 
firing  for  long  ranges)  complicates  gyro-instrument  design  [12]. 

Considering  the  above  cited  considerations,  it  is  possible  to 
construct  the  following  sequence  of  possible  pitch  angle  pi^ograas : 

1)  the  configuration  of  the  trajectory  is  characterised  by  condi¬ 
tion  a  •  0  fi'om  e  *  up  to  the  end  of  the  powered-flight  ptiaae  [one- 
parameter  set  i>(t,  ^j)]i 

2)  from  4  -  aj,  to  a  certain  mosRtnt  of  time  the  prs^r^  is 
charaeterited  by  the  condition  a  •  0,  s^sequentiy  the  pitch  angle  la 
constant  ^  [blparametpie  set  a{t, 

3)  from  the  flight  phase  when  a  «  0  until  the  att&tnment  of  a 

certain  value  a  *  the  aitgular  rate  of  p4t^  -  the  staaisally  per- 
adaslbie  laj  •  3;^seqaentiy  ^  C threo-paraaetric  set 

f  <pi.  fiu  3. 

Each  of  the  enymerated  sets,  except  the  fii'St,  rather  fully  re¬ 
alises  mssiteua  range  with  dis^fsion.  -From  the  point  of 

view  of  iii«piiclty  of  instrig^nt  realisation  the  second  family  is 
preferabXci  in  this  case  the  rspiase^ent  of  the  energetically  optlauea 
pitch  angle  progr^  in  the  3rd  flight  phase  by  a  program  with  constant 
angle  makes  it  possible  to  eliminate  the  above  mentioned 

deficiencies  In  the  optliium  program  with  insignificant  loss  in  oaxi- 
mua  range. 

The  Selection  of  the  Optlaum  Fersiieters  of  the  Fitch 
Angle  Program 

in  accordance  with  the  direct  eethcds  of  the  calculus  of  varia¬ 
tions  the  dctemination  of  the  optimum  parameters  of  the  pitch  angle 
progra»  should  be  carried  out  by  Investigating  the  optimising  func¬ 
tionals  (the  range,  dispersion,  etc.)  for  the  extremum.  However  the 
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use  uf  the  comaion  methods  of  determining  the  extremal  values  of  the 
parameters  of  the  program  Is  not  possible  as  a  result  of  the  complex 
dependence  of  range  and  di.Hper'sion  on  the  parametei's  and  ip  .  In 

JL  K 

this  connection  the  s^'aphical-anaiytical  metnod  of  determining  the 
optimum  values  of  parameters  and  which  consists  in  the  frllow- 
ing,  is  preferable. 

A  certain  set  of  curves  «(t,  '^t-.  t 

♦(t,  selected,  every  curv-^  uf  which  should  satisfy  the 

additional  requiitrisents ,  Imposed  on  the  In  fioivlng  the  system 

of  equations  of  motion  of  the  i*ock^K  Irs  the  pv-wored-fUglit  and 
Uiipowet'ed-flight  phases  of  the  trajtietory,  the  dependences  of  the 
optimising  fujictionala  Kplt))  range,  iisperjilon ,  etc.l,  and  also  of 
other  characteristics  of  the  rockee  u*o.”  the  overloads  of 

Uie  nose  section,  angles  of  radio  slg.ht!ng  and  others'^  on  the  param¬ 
eters  of  programs  p  are  obtained.  ‘J'he  'Obtained  dependences  am 
represented  graphically  and  are  used  for  teieeting  the  optimum  values 
of  the  parameters  of  the  ptteh  ar<gle  profram,  which  reduces  to  the 
following  stages. 

1.  £!eter*^ining  th^  firing  range  atnd  .tne  dispersioo.  the  nose 
sections  depending  on  the  parameters  of  the  pitch  angle  program. 

Calculating  the  te»p«rs‘ ui-o#  ^nn  th<-'  7hicknss§es  f»f  the 
body  coverings,  the  **dry**  weights  t>f  the  stages,  control  ele- 

ssent  eff setivenes^ ,  the  rekiahi-it/  aif  s'ss.ae  jepar^tlcn,  radSa-lin.&.‘ 
of-sSght,  ©verldSds  acting  on  the  ss 'Jt I ■■  r; ,  aiSi?  eiher 

characteristics  for  vai'ious  values  or  .  :r.«gra*s  j=-sr^®.et<:j'., . 

3.  Cons true ting  the 
for  the  pit-th  ahgW  f-rc^s » * 
cohtroi  sya--;^«  vvsign. 

^  ■'  oeiecti;'^  values?  ff  the  ^zJ-ogras"  parassetei'd  which 

ori'espoijd  to  Siaasir-it?'.  firing  range  »ivh  th?  assigned  dispersion. 

As  an  e^a-tpSe  let  Us  exa^lht.  the  ij'f  select?. ig  the 


■  IV-'-e  g-r  par^r,eter"Vsriatlon 

’s.iVn  r*;ejrecl  to  rocltet  and 


parametric  values  of  the  pitch  angle  program  for  a  rocket  with  as¬ 
signed  firing  range  Lq.  In  this  case  for  clarity  and  simplicity  of 
discussion,  from  the  complete  complex  v^f  requirements  (see  Section 
6.1)  we  will  consider  only  the  requirements  of  ensuring  radio-line-of- 
sight  (6.1)  and  (6.2)  and  permissible  overloads. 

The  approximate  dependences  of  range  and  dispersion,  angles  of 
radio-line-of~slght,  angles  of  departure  and  reentry  of  nose  section 
into  the  atmosphere  on  the  parameters  of  the  pitch  angle  program  are 
given  in  Figures  6.3-6.11.  Prom  an  examination  of  these  graphs  it  is 
possible  to  draw  the  following  conclusions. 


Fig.  6.3.  Pis*  6.4. 

Pig.  6.3.  The  dependence  of  maximum  firing  range  on  program  param¬ 
eters  (})j  and  (|)^  ((fj^  <  <{'j2  ^  »  ••••••»  ^  '^’15) 

Fig.  6.4.  The  connection  between  the  values  of  program  parameters 
and  <t>  ,  which  ensure  maximum  firing  range. 

The  combinations  of  program  parameters  corresponding  to  maximum 
range  and  to  minimum  dispersion,  do  not  coincide  with  each  other. 

The  angles  of  departure  corresponding  to  minimum  dispersion,  are 
larger  than  the  angJ.es  of  maximum  range j  with  an  Increase  in  the 
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angle  of  departure  maximum  range  decreases.  Of  the  conditions  of 
radio-line-of-sight  requirement  (6.2)  is  the  most  essential. 


%  “f. 


Pig.  6.5.  i^ig*  b.S. 

Pig.  6.5.  The  dependence  of  maximum  firing  range  on  program 
parameter  (ft,  with  optimum  values  of  angle  . 

Fig.  6.6.  The  dependence  of  the  angle  of  reentry  into  the 
atmosphere  0q  on  program  parameters  (J)^  and  , 

An  example  of  a  permissible  region  of  program  parameters  obtained 
taking  the  dependences  given  above  into  account,  is  shown  In  Figure 
6.12.  In  this  figure  the  curves,  corresponding  to  equal  ranges,  are 
indicated  by  dot-and-dash  lines,  and  the  curve.s  of  equal  dispersion  — 
by  solid  lines.  The  selecting  of  the  optimum  values  of  parameters 
(}>..  and  <<)  from  the  permissible  region  reduces  to  selecting  such  com- 
blnations  of  these  parameters  which  at  the  assigned  dispersion  cor¬ 
respond  to  maximimi  range. 

The  examined  method  makes  it  possible  to  solve  the  problem  of 
determining  the  optimum  pitch  angle  program  in  a  complete  formulation 
taking  all  the  technical  specifications  and  limitations  into  account. 
Moreover,  this  method  also  has  a  number  of  ocher  advantages. 

In  designing  it  is  frequently  necessary  to  solve  the  quesflon  of 
variation  in  the  optimum  pitch  angle  program  with  variation  in  any 
characteristics  of  the  rocket  or*  ttie  specifications  imposed  on  it. 


In  this  case  for  selecting  a  new  program  the  results  of  the  previous 
investigations  can  be  used.  Moreover,  by  using  these  results,  it  is 
possible  to  forecast  the  trend  of  the  variation  in  the  program  with 
variation  in  the  rocket  characteristics. 

The  method  makes  it  possible  to  find  the  solution  of  the  problem 
of  optimizing  pitch  angle  program  with  any  accuracy.  This  fact  is 
very  important  because  at  various  stages  in  the  design  and  the  devel¬ 
opment  of  a  rocket  it  is  not  always  necessary  to  know  the  exact  solu¬ 
tion  of  the  optimization  problem;  a  rough  approximation  is  sometimes 
sufficient.  The  presented  method  in  this  case  is  very  effective, 
since  it  makes  it  possible  to  find  the  solution  with  the  accuracy 
which  is  required  at  the  various  design  stages. 


Fig.  6.7.  Pig.  6.8. 

Pig.  6.7.  The  dependence  of  the  slope  angle  of  the  trajectory 
at  the  moment  of  the  main  instruction  on  program  parameters 
(Pj  and 

Pig.  6,8.  The  dependence  of  the  angle  of  radlo-llne-of-slght 
3^  on  program  parameters  and  ""  angle  included 

between  the  line  of  radio-llne-of-slght  and  the  plane  of  local 
horizon  at  the  point  of  the  location  of  the  ground-based  an¬ 
tenna;  -  minimum  permissible  angle  3^,  determined  by 

the  permissible  measurement  error  by  the  motion  parameter  radio 
control  system. 
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Fig.  6.9*  I'he  dependence  of  onboard  angle  of  radio-line- 
of-slght  on  program  parameters  and  ())|^ :  3g  -  the  angle  in¬ 
cluded  between  the  line  of  radio-line-of-aight  and  the  longi¬ 
tudinal  axis  of  the  rocket;  3g  -  the  maximum  and 

minimum  permissible  values  of  the  onboard  angle  of  radio-line 
of-slght  determined  by  the  width  of  the  radiation  pattern  of 
the  onboard  ground-based  antennas;  I  and  II  -  the  boundaries 
of  the  region  of  parameters  4'-j-  and  <j)^ ,  guai-anteeing  the  loca¬ 
tion  of  angle  0^^  within  the  range  0g  <  0g  <  0g  under 

all  geographical  launch  conditions:  -  the  value  of  angle 

3g  at  the  moment  of  the  main  instruction:  the  value 

of  angle  0g  at  moment  of  the  begining  of  operation  of  the 

radio  control  system. 


Fig.  6.10.  The  dependence 
between  program  parameters 
if)^  and  ((>  ,  ensuring  during 
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firing  for  maximum  and  mln- 
immn  ranges  permissible 
values  of  the  onboard  angle 
of  radio-line-of-sight . 


Fig.  6.11.  The  dependence  of 
range  dispersion  and  lateral 
dispersion  on  program  param¬ 
eters  (jij  and  (Ji^:  Sq  -  the 

area  of  the  dispersion  ellipse 
taken  as  unity. 


Pig.  6.12.  The  permissible  region  of  program  parameters 
())j  and  (|)^ :  I  -  boundary  of  the  region  with  respect  to 

peiinissible  overload;  II  —  boundary  of  the  region  with 
respect  to  angle  III  -  boundary  of  the  region 

with  respect  to  angle  IV  —  boundary  of  the  re¬ 
gion  with  respect  to  angle  -  the  line  of  equal 

areas  of  dispersion  with  respect  to  area  Sq,  taken  as 

unity;  the  line  of  identical  firing  ranges  with 

respect  to  range  Lq,  taken  as  unity. 
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CHAPTER  VII 

SETTING  DATA  FOR  ROCKET  LAUNCHING 

For  launching  a  guided  missile  it  is  necessary  to  carry  out 
operations  connected  with  preparing  the  missile  systems  and  the  ground 
equipment  for  launch.  With  respect  to  these  operations  it  is  possible 
to  separate  into  an  individual  group  the  operations  with  regard  to 
preparing  the  so-called  "setting  data"  of  the  missile  control  system 
aiid  of  the  ground  equipment. 

By  setting  data  we  understand  the  data  which  is  intended  for  pre¬ 
launch  adjustment  o*f  the  instruments  of  the  control  and  aiming  systems, 
ensuring  the  following  of  the  optimum  flight  path  by  the  [NS]  (TH)  to 
the  target.  The  composition  of  the  setting  data  is  determined  by  the 
aiming  method,  by  the  type  of  control  system,  by  the  form  of  the  con¬ 
trol  functional,  by  the  stage  separation  system,  etc. 

The  present  chapter  briefly  examines  the  approximate  composition 
of  setting  data  and  the  methods  of  determining  them  for  a  rocket  with 
an  Inertial  control  system. 

7.1.  METHODS  OF  PREPARING  SETTING  DATA 

In  preparing  the  initial  data  fer  firing  long-range  missiles  the 
coordinates  of  the  launch  and  target  points  are  considered  given  rel¬ 
ative  to  the  accepted  shape  of  the  earth;  latitude  (|i^,  longitude  X 
and  altitude  h.  With  certain  launcii  coordinates  it  is  sometimes 
convenient  to  give  the  tai'get  coordinates  by  means  of  the  aaimuth  of 
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the  launch-target  line  and  range  given  on  a  spherical  earth. 

The  basic  initial  data  for  firing  are  the  value  of  the  range 
control  functional  J,  programmed  into  the  flight  control  system  and 
determining  the  time  of  the  Introduction  of  the  command  for  the  shut¬ 
down  of  the  last  stage  engine,  and  the  firing  azimuth  Aq,  employed 
for  aiming  the  rocket.  These  data  are  also  called  the  basic  settings. 

The  preparing  of  the  data  for  a  rocket  launch  is  not  completely 
culminated  by  the  determining  of  the  basic  settings.  Depending  on  the 
design  of  the  rocket  control  system  (in  particular,  on  the  range 
control  principles  and  of  the  direction  of  firing) ,  on  the  arrangement 
of  the  subassemblies  and  systems  mounted  on  rocket,  and  also  on  the 
characteristics  of  their  operation,  besides  the  basic  settings,  the 
auxiliary  settings  can  also  be  determined,  namely: 

a)  the  setting  for  the  preliminary  instruction  for  engine  shut¬ 
down  (in  shutting  down  the  engine  in  two  stages) j 

b)  the  settings,  determining  the  moments  of  stage  separation  (for 
multistage  rockets),  for  throttlng  the  engine  in  the  case  of  an  in¬ 
crease  in  overload  above  permissible  overload,  etc. 

Thus,  for  example,  for  a  rocket  with  a  range  control  functional 
of  the  type  of  (5.^9) 


J  —  Wx 


f 


w*)  dt 


for  turning  the  control  system  devices  the  following  settings  are 
necessary: 

a)  the  value  of  function  J  at  the  moment  of  the  execution  of 
the  preliminary  and  the  main  commands j 

b)  the  values  of  angles  \  and  y  a.nd  parameter  p,  depending  on 
range,  geographical  conditions,  etc. 


243 


The  initial  data  for  firing  (basic  and  auxiliary  settings)  are 
formulated  in  the  form  of  an  appropriate  document. 

It  is  necessary  to  note  that  the  totality  of  tactico-technical 
requirements,  imposed  on  one  or  another  type  of  rocket,  and  also  the 
actual  construction  of  the  flight  control  system,  ensuring  the  execu¬ 
tion  of  these  requirements,  determines  the  variety  of  methods  of  pre¬ 
paring  the  initial  data  for  firing.  The  detailed  development  of 
these  methods  can  be  carried  out  during  the  designing  of  a  rocket 
taking  its  actual  characteristics  into  accoiint.  Thus  only  general 
concepts  of  the  methods  of  calculating  setting  data  for  firing  are 
given  below. 

It  is  possible  to  distinguish  two  methods  of  obtaining  basic 
settings : 

1)  calculating  the  "falling"  trajectory  for  the  given  coordinates 
of  the  launch  point  and  the  target  (integi’ating  the  equations  of 
motion  of  the  rocket 

2)  calculating  the  basic  settings  with  the  aid  of  firing  tables 
(with  final  formulas). 

The  first  method  of  determining  basic  settings  can  be  used  in 
the  early  preparation  of  initial  data.  With  rather  reliable  and 
operationally  convenient  special  electronic  computers  intended  for 
calculating  "failing"  trajectory,  it  can  also  be  used  In  prepai’ing  a 
rocket  for  launch. 

The  second  method  makes  it  possible  with  i*ather  simple  calcula¬ 
tions,  usually  carried  out  by  "manual  calculation"  methods,  to  obtain 
the  basic  settings  both  in  advance  and  during  the  prepai’ation  of  a 
missile  for  launcii.  The  reliability  of  the  obtained  results  is 
ensured  by  cnecking  the  calculations.  It  should  be  noted  that  for 
rockets  with  long  firing  ranges  the  use  of  ftriiig  tables  becomes 
difficult  due  to  their  great  volume. 


Of  great  interest  is  the  preparing  of  initial  data  for  firing 
with  the  aid  of  special-purpose  electronic  computers  [EC]  (3B[i). 

It  is  possible  to  present  the  following  operating  principles  of 
such  machines. 

1.  Prom  the  given  coordinates  of  the  launch  point  and  the  target 
site  rocket  flight  control  programs  (pitch  program,  apparent  velocity 
program  and  others)  are  selected.  The  selection  of  the  programmed 
functions  of  the  control  system  can  be  carried  out  by  an  earlier 
worked  out  algorithm,  for  example,  with  the  use  of  methods  presented 
in  Chapter  VI.  For  the  selected  control  programs  by  calculating  the 
"falling"  trajectory  the  necessary  settings  of  the  rocket  flight  con¬ 
trol  devices  are  determined. 

2.  For  the  possible  firing  conditions  the  set  of  rocket  flight 
control  programs  selected  earlier  is  input  into  the  machine  "memory." 
In  preparing  the  data  it  is  necessary  depending  on  the  firing  condi¬ 
tions  from  the  given  set  to  select  the  corresponding  rocket  flight 
control  programs  and  by  calculating  the  "falling"  trajectory  to  de¬ 
termine  the  setting  of  the  control  devices, 

3.  The  setting  of  the  rocket  flight  control  devices,  and  also 
the  control  programs  are  calculated  earlier  and  depending  on  the 
launch  conditions  are  input  into’  the  machine  "memory"  in  the  form  of 
coefficients  of  certain  known  functions.  The  machine  carries  out  the 
calculation  of  all  the  necessary  settings  with  comparatively  simple 
final  formulas  (similar  to  calculating  settings  in  compiling  firing 
tables) . 

The  enumerated  operating  principles  of  special-purpose  electronic 
computers  have  their  advantages  and  disadvantages. 

The  first  method  is  the  most  universal.  But,  on  the  other  hand, 
the  volume  of  computational  operations  with  this  method  is  so  great, 
that  for  carrying  it  out  a  special-purpose  electronic  computer  will 


be  required  possessing  the  features  of  a  general-purpose  permanently 
fixed  consolo  computer. 

The  second  method  is  based  on  calculating  "falling"  trajectory 
with  selected  control  programs  and  requires  solving  of  a  complex 
system  of  equations  of  motion.  For  solving  such  a  problem  the  special- 
purpose  electronic  computer  should  also  possess  all  the  possibilities 
of  a  general-purpose  fixed  console  computer.  It  is  not  possible  to 
make  such  a  machine  simultaneously  satisfying  the  requirements  making 
it  suitable  for  military  application  (compactness,  transportability, 
servicing  ease  and  others). 

The  third  method  makes  it  possible  to  carry  out  the  preparation 
of  the  data  for  firing  with  final  formulas  with  a  comparatively  small 
number  of  simple  operations.  This  method  is  the  most  acceptable  for 
the  use  of  special-purpose  electronic  computers. 

The  final  data  on  basic  settings,  obtained  with  the  aid  of  fir¬ 
ing  tables  (or  upon  solving  the  "falling"  trajeotoi'y )  >  are  formulated 
in  the  fom  of  an  appropriate  document,  the  approximate  form  of  which 
is  the  following. 


I.  Initial  data 

1.  Spherical  range  L'q^*** 

2.  Spherical  asr-imuth  of  the  luunoh-tai'get  line 

il.  Data  for  uaunch 


.1 .  Aiming  Asimuth  Aq  . . . 

2.  Value  of  the  controj  fund J... 

7.2.  CALCULATING  "FALLING"  TRAJtCTORY 

The  eaiculation  of  "fui  llr.,;"  i li’  cnrrlcu  out  for  the 
purpose  of  determining  cu-imutu  u.;  '.hue  l:itrodut.'l.iv.t'.  of  the 


preliminary  and  main  instructions  for  shutting  down  the  engine  ensur¬ 
ing  the  transmission  (with  assigned  accuracy)  of  optimum  trajectory 
from  the  launch  point  to  the  target.  Since  the  moments  of  time  of 
the  introduction  of  the  preliminary  and  main  instructions  are  usually 
connected  by  the  relationship 

where  At  =  const  (for  optimum  trajectoiy),  the  problem  reduces  to  de¬ 
termining  only  the  azimuth  and  the  time  of  the  introduction  of  the 
main  instruction. 

The  basic  initial  data  for  calculating  "falling"  trajectory  are 
the  following: 

1)  the  characteristlos  of  standard  atmosphere,  the  gravitational 
field  of  the  eai'th  and  the  shape  of  earth; 

2)  the  aerodynamic,  geometric,  centering  Cc.g.]  and  weight  char¬ 
acteristics  of  the  rocket; 

3)  the  engine  characteristics; 

the  control  system  characteristics  (including  delays  in  acti¬ 
vation  of  the  instruments); 

§)  the  engine  operation  time  schedule; 

6)  the  program  of  variation  in  pitch  angle  and  apparent  velocity 
with  respect  to  flight  time; 

7)  the  geodetic  coordinates  of  the  launch  and  target  points. 

The  system  of  differential  equations  describing  the  notion  of 
the  center  of  mass  of  the  rocket  in  the  powered-fli^t  and  unpowered- 
fllgta  phases  of  the  trajectoi'y  la  composed  taking  into  account  the 


I 


requirements  for  the  permissible  magnitude  of  errors  in  determining 
data  for  launch.  ' 

The  calculation  of  "falling”  trajectory  is  based  or.  the  numeri¬ 
cal  integration  6f  the  system  cf  equations  of  motion  of  the  rocket 
•in  the  powered-flight  and  unpoviered-fllght  phases  of  the  trajectory. 
The  ensuring  of  impact  on  the  assigned  target  is  accomplished  by 
selecting  the  optimum  time' (and  the  value  of  functional  J  correspond¬ 
ing  to  it)  of  englqe  shutdown  and  aiming  asimuth. 

f 

The  calculation  of  falling  traiectury  can  be  carried  out  in  two 
stages  in  the  follojwlng,  maimer: 

1.  Given:  the  approifimate  aiming  azimuth  A^' ,  tne  cobrdinate 
of  the  launch  point:  (Tq)  and  the  range  L.  .U  is  necessa.^y  to  deter¬ 
mine  the  time  of  introduction  of  the  ma'in  instruction,  necessai'y  for 
obba?.nlng  assigned  range  L  with  the  assigned' aiming  aalmuth  Aq'. 

I 

2.  The  coordinates  of  the  launch  and  target  points  (T^,  T^) 
and  the  tloie  of  the  Introduetion  of  t.he  main  instruction  detemined 

I  ' 

In  the  first  stage  are  given.  It  is  necessary  to  detemtne  the 
precise  azimuth, ‘and  tl^en  the  final  value  of  the  time  of  the  intro¬ 
duction  of  the  main  instruction'. 

'  In  carrying' out  the  calculations  in  the  firet  stage  for  the  as¬ 
signed  launch  point,  the  accepted  approximate  value  cf  the  firing 
azimuth  and  the  two  randomly  selected  values  of  the  time  of  the  In¬ 
troduction  of  the  main  instruction  and  the  coordinates  of  the 
Impact  points  (Tj^  and  T^)  are  detemined.  t'roia  the  assigned  coordi¬ 
nates  of  the  launch  point  and  the  obtained  coordinates  of  the  impact 
points  geodetic  ranges  L.^  and  L.,  are  determined.  Subsequently  the 
time  of  the  main  instructio.)  is  made'  :nc!’t  precise  by  linear  inter¬ 
polation 


C,— 
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The  calculation  of  the  powered-and  unpowei^d- flight  phases  Is 
carried  out  for  obtained  time  t^. 

The  time  of  the  introduction  of  the  main  instruction  is  again 
made  more  precise  using  the  formula  given  above.  In  this  case  it  is 
assumed,  that 


where  t  -  that  one  of  the  moments  of  time  t,  and  t-,  for  which  » 

1  6  1  * 

equal  to 

AL4»|I— I<|  (f-l;  2)»  (7,2) 

will  be  less 

This  definltUing  is  carried  out  until  the  following  inequality 
Is  satisfied 


(7.3) 

Where  e(L)  -  the  assigned  aoouraoy  of  “falling*'  trajectory  ealcula«> 
tlon  (for  ra,nge). 

The  calculations  in  the  second  stage  are  carried  out  for  the 
purpose  of  detemlning  aiming  asimuth.  For  th.^  two  values  of  Ute 
time  of  the  introduction  of  the  main  instruction  and  t^,  calou*^ 
lateo  ur.der  condition  (7>j},  and  the  given  atiauth  Aq,  the  coordi¬ 
nates  of  the  Impact  points  Tj(e^^,  X,)  and  X^)  and  the  dis¬ 

tance  i)  between  the  target  point  and  a  line,  passing  throui^  points 
T^  and  at'e  deietTiined.  The  definitising  of  the  initial  value  of 
aslt&uUi  is  carried  out  with  formula 


0 


Where  cu/«A  is  calculated  by  the  method  of  numerical  differentiation. 


The  selection  yf  aiming  azimuth  i’iaaJizeci  upon  satisfying 
condition 


< 


nA). 


(7o) 


yh§i*e  zik)  -  the  assigned  accuracy  of  the  eaicuiation  of  "falling'* 
with  respect  to  aaimuth. 

After  J5C'i.eetiRg  the  aiming  azimuth  the  calculation  of  "falling" 
trajectory  is  carried  out  uaing  the  vsiuo  of  thio  asimuth  far  the 
final  detanainatian  of  the  time  of  totf  i.;trc4actit,n  of  the  Ka.in  in¬ 
struction,  1,0.,  tho  chocking  of  condition 

7.3.  C0MPIL1H6  Flftl«6  TA6l&$ 

Tabular  and  Actual  Conditions  of  Rocket  launch 


The  priftcipie  of  os*5pi;ir4  fifing  enns  in  the  f«l- 
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Since  it  is  not  expedient  (and  also  sometimes  not  possible)  to 
compensate  for  all  the  perturbing  factors  by  the  control  system, 
another  problem  in  compiling  firing  tables  is  the  study  of  the  effect 
of  certain  perturbing  factors  on  the  deviations  in  the  NS  impact 
points  from  the  target  and  the  compensation  for  them  by  corrections 
to  the  basic  settings  corresponding  to  the  tabular  conditions. 

The  most  important  of  these  factors  ai*e  the  geophysical  condi¬ 
tions  of  rocket  launch.  The  basic  problem  in  compiling  firing  tables 
is  the  obtaining  of  corrections  in  the  setting  data,  taking  the  geo¬ 
physical  conditions  of .  launch  into  account. 

Moreover,  in  compiling  firing  tables  the  necessity  of  introducing 
corrections  can  arise  taking  into  account  control  loop  instrumental 
errors,  deviations  in  the  launch  weight  of  the  rocket  and  in  specific 
thrust,  anomalies  in  the  gravitational  field  and  other  perturbing 
factors.  All  these  corrections  in  the  basic  setting  data  (with  the 
exception  of  the  geophysical  conditions  of  launch)  are  small  values 
(within  the  limits  of  a  few  kilometers)  and  their  Introduction  into 
the  firing  tables  can  be  due  only  to  an  attempt  to  increase  firing 
accuracy.  In  connection  with  the  fact  that  the  calculation  of  small 
corrections  does  not  present  any  fundamental  difficulties  and  is  not 
always  necessary,  we  will  examine  the  questions  connected  with  the 
calculation  of  these  corrections. 

By  tabular  it  is  possible  to  understand  the  following  conditions: 

a)  The  earth  is  a  non-rotating  sphere  with  radius  R  ■  6371  kraj 

b)  acceleration  due  to  gravity  is  directed  toward  the  center  of 
the  earth  and  in  magnitude  is  inversely  proportional  to  the  square 
of  distance  from  the  center  of  the  earth,  i.e,,  it  obeys  Newton's 
law; 

c)  the  acceleration  due  to  gravity  on  the  surface  of  the  earth 

2 

is  equal  to  the  normal  value  gQ  ■  9*81  m/s  ; 


d)  the  launch  and  target  points  are  located  on  the  surface  of 
the  earth; 

e)  wind  is  absent,  and  the  remaining  meteorological  elements 
correspond  to  standard  atmosphere; 

f)  all  the  basic  parameters  of  a  rocket  correspond  to  rated 
values ; 

g)  anomalies  in  the  gravitational  field  are  absent. 

Under  tabular  conditions  the  basic  settings  depend  only  on  the 
firing  range  (firing  azimuth  is  determined  from  purely  geometrical 
conditions  and  is  equal  to  the  launch^target  line). 

Actual  firing  conditions  differ  considerably  from  tabular  condi¬ 
tions.  The  effect  of  these  differences  on  firing  accuracy  (with  the 
exception  of  the  geophysical  conditions  of  launch)  and  the  solution 
of  question  of  the  necessity  of  taking  them  into  account  in  the 
basic  settings  depend  on  the  control  system  characteristics.  In 
general  in  calculating  basic  settings  depending  on  geophysical  condi¬ 
tions  it  is  expedient  to  take  into  account  the  rotation  of  the  earth, 
the  non-sphericity  of  the  earth  and  the  non-centrallty  of  the  gravi¬ 
tational  field. 

Calculating  basic  settings 

Since  the  method  of  determining  setting  data  can  be  worked  out 
only  by  taking  into  account  the  actual  characteristics  of  a  rocket, 
then  for  example  let  us  examine  a  rocket  equipped  with  a  longitudinal 
acceleration  integrator,  the  axis  of  sensitivity  of  which  is  directed 
at  a  certain  constant  angle  X  to  the  initial  horizon  at  the  launch 
point,  by  the  system  regulating  apparent  velocity  and  by  the 
normal  and  lateral  stabilization  systems.  The  instruments  of  the 
normal  and  lateral  stabilization  systems  and  the  sensing  heads  of  the 
longitudinal  acceleration  integrators  are  mounted  on  a  gyrostabilized 
platform.  The  programs  of  variation  in  pitch  and  apparent  velocity 
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are  considered  given  and  do  not  depend  on  the  firing  conditions .  The 
range  control  functional  is  determined  by  the  magnitude  of  apparent 
velocity  in  direction  X:  J  = 

Let  us  examine  the  calculation  of  the  basic  settings  J  and  Aq 
depending  on  geophysical  conditions. 

The  problem  consists  in  determining  the  range  control  functional 
J  and  the  firing  azimuth  Aq  from  the  known  geodetic  coordinates  of  the 
launch  point  Xq  and  the  target  X^. 


Firing  tables  are  rather  convenient  for  practical  use,  if  the 
spherical  firing  range  ,  the  spherical  azimuth  of  the  launch-ta: 
line  A^^  and  latitude  ((i^q  in  them  are  taken  as  input  values. 


Values  L„*  and  A„.  from  known  X-.  and  X,,  can  be  deter- 

Cfp  C())  0  ri4’  q 

mined  by  formulas: 


«=  R  arccos  [sin  <pm,  sin  cos  ?uo  cos  cos  (X^—  Xq)!' 

A54,~arcsln  fsln  (X„— Xo)-^^^5JL 


[• 


sin 


'•  ♦ 


(7.6) 


in  which  the  geocentric  latitude  of  the  launch  point  or  the  target 
point  is  connected  with  the  geodetic  latitude  of  the  corresponding 
point  by  formula 


9„«arctg(.~tR(pr) 


(7.7) 


where  a  and  b  -  respectively  the  seraimajor  and  the  semlmlnor  axes  of 
the  terrestrial  ellipsoid. 

The  dependence  of  settings  J  and  Aq  on  A^,^  and  for  assigned 
Lq^  can  be  repi’esented  in  the  form  of  the  following  series  • 
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y=y,4.yi<i>i4-y,Oj+. . .  +  y^v^^yv; 

A^)—  ■|-/Ci'‘^1-|-/C3^24’*  • 

where  N  and  M  -  the  number  of  the  selected  members  of  the  expansion] 
and  'i'^  -  the  spherical  functions  from  (J)^q, 

The  coefficients  of  the  expansions  J^,  ...,  ...,  Kj^  are 

calculated  according  to  the  appropriate  formulas  on  the  basis  of  data, 
obtained  by  numerical  integration  of  the  series  of  the  reference 
trajectories.  As  a  result  the  values  of  coefficients  and 

Ki(L^^)  are  obtained  for  all  reference  ranges  of  the  range  interest¬ 
ing  us. 

The  values  of  magnitudes  J^and  for  the  Intermediate  (between 
reference  ranges)  ranges  placed. in  the  firing  tables,  are  determined 
by  quadratic  interpolation  of  dependences  and 

The  Interval  of  the. inserted  ranges  is  selected  so  that  the  er¬ 
ror  due  to  linear  interpolation  of  the  tabular  ranges  in  calculating 
the  basic  settings  does  not  exceed  the  permissible. 

For. the  final  solution  to  the  question  of  the  number  of  the  mem¬ 
bers  of  the ' expansion  Inserted  into  the  firing  tables  the  effect  on 
firing  range  and  lateral  deflection  of  the  last  members  of  the  expan¬ 
sion  is  investigated. 

Evaluation  of  the  necessary  number  of  members  of  the  expansions 
is  carried  out  proceeding  from  the  required  accuracy  in  obtaining 
magnitudes  J  and  Aq  on  the  basis  of  analyzing  of  the  remaining  members 
of  the  expansions,  defined  as  the  difference  in  the  corresponding 
values  of  functional  J’(<|ipQ»  Aq)  and  the  deviation  in  direction 
AA*((|»^q,  Aq),  calculated  by  numerical  integration,  and  of  the  values 
of  functional  J"(4'po.  Aq)  and  the  deviation  in  direction  AA"((j)^Q,  Aq). 
calculated  on  the  basis  of  the  firing  tables. 

As  a  criterion  of  accuracy  it  is  possible  to  take  the  condition 


(7.8) 
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when  the  systematic  errors  in  determining  the  impact  points  of  nose 
sections  due  to  the  rejection  of  terms  of  the  expansions  of  higher 
orders  do  not  exceed  certain  permissible  values. 

In  conclusion  a  number  of  check  computations  of  the  basic  settings 
is  carried  out  with  respect  to  the  firing  tables  and  by  solving  the 
equations  of  motion  of  the  rocket.  A  comparison  of  the  data  obtained 
in  this  way,  makes  it  possible  to  judge  the  correctness  and  the  accu¬ 
racy  of  the  compilation  of  the  firing  tables. 

System  of  Calculating  and  Formulating  Firing 
Tables 


1.  The  calculation  of  coefficients  and  p„^  of  the  expansions 

n  K 

of  the  parameters  of  the  end  of  the  powered-flight  phase  q^^  and  Pj^ 
depending  on  the  geodetic  conditions  is  carried  out  using  formulas: 


/-I 

M 

/'K-^2Pi^/(7rO.  M 

i  -1 


(7.9) 


where  ~  ^\ih)\ 

The  appropriate  formulas  and  results  of  the  solution  of  the 
differential  equations  of  motion  of  the  rocket  in  the  powered-flight 
phase  the  trajectory  are  used  for  a  number  of  combinations ( (41  ^.q  ,  Aq). 

The  results  of  the  calculations  of  each  parameter  q^^  and  p^^ 
in  argument  t^  (from  t^  to  t^^  are  formulated  in  the  form 

of  a  table. 

2.  Calculation  of  the  parameters  of  the  end  of  the  powered- 
flight  phase  for  the  selected  combinations  (<t>r.o>  Formulas  (7.9) 

and  J  e  w, ,  the  results  of  calculations  of  q  ^  and  p^^,  the 

A*  H 
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recommended  combinations  (‘I'pQj  Aq)  are  used.  The  results  of  the  cal¬ 
culations  are  formulated  depending  on  argument  t  in  the  form  of 
Table  7.1. 


JTable  7.1. 


(Ao,Tro)2 

!fK 

VyK 

J 

Vz. 

,nilii 

(Ao,  ?ro)l 

1 

1  . 

,(Ao.  9ro)m 

1 

■ 

•  •  • 

« 

jinax 

*K» 

(Ao.  ?ro)l 

...... 

1 

1 

1 

1 

i 

(Afl.  fro)m  ^ 

1 

j 

j 

3.  Calculation  of  spherical  range  the  spherical  azimuth  of 

the  launch-target  line  and  of  the  correction  in  spherical  azimuth 


Formula  (7.6)  and  the  results  of  the  calculation  of  the  param¬ 
eters  of  the  end  of  the  powered- flight  phase  (x^,  y^,  Vy  J, 


The  coordinates  of  the  Impact  point  are  determined  by 

solving  the  differential  equations  of  motion  of  the  rocket  in  the 
unpowered-f light  phase  for  all  m  of  the  initial  conditions  (the  pa¬ 
rameters  of  the  end  of  the  powered  flight  phase).  In  this  case  longi¬ 
tude  Xq  can  be  arbitrarily  assigned  and  can  be  taken  constant  for  all 
calculations.  The  results  of  the  calculations  are  formulated  in  the 
fom  of  Table  7.2. 

The  formulation  of  firing  tables.  For  each  reference  value 

r  on 

of  range  entered  in  the  table,  coefficients  are  determined. 


These  coefficients  for  ranges  lying  between  values  J^,,  ,  are  deter, 

mined  by  quadratic  interpolation.  The  results  of  the  calculations 
can  be  formulated  in  the  form  of  Table  7.S- 


Table  1.2 


(Afl.  ?rt)l 

•  •  • 

1  (Aq*  fro)m 

'  A,4, 

! 

icip 

j 

/ 

Ae(J» 

1 

/ 

% 

Mn 

'kI 

^Ka 

‘Kfl 

i 

■  1 

i 

Table  7.3 


^C(p 

dJ 

h 

h 

/at 

Kx 

1  Ki 

f(M 

te.H 

M 

M 

M 

M 

MUH 

min 

MUH 

ml  n 

m 

1  KM^eeK^ 

CCK^^ 

ceH^ 

ftnln 

1 

i 

i 

/  MMX 
■ 

1 

1 

For  each  range  (or  a  certain  scope  of  ranges)  the  necessity  of 
taking  into  account  all  N  coefficients  of  and  M  coefficients  of 

on  the  basla  calculating  the  remaining  members  is  estimated.  When 
possible  a  portion  of  the  coefficients  is  not  taken  into  account. 

The  final  number  of  coefficients  depending  on  range  are  inserted 
Into  the  firing  tables  In  a  given  form.  Moreover,  coefficients  char¬ 
acterizing  the  effect  of  small  perturbing  factors  on  the  basic  settings 
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are  also  placed  in  the  firing  tables. 

From  the  above  examined  system  of  compiling  firing  tables  it 
follows  that  the  basic  settings  are  not  directly  their  output  values. 
To  obtain  basic  settings  it  is  necessary  to  carry  out  a  number  of 
calculations  whose  results  depend  upon  geophysical  conditions,  and 
also  can  depend  on  certain  official  rocket  data  (for  instance,  launch 
weight),  meteorological  conditions  (for  Instance,  the  temperatures  of 
the  propellant  components)  and  others.  The  greater  part  of  the  cal¬ 
culations  (the  calculation  of  geophysical  conditions,  official  rocket 
data)  can  be  carried  out  beforehand  with  a  certain  problem  and  certain 
rockets  intended  for  its  execution. 
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CHAPTER  VIII  ^  - 

MAXIMUM  FIRING  RANGE 

8.1.  THE  CONCEPTS  OF  MAXIMUM  FIRING  RANGE 

AND  GUARANTEED  PROPELLANT  RESERVES  ' 

I  ’ 

The  contemporary  long-range  ballistic  missiles  are  intended  for 
delivering  a  nose  section  over  long  distances,  including  interbontinen- 
tal  distances.  Because  of  this  the  questions  connected  with  ensuring 

the  necessary  firing  range,  are  of  significant  Interest,  * 

1 

Each  actual  type  of  rocket  is  designed  for  a  definite  scope  of 
ranges,  the  boundary  points  of  which  are  x^upectlvely  called  minimum 
^mln  maximum  firing  ranges.  In  firing  for  ranges  going  be-’ 

yond  the  boundaries  of  this  scope,  a  rocket  can  not  satisfy  these  or 
other  technical  specifications.  Thus,  for  instance,  in  firing  for 
ranges  exceeding  maximum  range,  the  following  abnormalities  can  arise: 

-  deficiency  of  propellant  components; 

loss  of  strength  by  the  individual  structural  elements’ due  to 
an  increase  in  the  overloads  at  the  end  of  the  powered-flight  phase 
in  the  atmospheric  part  of  the  unpowered-fllght  phase  of  the  trajectory; 

I 

-  loss  of  strength  by  the  nose  section  due  to  an  increase  In  aero¬ 
dynamic  heating  in  the  atmospheric  phase  of  the  traJ<^ctory; 
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•  -  ah  increase  in  the  dispersion  of  the  nose  section  impact  points 

•above  the  permissible  values,  etc.  •  .• 

t 

1  .  '  ■ 

It  is  .evident  that  for  an'  ideally  designed  missile  limitations 
of  this  type  should  simultaneously  set  a  limit  to  a  subsequent  increase 
in  range.  For  instance,  there  is  no.  sense  in  having  a  reserve  of  heat- 
shield  covering,  if  it  cannot  be  used  due  to  a  deficiency  of  propellant 
or  loss  of  rocket  strength.  > 

t 

Subsequently  we  will  examine  only  those  limitations  on  firing 
range  which  are  due  to  the  possibility  of  a  deficiency  of  propellant 
components.  Thus  let  us  assume  that  the  optimum  trajectory  and  the 

I 

basic  design  parameters  of  a  rocket  are  already  selected  so  as  to 
ensure  the  greatest  firing  range. 

I 

Maximum  firing  range  is  a  complex  functionaJ  due  to  the  parameters 
and  functions  characterizing  the  design  of  the  rocket,  the  engine,  the 
control  system^  the  control  program,  the  conditions  of  launch  and 
flight,  etc.  The  maximum  possible  firing  range  of  an  individual  roc¬ 
ket,  corresponding  to  the  actual  conditions  of  launch  and  flight,  we 
customprlly  call  rated  flight  range  L  Rated  range  cannot  serve 

poon 

as  deslg;)  chai^aoterlsi  Ic  of  a  rocket  ensuring  a  given  spread  of  firing 
ranges,  since  under  actual  i)roduotion  and  operating  conditions  the 
basic  parametez's  of  a  rocket  and-  the  conditions  of  rocket  launch  and 
fli^jt  (firing  conditions)  are  not  stable,  but  vary  within  certain 
limits I  ^  ; 

The  design  parameters  of  a  rocket  and  the  firing  oonditions  ac¬ 
cepted  in  calculations  as  standaz'd  parameters,  we  will  call  optimum 
(usually  they  corjzfespond  to  their  avez-age-statlstlcal  characteristics). 
The  flight  range,  oorttesponding  to  optimum  rocket  characteristics  azid 
firing  oonditions,  we  will  call  optimum  Deviations  in  the 

characteristics  of  a  rocket  and  in  firing  conditions  from  optimum 
values,  detcz'mlnlng  the  deviations  In  z'ated  z'Onge  from  optimum,  we 

i  * 

will  call  porterblng  factoz:^. 

In  accordance  with  the  random  character  of  perturbing  factozrs  the 
z*egion  of  their  variation  ar\d  the*  range  of  the  variation  in  z*ated 

1 
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range  can  be  determined  only  with  a  certain  probability  1  -  e.  Appar¬ 
ently,  for  given  probability  e  two  boundaries  of  variation  in  rated 
ranges  exist:  maximum  corresponding  to  probability 

,  and  minimum  corresponding  to  probability 

t 

-  2*»  (Pig.  8,1),  Since  the  designer  should  reliably  ensure  the 


firing  of  a  rocket  in  the  given  spread  of  ranges,  including  the  attain¬ 
ing  of  maximum  range  then  In  designing  a  rocket  it  is  necessary 

to  proceed  from  condition  Zpaen^M  Zmts  *  In  this  case  for  an  entire 
ensemble  of  rockets  of  a  specific  class  the  reserves  of  propellant 
ensure  the  shutting  down  of  the  engine  upon  command  from  the  control 
system  with  a  probability  of  P"»|— j,  l,e,,  the  achievement  of  the 
assigned  maximum  range  la  ensured  with  a  given  prwballllty.  It 
is  evident,  that  with  probability  ^<1— I*  in  rocket  launches  for 
^max  on  the  actual  combination  of  the  perturbing  factors 

the  running  out  of  propellant  or  of  one  of  its  co«f^>onent8  can  occur, 
which  leads  to  spontaneous  engine  shutdown.  This  fact  Is  it^ermlsslble 
because  of  the  considerable  increase  In  NS  impact  point  dispersion. 

Thus  the  shutting  down  of  che  engine  of  single-stage  rockets  and  of 
the  last  stages  of  multistage  rockets  is  always  carried  out  upon 
instruction  from  the  control  system. 


Fig.  8,1,  For  determining  maximum  firing  range  by 
the  method  of  statistical  testing. 


Hence,  maximum  range  is  the  minimum  value  of  rated  range 
Zfattt ,  which  can  be  attained  by  a  rocket,  if  the  propellant  reserves 
available  on  it  ensure  with  an  assigned  reliability  shutting 

down  of  the  engine  upon  Instruction  from  the  control  system  (i.e, ,  upon 
achievement  of  a  specific  value  of  the  control  functional).  Accord¬ 
ingly,  the  maximum  value  of  the  control  functional  la  this  greatest 
value  of  the  functional  whose  achievement  is  ensui'ed  by  the  available 
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piHjpellant  reserves  with  an  assigned  level  of  reliability. 

According  to  thld  definition  by  the  maximum  firing  range  of  a 
multistage  rocket  it  is  necessary  to  understand  that  maximum  range 
which  can  be  attained,  if  the  propellant  reserves  available  on  each 
stage  ensure  with  an  assigned  reliability  the  shutting  down  of  the 
engine  of  the  last  stage  upon  instruction  from  the  conti^ol  system. 

Let  us  examine  In  more  detail  the  connection  between  maximum 
firing  range  and  the  amount  of  pj*opellant  which  can  be  used  for  the 
operation  of  the  engine  system.  Let  us  visualize  a  rocket  flight  for 
maximum  range  under  optimum  conditions.  In  this  flight  for  the  crea¬ 
tion  of  thrust  certain  amounts  of  the  propellant  components  will  be 
used  which  we  will  call  the  optimum  working  reserves  of  the  pro¬ 
pellant  components.  In  actual  flight,  in  order  to  attain  that  same 
range,  an  additional  amount  of  propellatit  can  be  required  to  compensate 
for  the  effect  of  perturbing  factors,  for  example  for  overcoming  the 
additional  drag,  caused  by  head  wind.  So  that  maximum  firing  range  Is 
guaranteed  by  the  shutting  down  of  the  engine  upon  control  oonmtand  with 
a  reliability  of  ,  it  is  necessary  to  have  on  board  a  rocket, 

additional  (above  working)  propellant  reserves,  necessary  to  coeqien- 
sate  for  the  effect  of  the  perturbing  factors  with  the  same  level  of 
reliability,  these  addivional  reserves  are  called  guaranteed  propel¬ 
lant  component  reserves* 

Let  us  examine  in  more  detail  the  concept  of  guaranteed  propel¬ 
lant  reserves.  Let  the  firing  of  a  series  of  rockets  for  one  and  the 
same  maximum  range  L^^  be  carried  out.  In  order  to  attain  this  range 
under  diverse  firing  conditions  with  the  effect  of  various  random 
factors,  it  is  necessary  to  expend  in  each  flii^t  a  different  amount 
of  propellant.  The  propellant  reserves,  necessary  for  flight  over  an 
assigned  range,  are  the  random  variables,  subordinate  to  a  cet^ain  low 
of  probability  distribution  (Pig.  8.2).  In  order  that  the  assi^ed 
flight  range  is  attained  with  a  reliability  of  1-^-^  (l.o.,  in 

order  that  L^.^  L^^),  It  la  necessary  to  fuel  the  rocket  with  a  cer- 

max  np  ' 

tain  amount  of  propellottt  (?^,  ensuring  this  level  of  reliability. 

Of  the  total  propellant  reserve  0]|Sm  let  us  distinguish  the  non¬ 
working  reserves  and  the  dptlmum  working  reserve 


hi 


S  '  ;■ 


Pig.  8.2.  Tankage  breakdown  with  respect  to  pro¬ 
pellant  function  classification. 


Working  reserves  are  used  as  the  working  medium  of  the  engine  for 
ensuring  maximum  firing  range  during  flight  under  optimum  conditions. 

Non-working  reserves  include  the  propellant  which  cannot  be  used 
in  flight  as  the  working  medium  of  the  engine,  but  must  be  loaded  on 
the  rocket  to  ensure  normal  functioning  of  the  engine  system  (propel¬ 
lant  used  for  engine  priming;  propellant  necessary  cavitationless 
operation  of  the  pumps;  the  residual  non-intake  propellant;  propellant 
expended  be fore  launch,  etc«). 


The  difference 


oKm-(oks.+(S;j-oS5. 


will  represent  the  guaranteed  propellant  reserves. 

During  optimum  flight  for  range  L  »  L^p  the  guaranteed  propellant 
reserves  remain  in  the  .rocket  tanks.  Hence  a  simple  method  emerges 

for  determining  the  value  of  maximum  range  -  from  the  calculation  of 

!  ■ 

optimum  trajectory  of  a  rocket  carried  out  with  the  unused  guaranteed 
reserves.  The  entire  complexity  of  the  problem  of  estimating  maximum 
range  by  this  method  is ■ transferred  to  the  calculation  of  the  guar¬ 
anteed  reserves.'  The  degree  of  reliability -in  ensuring  maximum  Tange 
is  equal  in  this  case  to  the  degree  of  reliability  accepted  in  calcul¬ 
ating  the  guaranteed  reserves. 

*'1 

The  guaranteed  propellant  reserves  are  ballast  reducing  the  max¬ 
imum  firing  rawge.  Actually  the  most  Important  parameter  determining 
rocket  flight  range,  is  the  ratio  of  propellant  weight  burned  in  the 
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powered- flight  phase  (i.e.,  the  working  propellant  reserve),  to  the 
gross  weight  of  the  rocket.  This  ratio  is  greater  the  smaller  is  the 
unpowered- flight  phase  weight  of  the  rocket,  which  is  the  sum  of  the 
weights  of  the  airframe  and  the  engines,  the  nose  section,  the  control 
system  and  the  guaranteed  propellant  reserves.  Other  things  being 
equal  the  maximum  flight  range  will  be  shorter  the  greater  are  the 
guaranteed  propellant  reserves. 

For  this  reason  it  is  inexpedient  to  consider  the  effect  of  all 
the  perturbing  factors  only  under  the  designation  of  guaranteed 
reserves.  The  greater  number  of  factors  examined  as  random  pertur¬ 
bations  and  taken  into  account  in  calculating  guaranteed  reserves,  the 
greater  is  the  weight  of  the  rocket  with  assigned  maximum  firing  range. 
A  rocket,  in  which  the  guaranteed  reserves  would  ensure  one  and  the 
same  maximum  range  when  firing  both  eastward  and  westward,  as  well  as 
in  winter  on  the  coldest  days  and  in  summer  on  the  hottest  days,  etc., 
would  be  extremely  overweight  and  inconvenient  in  operation.  Thus  it 
is  advisable  to  determine  the  portion  of  perturbing  factors  with  suf¬ 
ficient  accuracy  before  rocket  launch  and  to  take  them  into  account 
in  calculating  the  tankage  breakdown  by  a  corresponding  selection  of 
the  working  propellant  reserves.  Thus,  for  instance,  in  calculating 
tankage  breakdown  it  is  possible  to  consider  the  temperature  (the 
specific  gravities)  of  the  propellant  components  and  the  official ‘ 
value  of  parameter  K  -  the  ratio  of  the  weight  per-second  expenditures 
of  propelleint  components. 

Although  the  taking  into  account  of  the  perturbing  factors  in 
calculating  the  tankage  breakdown  of  the  rocket  propellant  components 
makes  it  possible  to  more  completely  take  advantage  of  the  energy 
capabilities  of  the  rocket;  it  is  far  from  expedient  to  take  all  the 
known  factors  into  account  in  calculating  tankage  breakdown.  It  is 
evident  that  the  greater  the  number  of  factors  taken  into  account  in 
preparing  a  rocket  for  launch,  the  more  difficult  it  is  to  ensure  the 
operational  simplicity  of  the  rocket  and  its  high  combat  readiness. 


‘The  value  of  parameter  K,  obtained  from  the  data  of  engine  bench 
tests. 


Tbus  a  number  of  perturbing  factors  is  taken  into  account  by  intro¬ 
ducing  corrections  either  into  the  value  of  maximum  firing  range  (for 
instance,  the  effect  of  geodetic  launch  conditions ),  or  into  the  degree 
of  reliability  of  ensuring  maximum  range. 

In  this  way,  the  effect  of  perturbing  factors  in  ensuring  max¬ 
imum  firing  range  can  be  taken  into  account: 

-  by  designating  the  guaranteed  propellant  reserves; 

-  by  selecting  the  tankage  breakdown  of  the  working  propellant 
reserves; 

-  .»y  Introducing  corrections  into  the  value  of  maximum  firing 
range  or  into  the  degree  of  its  reliability. 

In  accordance  with  what  has  been  said  it  is  expedient  to  divide 
the  system  of  perturbing  facto'rs  affecting  maximum  firing  range  into 
two  groups.  Included  in  the  first  group  are  certain  perturbing  fac¬ 
tors  whose  effect  on  maximum  range  is  taken  into  account  before  launch 
(in  the  tankage  breakdown  of  the  rocket  propellant,  in  the  corrections 
for  the  value  of  maximum  range  and  in  an  appropriate  selection  of  the 
target).  Included  in  the  other  group  are  the  random  factors  whose 
effect  is  compensated  for  by  the  presence  on  the  rocket  of  guaranteed 
propellant  reserves. 

Maximum  range  can  be  found  by  calculation  during  designing.  The 
value  of  maximum  range  obtained  by  calculation,  we  will  call  the  cal¬ 
culated  maximum  firing  range. 

It  is  expedient  to  subdivide  the  problem  of  determining  calculated 
maximum  range  into  two  problems:  the  calculation  of  maximum  range  for 
certain  optimum  firing  conditions  and  the  taking  into  account  of  the 
effect  of  firing  conditions  on  maximum  range. 

It  is  possible  to  accept,  for  example,  the  following  conditions 
as  optimum: 


-  the  geodetic  latitude  of  the  launch  point  (|)pQ  «  ^5° 

-  the  aximuth  of  aiming  direction  Aq  =  0° 

-  the  standard  atmosphere  parameters; 

-  the  temperature  of  the  propellant  components,  equal  to  the 
temperature  accepted  for  optimum  in  selecting  the  control  programs. 

The  final  determination  of  maximum  firing  range  can  be  carried 
out  from  the  results  of  the  agreement  of  calculated  maximum  range  with 
the  data  of  flight  tests,  which  also  makes  it  possible  to  take  into 
account,  in  a-^’^ition  to  propellant  deficiency,  the  other  limitations 
on  maximum  firing  range. 

The  calculation  of  maximum  range  in  the  general  case  can  be 
carried  out  by  using  the  method  of  statistical  testing.  For  this  n 
calculations  of  rated  range  for  random  combinations  of  random  vari¬ 
ables  of  perturbing  factors  are  carried  out  and  the  value  of  maximum 
range  with  assigned  degree  of  reliability  P  is  determined  by  statisti¬ 
cal  processing  of  n  values  of  ranges  corresponding  to  the  complete 
propellant  burnun  (see  Pig,  8.1). 

Since  the  method  of  tatlstical  testing  requires  corisiderable 
expenditures  of  time  (Including  machine  time),  it  is  mucn  simpler  and 
more  convenient  to  determine  the  value  of  maximum  range  I’^rom  a  calcul¬ 
ation  of  an  unperturbed  rocket  trajectory  carried  out  with  unused 
guaranteed  reserves.  The  degree  of  reliability  in  ensuring  maximum 
range  in  this  case  is  equal  to  the  degree  of  reliauility  accepted  in 
calculating  guaranteed  reserves. 

The  initial  data  for  calculating  maximum  range  with  this  method 
is  the  launch  and  final  weights  of  each  rocket  stage. 

The  launch  weight  of  each  i-th  stage  under  optimum  firing 
conditions  is  determined  with  the  formula 

OtSSj 
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where  -  -  the  weight  of  the  optimum  working  propellant  reserve; 

oiZi  -  the  weight  of  the  guaranteed  reserves;  -  the  weight  of 

the  non-working  propellant  reserves;  -  the  propellant  expended 

before  launch;  Oggjui  “  weight  of  the  working  pressurizing  medium; 
(^cjxl  -  the  "drj"  weight  of  the  separating  part  of  the  1-th  stage; 

Oo,i+i  -  the  initial  weight  of  the  filled  (i  +  l)-th  stage; 

Prom  this  expression  the  values  of  the  final  weights  corresponding 
to  the  complete  burnup  of  the  woi‘klng  propellamt  reserves  and  to  the 
unused  guaranteed  reserves  are  determined.  Then  taking  into  account 
the  values  of  the  launch  and  final  weights  of  each  stage  of  the  rocket 
the  powered-and  unpowered-f light  phases  of  the  trajectory  are  calcu¬ 
lated  under  optimum  flight  conditions.  The  value  obtained  as  a  result 
of  calculating  the  value  of  rsmge  is  taken  as  the  maximum  firing  range. 

As  is  evident,  the  examined  method  is  sultabT^  only  for  maximum 
range  verifying  calculations,  when  the  guaranteed  propellant  reserves 
are  already  known.  Thus  calculation  methods  are  of  Interest  which 
make  it  possible  bo  determine  maximum  range  and  the  guaranteed  pro¬ 
pellant  reserves  corresponding  to  it,  depending  on  the  perturbing 
factors. 

One  of  these  methods  is  based  on  calculating  perturbed  missile 
trajectories.  This  method  is  methodically  simple,  but  it  requires 
definite  expenditures  of  machine  time  for  the  multiple  solving  of  a 
system  of  differential  equations  of  motion  of  the  rocket.  Another 
approximate  method  is  based  on  expanding  the  expression  for  firing 
range  into  a  series  for  the  parameters  characterizing  the  motion  of 
the  center  of  mass  of  the  rocket,  with  the  rejection  of  terms  higher 
than  the  first  (or  second)  orders  of> smallness. 

The  characteristics  of  the  determination  of  the  guaranteed  pro¬ 
pellant  reserves,  the  determinations  of  the  tankage  breakdown  of  pro¬ 
pellant  components  and  the  calculations  of  the  effect  of  firing 
conditions  on  maxi>(ium  range  will  be  examined  below,  A  rational  solu¬ 
tion  of  these  Interdependent  questions  taking  into  account  the  design 
fetures  of  the  rocket  and  the  control  system  and  the  operating 
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conditions  of  the  rocket  is  a  necessary  condition  for  ensuring  required 
maximum  firing  range, 

8.2  GUARANTEED  PROPELLANT  RESERVES 

The  problem  of  evaluating  guaranteed  propellant  consists  in  deter¬ 
mining  the  amount  of  propellant  which  is  necessary  for  compensating 
for  the’ effect  of  the  worst  combination  of  perturbing  factors.  In 
calculating  guaranteed  propellant  reserves  it  is  necessary  to  determine 

-  the  composition  maximum  values  and  the  probable  characteristics 
of  the  perturbing  factors,  besides  the  factors  which  are  arguments  of 
tankage  breakdown  or.  are  taken  into  account  by  Introducing  corrections 
into  maximum  firing  range; 

-  the  effect  of  each  perturbing  factor  on  maximum  firing  range 
(for  evaluating  the  significance  of  a  perturbing  factor); 

-  the  amount  of  propellant,  necessary  for  compensating  for  the 
total  effect  of  perturbing  factors  with  their  worst  combination  on 
maximum  firing  range,  i.e.,  guaranteed  propellant  reserve. 

The  basic  perturbing  factors  taken  into  account  in  determining 
guaranteed  propellant,  reserves,  can  be  subdivided  into  the  following 
groups,  compiled  according  to  general  criteria: 

-  deviations  in  "dry’*  weight; 

-  deviations  in  propellant  weight; 

-  deviations  in  engine  parameters; 

~  deviations  In  atmospheric  parameters; 

-  control  system  errors; 

-  deviations  in  the  initial  parameters  of  motion. 


273 


The  actual  list  of  perturbing  factors  depends  on  the  design 
features  of  the  rocket,  its  operating  conditions,  etc. 

Equations  of  Motion  of  the  Rocket 


For  evaluating  guaranteed  propellant  reserves  let  us  examine  a 
simplified  system  of  equations  of  motion  of  the  center  of  mass  of  a 
rocket  in  the  firing  plane  during  the  powered-flight  phase  of  the 
trajectory: 


dV 

dt  ^  G  ' 
de  ___  Pa-\^Y 
dt  ^  GV 


•^^sfn  6; 


dXi 


dt 


cos  0; 


I' sine, 

dt 


cos  0; 


(8.2) 


which  let  us  supplement  with  the  simplified  system  of  control  equa¬ 
tions  -  with  the  equations  of  the  regulation  of  apparent  velocity  and 
pitch  angle: 


v'4.J^8in0rf/-«>;j(O; 
o-f  0s»f*(O 


(8.3) 


and  with  the  equation  of  variation  in  weight 


(8.4) 


In  these  equations  lift  is  calculated  taking  the  lift  of  the  con¬ 
trol  elements  into  account  with  the  aid  balancing  equation  ■  0, 
l.e.,  with  formula 
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The  aerodynamic  forces  are  determined  taking  v/ind  into  account' 

X^lCx  “^1 


Parameters  characterizing  rocket  design,  the  engine  system  the 
control- system  and  the  flight  conditions  are  introduced  into  the  right 
sides  of  the  equation.  Thus,  for  instance,  it  is  possible  to  write 


P=X2X3-Xs-f ; 


PQ 


60 


where  X,  =  Qf>  -  the  launch  weight;  X„  =  Q  -  flow  rate  per  second;  X,  = 

A  U  c.  /OaS  ^ 

^y*.n  ”  specific  thrust  in  a  vacuum;  Xjj  «  -  coefficient  In  the 

formula  for  drag;  X^  =>  S^Pq  -  the  coefficient  of  the  altitude  perfor¬ 
mance  of  the  engine. 


The  deviations  In  parameters  X^  from  their  optimum  values  Xj; 

and  also  in  the  initial  conditions  Vq,  0q,  Xq,  yQ  from  the  optimum 
values  Vq,  ©q,  Xq,  yQ: 


are  the  disturbing  factors. 


'Here  i  -  the  coefficient  taking  rocket  deformation  into  account. 
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The  Effect  of  Small  Perturbing  Factors  on 
Maximum  Firing  and  the  Components  of  Guaranteed 
Propellant  Reserves 

A  Rocket  without  a  RKS  System 

For  evaluating  the  effect  of  perturbing  factors  on  maximum  firing 
range  let  us  make  use  of  the  known  expression  for  deviation  AL  in  range 
L  from  its  optimum  value  L*: 


(8.5) 


Here  L*  =  L(V'I|,  ©H,  jcj,  ) »  i.e.,  the  optimum  flight  range,  is 
determined  by  the  optimum  values  of  the  parameters  of  motion  at  the 
calculated  moment  of  time  of  NS  separation  -  the 

partial  derivatives  determined  either  in  the  quadratures  of  [2],  or 
by  numerical  methods  for  optimum  trajectory  and  the  calculated  moment 
of  time  t^*j  Ay  -  deviations  in  the  parameters  of  motion 

yitn)  at  moment  t  of  NS  separation  from  their  calculated 


values 


. »•(<:>. 


Perturbations  Al^,  •••»  Ay  arise  as  a  result  of  the  effect  of  pei>» 
turblng  factors  Certain  perturbing  factors  also  vary  the  moment 
tj^  of  NS  separation,  determined  by  control  equation  J(t^)  ■  J*.  How¬ 
ever  we  will  not  examine  the  effect  of  this  fact  on  maximum  range, 
assuming  ^A^k^O.  Expression  (8.5)  makes  It  possible  to  determine 
as  a  first  approximation  the  variation  In  maximum  range  with  the  vari¬ 
ation  In  the  parameters  of  motion  at  the  moment  of  NS  separation  due 
to  the  effect  of  perturbations  AX^. 


Assuming  values  AX^  to  be  small  and  being  limited  to  linear  termn 
of  the  expansion,  we  obtain 


Ayi««-^AX|, 


(8.6) 


axi 


^  Jt,  Bx  ae 

where  the  values  of  derivatives  correspond 

to  the  optimum  trajectory  and  to  calculated  moment  of  time  t^^*.  We 
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will  not  dwell  on  the  method  of  determining  these  derivatives,  since 
it  is  examined  in  book  [2], 


Substituting  the  dependences  of  (8.6)  the  expression  for  the 
deviation  in  maximum  range  (8.5) j  we  obtain 


(8.7) 


where 


dL  _dL  ay  .  .  dL  dg 

dX|  Iv  • 


(8.8) 


The  approximate  variation  in  certain  of  the  coefficients  dL/dX^ 
with  respect  to  rocket  flight  time  is  shown  in  Fig.  8.3* 


dL  at. 

sp;;,  as 

aji  £2 


t m  ■  sec 

Pig,  8.3  Derivatives  dlldX*  depending  on  rocket 
flight  time  in  the  powered-f light  phase  of  the 
trajectory. 

Designations:  §2- .  g-  .  ^ 


The  loss  in  distance  due  to  the  effect  of  perturbing  factor 
can  be  compensated  for  by  the  operation  of  the  engine  system  during 
the  course  of  time  At^^,  equal  to 


(8.9) 


where 


I 


f 


(8.10) 


-  the  derivative,  which  takes  into  account  the  variation  in  firing 
range  with  variation  in  engine  operating  time  (in  a-  small  vicinity  of 
moment  and  the  values  of  all  the  magnitude  In  the  expression  for 

this  derivative  are  determined  for  the  optimum  parameters  of  motion 
V*(t/),....y*(t/). 

i 

The  propellant  expended  during  the  additional  time 

AOtom  (8.11) 

where  0  »  Q*(t„),  Is  the  component  of  the  guaranteed  propellant  I’Weerve 
which  compensates  for  perturbation  for  ensuring  optimum  maximum 
firing  range  L*. 


•  » 

The  components  of  the  guaranteed  propellant  component  reserves 
are  distributed  In  accordance  with  the  formulas: 

40S',=^aOSLi:  I  '  , 

AO;?= ‘ 

A  Rocket  with  a  RKS  System 

I 

In  this  case  the  effect  on  the  motion  of  a  rocket  of  the  over* 
whelming  majority  of  perturbing  factors  Is  compensated  for  by  a  cor* 
t*espondlng  variation  in  engine  thrust  by  varying  the  propeXlant  aon» 

e 

sumption  per  second  0.  The  indicated  fact  makes  It  possible  to 
substantially  simplify  the  determination  the  components  of  the  guaran* 
teed  propellant  reserves,  having  placed  at  the  basis  for  the  calcula*^ 
tion  the  equation  of  the  ideal  operation  of  the  RKS  system: 


0  •  • 


(8.13)  ■ 
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This  one  equation  already  makes  it  possible  to  determine  the  com¬ 
ponents  of  the  guaranteed  propellant  reserve  AOS5,,  as  perturbations 
in  the  if  Inal  weight  of  the  roqket  brought  about  by  perturbations 

in  the  thrust,  and  drag  forces  du<-  to  the  effect  of  perturbing  factors 


The  effect  6f  the  perturbing  factors  on  the  losses  in  maximum 
range  (when  a  guaranteed  reserve  does  not  exist,)  can  then  be  deter¬ 
mined  on  the  basis  oj'  the  following  considerations.  An  overexpenditure 
of  propellant  by  magnitude  due  to  the  effect  of  perturbation 

leads  to  premature  engine  shutdown  (due  to  burnout)  at  moment 
— -A/kj  (Pig.  8.^)  and  to  a  loss  in  range 

{8.1i») 


9L 


dO 


where  -  the  derivative  determined  for  the  optimum  trajectory 


and  tjj. 


Ffg.  8.*l.  For  determining  the  guaranteed  pro¬ 
pellant  tvserve  for  a  i*ocket  with  a  RKS  ayatem. 


5  the  component  of  guaranteed  ps’opell.ant  jvsorve  ag;::,  I,  necessary 
in  order  to  ensure  engine  shutdown  upon  the  signal  from  the  control 
system,  will  be  "  < 


ei| 


(8.15) 
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Let  us  examine  dGJdh  using  as  an  example  the  method  of  deter¬ 
mining  derivatives.  Let  us  consider  that  an  engine  system  consists  of 
the  main  and  the  controlling  engines;  the  regulating  of  apparent 
velocity  is  brought  about  by  varying  the  flow  rate  per  second  of  the 
main  engine. 

Let  us  investigate  the  effect  on  the  final  weight  of  a  rocket  of 
the  following  basic  design  parameters: 

X|=0o-  the  launch  weight  of  the  rocket; 

-  the  specific  thrust  of  the  main  engine; 

i.-PL.-  the  specific  thrust  of  the  controlling  engines; 

the  propellant  flow  rate  per  second  through  the  con¬ 
trolling  .engines* 

^  *> 

Let  us  represent  the  expresaion  f^r  engine  system  thrust  (1.3$) 
in  the  form 

4--(W-£  .  (8.16) 

rl> 

taking  Into  account  that 

(8.X7) 

we  will  obtain 

**  n  Ft 

Differentiating  equation  (8*13)  for  parameters  we  have 

dp  0 

f  *  * 

Derivatives  dfildkn  are  determined  by  differentiating  the  expres¬ 
sion  for  Utrust  (8.l8).  thus«  for  instance,  for  we  have 

dP  tiPtm  9  1 90  \ 


Carrying  out  analogous  operations  for  other  and  varying  the 
order  of  differentiation,  we  obtain; 


dP  _  rjoe*  d  f  dG  \  . 

dP  notm  d  f  dG  \  |  /50C«* 


.  pww  d  j  do  \  I  Ay, 

-  n»c«i  po«»  4.p» 


(8.20) 


Substituting  the  obtained  ©xpreusions  of  the  derivatives  of  (8.20) 
into  equation  (8.19),  we  obtain  the  differential  equations  for  deter¬ 
mining  the  derivatives  dGfdkt  In  the  fora: 


d  [do\  j  •U  m  » 
rfi  \dck 

d  (  dQ  \  ,  m 


m  <1***  . 


(8.21) 


'Ihe  initial  udnditions  for  ^nlving  the  differentlai  equations  of 
(8.21)  are  the  foliouings 

/  dG  \  ,  A  t ...  it  .  Mt  I 


V  Wf  /|-0 

where  /**=*!» 

\  0^  /I-# 


(8.22) 


£aeh  of  the  equations  of  (8.21)  a  linear  diffeirential  equation 
of  the  1st  order 


<  (  \  1 


(S.23) 


the  solution  of  which  ^Ives  the  desired  derivatives  of  the  final  weight 
with  respect  to  the  desl^jn  parasetes-a  -af  the  roewet 


(8.2i») 


I 


E. 


dX| 


‘r^[\ 


where 


a= 


®xl  (^H) 


pOCH 

s^y^.n 


(8.25) 


Using  Tsl'.  lkovsky's  formula 


K» 


(8.26) 


where 


<7o  Go 


(8.27) 

we  will  obtain  approximate  expressions  for  dG^ldhi  the  final  form; 

dr. 


dGo 

j2fK _ 

apOCH  /  oOCH  _^py  \  l^K/’ 

•  ^  '  ya.n  '^yi.n/ 


dG^ 


dO, 


Go 


-fliiS..  _ _ ^0  /»  —urtV 

apy  „ocK  _  py  iru  Pk/* 

‘'^ya.n  /'ya.n  ^yi.n 


dpK 

dCi^  (}y 


(8.28) 


PJ7 


where  /t=s  -  the  ratio  of  the  specific  thrusts  of  the  engine  system 


ya.n 


as  a  whole  and  of  the  main  engines.. 


If  controlling  engines  are  absent,  then 

^  K _  _ 


^®ya.ri  ^ya.n 


ya.i 


(8.29) 


dO 


In  Pig.  8,5  the  ai, oroxlmate  variation  in  derivatives  TiT'  and 

dO  * 

during  the  time  Of  flight  t  »  t  Is  shown. 


^^y*.n 
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Pig.  8,5.  Derivatives  dG/dX^  depending  oi.  rocket  flight  time 

in  the  powered- flight  phase  of  the  trajectory. 

Designation:  ^  =  |f| 

Expressions  (8,28)  and  (8.29)  are  approximate  due  to  the  use  of 
Tsiolkovsky's  formula  (8.26'*,  With  an  increase  in  range  the  accuracy 
in  determining  the  guaranteed  reserves  is  increased  with  the  aid  of 
these  expressions.  The  most  precise  results  of  expression  (.8,28)  and 
(8,29)  are  given  for  the  second  and  all  the  subsequent  rocket  stages 
whose  flight  occurs  practically  in  airless  space. 

Total  Guaranteed  Reserves 

The  determining  of  total  guaranteed  propellant  reserves  is  carried 
out  taking  the  following  circumstances  into  account  (for  generality  we 
will  examine  multistage  rockets). 

1,  The  s-“i'anteed  reserves  of  the  i-th  stage  are  calculated  on 
the  basis  of  an  assigned  reliability  of  ensuring  maximum  range  (for 
single-stage  rockets)  or  of  an  assigned  reliability  of  engine  shut¬ 
down  upon  the  command  of  the  control  system  (for  multistage  rockets), 

2,  The  distribution  of  the  guaranteed  reserves  with  respect  to 
the  rocket  stages  is  carried  out  so  that  the  losses  in  range  will  be 
minimal. 

3,  It  is  assumed  that  the  degrees  of  reliability  in  designating 
the  guaranteed  reserves  of  each  of  the  propellant  components  are  equal 
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to  each  other  and  are  equal  to  the  degree  of  reliability  of  engine 
shutdown  upon  instruction  from  the  control  system. 

4.  It  is  assumed  that  the  perturbing  factors  obey  the  normal 
distribution  law,  with  the  exception  of  certain  perturbing  factors, 
the  probability  nature  of  which  is  more  accurately  characterized  by 
the  law  of  uniform  probability  density  distribution. 

Included  in  these,  for  example,  are:- 

-  the  deviations  in  the  specific  gravities  of  the  oxidizer  and 
fuel  due  to  variation  in  the  chemical  composition  of  the  fuel  during 
its  storage; 

-  the  deviation  in  parameter  K  due  to  the  difference  in  the  tem¬ 
perature  of  the  propellant  components  from  the  optimum. 

5.  Of  the  totality  of  possible  values  of  a  perturbing  factor 
characterized  by  the  distributive  law,  only  those  random  values  are 
examined  which  adversely  affect  flight  range. 


6,  The  maximum  values  of  the  perturbing  factors  and  of  the  com¬ 
ponents  of  the  guaranteed  reserves  correspond  to  the  degree  of  reli¬ 
ability  of  ensuring  maximum  firing  range  B.  Thus,  with  probability  B 


(8.30) 


where  u  -  the  argument  of  Laplace  function  ♦(u),  corresponding  to 
probability  i  -  B;  and  oj***  -  the  standard  deviations  in  the  1-th 
pert”>''^ing  factor  and  the  corresponding  component  of  the  guaranteed 
reserve. 


Taking  the  Indicated  circumstances  into  account  the  value  of  the 
total  guaranteed  reserve  of  propellant  component  (oxidizer  of  fuel) 
of  a  given  robket  stage  is  determined  by  the  formula 


i 


i- 


or 


o?’=i/2U^- 


(8.31) 


(8.32) 


where  J  -  the  subscript  of  the  p-nopellant  component  (ok  [ox]  or  r  [f]); 
Ojj,  -  the  standard  deviation  in  the  total  reserve  of  the  J-th  propel¬ 
lant  component. 

Let  us  note  that  formula  (8.31)  for  determining  the  total  guaran¬ 
teed  reserves  of  oxidizer  and  fuel  is  approximate,  since  it  is  based 
on  the  assumption,  that  all  the  components  AGr  obey  the  normal  dis¬ 
tribution  laws.  If  in  the  total  guaranteed  reserves  the  portion  of 
components,  obeying  the  law  of  uniform  density,  is  significant,  it  is 
more  correct  to  carry  out  the  composition  of  the  various  distribution 
laws  in  accordance  with  the  methods  of  the  probability  theory.  The 
reliability  of  the  series  of  premises,  on  which  the  calculations  of 
the  guaranteed  reserves  are  based,  cannot  be  reliably  checked  in  the 
design  stage.  In  particular,  it  can  turn  out,  that  the  assumption 
concerning  the  normal  distribution  laws  of  such  perturbing  factors, 
as  variance  in  parameter  K,  errors  in  propellant  loading  and  others, 
is  only  approximately  satisfied;  the  values  of  the  perturbing  factors 
accepted  in  the  calculations  are  Insufficiently  reliable;  the  principle 
of  summing  such  components  of  the  guaranteed  reserves,  as  the  deviation 
in  parameter  K,  with  the  remaining  components  will  be  subject  to  addi¬ 
tional  substantiation,  etc.  As  a  result  of  this  the  calculated  values 
of  the  guaranteed  reserves  and  the  calculated  maximum  range  corres¬ 
ponding  to  them  cannot  be  highly  reliable.  Thus  it  is  advisable  to 
somewhat  Increase  the  calculated  values  of  the  guaranteed  reserves. 
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The  Distribution  of  the  Guaranteed  Reserves 
Among  Rocket  Stages 


The  Shutting  Down  of  the  Engine  System 
of  a  Separating  Stage  Upon  Command  from 
the  Control  System 

On  multistage  rockets  the  shutting  down  of  the  ejigine  systems  of 
separating  stages  can  be  carried  out  upon  instruction  from  the  control 
system  upon  the  achievement  by  the  rocket  of  the  prescribed  value  of 
the  controlling  functional. 

The  shutting  down  of  an  engine  system  in  such  a  manner  assumes 
the  presence  in  the  separating  stages  of  guaranteed  reserves,  necessary 
for  compensating  for  the  effect  of  perturbing  factors  (deviations  in 
specific  thrust,  weight  and  aerodynamic  characteristics  and  others) 
and  ensuring  with  the  required  reliability  the  shutting  down  of  the 
engine  systems  of  the  separating  stages  with  assigned  values  of  the 
controlling  functional.  The  effect  of  the  perturbing  factors  acting 
on  the  rocket  after  stage  separation,  is  compensated  for  by  the  guaran¬ 
teed  propellant  reserves  which  are  located  on  the  subsequent  stage. 

For  a  multistage  rocket  the  degree  of  reliability  of  ensuring 
maximum  firing  range  is 

(8,33) 

whei-e  I  -  the  number  of  the  stage;  n  -  the  number  of  stages;  -  the 
reliability  of  ensuring  the  maximum  value  of  the  control  functional  of 
the  l-th  stage  on  condition  that  the  {I  -  l)-th  stage  has  attained  the 
maximum  value  of  the  functional. 

Let  us  examine  the  problem  of  determining  for  the  assigned  value 
B  of  such  values  of  which,  satisfying  condition  (8,33),  ensure  the 
greatest  maximum  range.  For  solving  this  problem  we  will  examine  the 
deviation  in  maximum  range  from  the  value  corresponding  to  that  case, 
when  the  guaranteed  propellant  reserves  at  each  stage  ensure  the 
achle/ing  of  a  control  functional  with  a  level  of  reliability  ♦(u*)  ■ 
b.  With  values  of  the  degrees  of  reliability  ^  B  the  guaranteed 
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propellant  reserves  of  the  Z-th  stage  vary  by  value 

Aa=!a(5|)— tt(5), 

where  u(Bj)  -  the  argument  of  the  Laplace  function  corresponding  to 
degree  of  reliability  a"**  **  '•'h®  standard  deviation  In  the  guaran¬ 
teed  reserve  of  the  Z-th  stage,  determined  In  accordance  with  formula 
(8.32). 

The  variation  in  maximum  range  due  to  the  variation  in  the  guaran¬ 
teed  reserves  of  each  stage  by  value  AOr  Is  determined  by  expression 

<8-35) 

1-1  '  • 

/dL\ 

where  -  the  derivative  of  maximum  range  with  respect  to  the 

final  weight  of  the  Z-th  stage. 

Relationship  (8,35)  expresses  the  dependence  of  the  Increase  In 
maximum  range  on  the  degrees  of  reliability  of  ensuring  the  control 
functionals  of  all  the  rocket  stages,  and  taking  Into  account  expres¬ 
sion  (8,33)  and  on  the  degree  of  reliability  of  ensuring  maximum  range. 

In  view  of  the  small  number  of  stages  (Z  »  2-3)  the  Investigation 
of  expression  (8,35)  for  the  extremum  can  be  readily  carried  out  by 
numerical  methods.  Figures  8,6  and  8,7  show  the  approximate  variation 
in  the  maximum  range  of  a  two-stage  missile  depending  on  the  degree 
of  reliability  of  ensuring  It, 

The  Shutting  Down  of  the  Engine  System  of  a 
Separating  Stage  upon  Propellant  Burnout 

For  reducing  the  guaranteed  propellant  reserves  on  multistage 
rockets  the  method  of  shutting  down  the  engine  systems  of  the  separ¬ 
ating  stages  (excluding  the  last  one)  upon  complete  propellant  burnout 
(or  of  one  of  the  propellant  components)  can  be  used.  The  shutting 


(8,34) 
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down  of  the  engine  systems  upon  burnout  makes  it  possible  to  use  the 
quantities  of  the  guaranteed  propellant  reserves  in  the  separating 
stages  (excluding  the  last  one)  as  working  reserves.  In  this  case  the 
compensating  for  the  effect  of  the  perturbing  factors  acting  on  the 
rocket  during  flight  in  the  powered- flight  phase  of  the  trajectory, 
is  carried  out  in  the  last  rocket  stage.  The  placing  of  guaranteed 
reserves  only  on  the  last  stage  makes  it  possible  to  more  rationally 
use  the  propellant  reserves  and  due  to  this  to  considerably  improve 
the  energy  possibilities  of  the  rocket  (to  Increase  maximum  firing 
range  or  the  payload  weight,  etc.). 


Pig,  8,6,  Variation  in  maximum  firing  range 
depending  on  the  reliability  of  ensuring  it. 


Fig,  8,7.  Variation  in  maximum  firing  range 
depending  on  the  reliability  of  ensuring  the 
controlling  functionals  with  the  reliability 
of  ensuring  the  controlling  functionals  with 
the  reliability  of  ensuring  maximum  range  B*. 


The  shutting  down  of  the  engine  systems  separating  stages  can 
be  carried  out  with  respect  to  the  first  burned  out  component  upon  a 


signal  from  the  fuel  residue  sensors  or  from  the  sensors  of  the  simul¬ 
taneous  tank  emptying  system. 

An  evaluation  of  the  advisability  of  shutting  down  the  engine 
systems  of  rocket  stages  upon  propellant  burnout  can  be  carried 
out  by  comparing  the  maximum  firing  ranges  ensured  by  various  means  of 
engine  system  shutdown. 

Reducing  the  Guaranteed  Reserves  by  Regulating 
the  Expenditures  of  the  Propellant  Components 

An  increase  in  maximum  firing  range  can  be  attained  by  installing 
a  special  propellant  component  metering  system  on  the  rocket. 

If  special  measures  are  not  taken,  then  during  the  operation  of 
the  rocket  engines  deviation  from  the  optimum  value  of  parameter  K 
always  appears  (i.e.,  the  ratio  of  oxidizer  and  fuel  expenditures),  as 
a  result  of  which  the  situation  can  arise,  when  one  of  the  propellant 
components  will  be  completely  consumed  before  the  moment  of  the  intro¬ 
duction  of  the  command  for  shutting  down  the  engines  during  firing  for 
maximum  range.  To  eliminate  this  situation  it  is  necessary  to  have 
onboard  the  rocket  an  additional  amount  of  the  first  and  second  com¬ 
ponents.  This  additional  amount  of  propellant  constitutes  a  great 
part  of  the  guaranteed  reserve  and,  in  order  to  decrease  it,  it  is 
expedient  to  use  some’ system  for  regulating  the  propellant  component 
expenditures  ensuring  the  required  ratio  of  propellant  components. 

For  the  purpose  of  more  rational  use  in  flight  of  the  propellant 
reserve  available  onboard  the  rooket,  simultaneous  tank  emptying  systems 
are  finding  broad  application. 

This  system  is  intended  for  regulating  the  relative  volumetric 
propellant  component  expenditure.  It  includes  propellant  component 
level  sensors.  Installed  in  each  of  the  tanks,  a  computer  which  works 
out  the  instructions,  and  actuating  elements. 

The  installation  onboard  a  rooket  of  a  simultaneous  tank  emptying 
system  makes  it  possible  tos 


-  substantially  decrease  the  guaranteed  propellant  reserves  and 
thus,  to  increase  the  maximum  firing  range; 

-  reduce  the  requirements  imposed  for  the  accuracy  of  adjustment 
of  the  engine  system  with  respect  to  parameter  K  and  for  the  accuracy 
of  filling  the  rocket  with  propellant  components; 

-  simplify  the  preparation  of  the  initial  data  for  filling  the 
rocket  with  the  propellant  components. 

As  a  result  of  Installatlng  onboard  the  rocket  of  a  propellant 
component  flow  regulating  system  the  maximum  firing  range  is  changed, 
which  is  due  to: 

-  the  reduction  in  the  guaranteed  propellant  reserves; 

-  the  increase  in  the  ''dry"  weight  of  the  rocket  due  to  the 
Installation  of  the  control  system; 

•  the  reduction  in  the  specific  thrust  of  the  engine  system. 

A  reduction  in  the  guaranteed  propellant  reserves  occurs  due  to 
the  component  of  guaranteed  reserves  Intended  for  compensating  for 
the  variance  in  parameter  K.  With  the  installing  of  a  simultaneoua 
tank  emptying  system  this  component  is  eliminated,  and  the  incomplete 
expenditure  of  one  of  the  components  is  due  only  to  an  error  in  the 
control  system. 

For  evaluating  the  advisability  of  installing  one  or  another  pro¬ 
pellant  proponent  flow  regulation  system  the  total  gain  in  firing 
range  caxi  be  determined  by  the  formula 

(8.3e, 

Where  -  the  weight  of  the  control  system;  the  weight 
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of  the  guaranteed  propellant  reserves  with  the  presence  onboard  the 
rocket  of  a  control  system  and  with  its  absence;  Pftn  -Pn.rx  -  the 
difference  between  specific  thrust  of  the  engine  with  a  control  system 
exists,  and  without  it;  ■  -  the  partial  range  derivatives 

OOcy*  oOtonji 

with  respect  to  "dry”  weight  and  propellant  weight  respectively. 

Despite  the  fact  that  the  weight  of  the  rocket  la  increased  due 
to  the  weight  of  the  control  system,  the  total  passive  weight  of  the 
rocket  is  decreased  due  to  the  significant  reduction  in  the  guaranteed 
propellant  reserves,  as  a  result  of  which  the  maximum  firing  range  is 
substantially  increased. 

8.3.  DETERNINING  TANKAGE  68EAK00UN 

By  filling  method  we  will  understand  the  principle  of  determining 
the  breakdown  of  the  propellant  components  loaded  onboard  the  rocket, 
and  not  the  method  of  the  technical  realization  of  this  principle. 

The  filling  method  Influences  not  only  the  energy  characteristlos  of 
the  rocket  and  Its  operational  convenience,  but  also  the  design  of  the 
control  system  and  the  rocket  as  a  whole,  for  example  for  a  number  of 
control  programs  due  to  the  permlssllbe  limits  of  boosting  and  throt> 
tling  of  the  engine  and  by  varying  the  launch  weight  of  the  rocket 
with  the  presence  of  the  apparent  velocity  control  system. 

In  connection  with  this  an  Important  problem  arises  with  respect 
to  selecting  the  method  of  determining  tankage  breakdown,  In  the  very 
best  manner  satisfying  the  requirements  of  reliable  ensuring  maximum 
firing  range  and  operational  convenience  of  the  rocket. 

Methods  of  Determining  Tenkeoe  Breakdown 
end  the  Requirements,  Imposed  on  It 

It  Is  possible  to  formulate  the  following  basic  requirements, 
taking  into  account  which  should  be  selected  for  the  method  of  deter» 
mining  tankage  breakdown: 

the  most  complete  utilization  of  the  energy  capabilities  of 
the  rocket; 


I 


I 


-  convenience  and  operational  simplicity  or  the  rocket  unde;r  field 
conditions,  reducing  to  a  minimum  the  time,  necessary  for  determining 

.  t 

tankage  breakdown  in  the  prelaunch  period; 

I  > 

-  maximum  simplification  of  the  deslgh  of  the  rocket,  control 
system  and  engine  system. 

Besides  these  requirements,  when  selecting  the  method  of  calcu¬ 
lating  tankage  breakdown  another  series  of  Initial  conditions  is 
assumed  which  Is  due  to  the  deslcpi  characteristics  of  the  rocket  and 
Its  subassemblies,  and  also  to  the  specifics  of  field  operation,  ^us, 
for  Instance,  for  all  filling  methods  the  following  -  conditions  are 
usually  taken  as  Initial: 

i 

-  the  launch  weight  of  the  rocket  should  not  go  beyond  the  per^ 
mlsslble  limits  which  are  determined,  for  exas^le,  with  the  presence 
of  a  RKS  system,  by  the  maximum  permissible  filling  of  this  system  or 
In  the  absence  of  such  a  system,  with  the  maximum  permlMlblSi  value 
of  flight  range  reduction; 

-  the  guaranteed  and  non-working  propellant  component  reserves 
are  determined  for  their  optimum  temperature  and  are  assumed  constant 
In  weight  (or  in  volume)  in  the  operating  range  of  the  pjrapellant 
component  temperature  variation; 

-  the  maximum  propellant  component  filling  doses  should  not  exceed 

the  available  volumes  of  the  propellant  systems  (tanks  and  conduits) 
under  all  operating  conditions;  ^ 

-  the  wt'rkins  reserves  of  oxldleer  and  fuel  should  be  in  a  ratio 
which  makes  It  possible  to  completely  use  them  up: 

-  the  propellant  component  filling  doses  are  selected  for  max¬ 
imum  firing  range  and  remain  constant  in  the  taken  firing  range  spread* 

Besides  the  indicated  conditions,  it  is  possible  to  name  addi-  ' 
tlonal  requlretaents,  only  characteristic  of  an  actual  given  method  or 
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filling  and  of  a  typa  of  jacket.  These  additional  conditions  will  be 
examined  below  with  the  oharaoteristlcs  of  the  basic  methods  of  filling. 

i  ■  .  : 

Among  the  number  of  possible  methods  of  filling  it  is  possible  to 
distinguish  the  following  bas^c  ones: 

1)  ••in^vldual"  filling;'  ' 

»  »  * 

I 

t 

2}  filling  with  weight  doses;  t 

3^  filling  with  volume  doses* 

1  '  ■  _ 

Let  us,  briefly  examine  the  oharaoteristlcs  of  these  methods. 

I 

With  the  individual  method  the  filling  doses  are  determined  by 
taking  into  account  certain  actual  characteristics  of  individual 
rockets,  the  propellai:t  components  and  the  firing  conditions  so  that 
it  is  possible  to  more  completely  use  the  volumes  of  the  fuel  systems 
and  to  obtain  a  gain  in  flight  range.  It  is  evident  that  it  is  also 
possible  to  propose  a  large  number  of  possible  Individual  filling 
methods  differing  from  eachother  In  the  number  and  the  makeup  of  the 
perturbing  factors  being  considered.  In  principle  It  Is  possible  to 
uo9k  out  such  an  Individual  filling  method  which  will  make  It  posalble 
to  take  Into  account  everything  knewn  at  the  moment  of  the  onset  of 
the  deviation  In  the  parameters  affecting  the  energetic  characteristics 
of  the  rocket,  (the  temperature  of  the  oxldiaer  and  fuel,  value  of 
II parameter  K  of  the  engine,  the  volumes  of  the  fuel  systems,  the  dry 

IT  X 

weli^t  of  the  rocket,  etc.)*  However  the  considering  of  a  large  num> 
ber  of  perturbing  factors  with  an  individual  filling  method  requires 
the  execution  of  a  cMSlderable  volume  of  ecmputational  operaticms  in 
the  preiaunch  period  and  increases  the  time  for  preparing  the  missile 
for  launch.  Moreover,,  the  individual  filling  method  also  has  the 
following  deficiency  connected  with  the  operation  of  the  rocket. 

Since  with  a  given  method  maximum  utilization  of  the  available  tank 
volumes  Is  assumed';  the  tilae  for  positioning  the  filled  missile  on 
the  launch  pad  is  limited  because  the  variation  In  aa^Jent  temperature 
can  lead  to  an  Increase  or  a  decrease  in  the  temperatut'e  of  the  pro- 

'I 

pellant  components  and  to  a  variation  in  their  volumes  and,  as 

:i  ■  *  n 
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consequence,  to  the  overfilling  of  the  fuel  systems  or  to  an  uncal** 
culated  operating  regime  of  the  engine  system  in  flight.  For  the 
indicated  reasons  the  use  of  the  individual  filling  method  is  advan* 
tageous  only  for  carrier  rockets, 

Fi'om  the  point  of  view  of  operation  and  the  readiness  of  a  rocket 
for  launch  most  expedient  are  the  methods  of  servicing  a  rocket  with 
working  propellant  reserves,  not  dependent  with  respect  to  weight  or 
volume  on  certain  perturbing  factors. 

With  the  weight  method  of  servicing  the  woi^t  of  the  propellant 
components  loaded  into  the  rocket  Is  constant  in  the  given  temperature 
ranges  the  distribution  of  the  fueling  doses  between  oxlditer  and  fuel 
is  carried  out  in  such  a  manner,  so  as  to  ensure  equivalent  losses  in 
range  with  possible  variations  in  ten^erature  up  to  the  boundaries  of 
a  given  range,  (Variation  in  temperature  affects  the  wei^t  ratio  of 
the  per-second  propellant  component  expenditures  K  and  thereby  value 
of  the  unused  remainders  of  oxidiser  and  fuel). 

However  the  application  of  such  a  servicing  method  gives  rise  to 
the  necessity  during  the  deslipiing  of  a  rocket  of  specifying  for  addi<> 
tiixaal  tank  volumes  providing  for  the  possibility  of  the  expansion  of 
the  volutses  of  the  loaded  propellant  coii^onents  in  a  given  temperature 
range,  Such  a  method  of  servicing  is  especially  undesirable  for 
ground-based  launches,  when  the  range  of  possible  temperature  varia¬ 
tions  of  the  propellant  components  is  rather  broad  (about  100*0,  and 
a  system  of  thermostatic  control  is  not  specified. 

For  rockets,  equipped  with  RKS  systems,  the  advantage  of  the 
weight  fueling  method  is  the  fact  that  the  necessary  limits  of  engine 
boosting  and  throttling  in  view  of  the  absence  of  perturbations  In 
launch  weight  are  narrower  than  In  the  case,  when  the  wei^ts  of  the 
fueling  doses  depend  on  the  temperature  of  the  propellant  components. 

With  the  volume  method  rocket  fueling  with  propellant  components 
is  carried  out  with  constant  volume  doses  of  oxlditer  and  fuel  under 
all  rocket  operating  conditions;  the  ratio  of  the  volumes  of  oxlditer 
and  fuel  is  selected  from  the  condition  of  complete  expenditure  of  the 


working  propellant  reserves  un<i?r  optimum  conditions. 


The  fueling  method  affects  the  necessary  volumes  of  the  propellant 
systems  and  through  them  the  rocket  design..  The  interconnection  be¬ 
tween  rocket  characteristics  and  the  engine  system,  the  system  of  per¬ 
turbing  factors  and  the  fueling  method  can  be  traced  using  as  an 
example  the  determination  of  the  necessary  volumes  of  the  propellant 
systems. 

Determining  the  Necessary  Volumes  of 
Propellant  Systems 


Let  us  carry  out  a  determination  of  the  necessary  volumes  of  pro¬ 
pellant  systems  proceeding  from  a  given  value  of  the  optimum  launch 
weight  of  a  rocket  (or  stage)  Using  formula  (8,1),  let  us  find 

the  weight  of  the  optimum  working  propellant  reserve  Gimi,  after  all 
the  other  components  of  launch  weight  Qq  have  been  determined. 


The  weight  fueling  doses  of  oxldlser  and  fuel  are  determined  by 


formulas : 

4* 

0,-5^  ou+or* +<w*. 


(8.37) 


where  N  -  the  ratio  of  the  wei^t  per^second  propellant  oomponent  expen- 
dltut'os  under  optlmia^  conditions* 


the  maxinue  possible  volume  fueling  doses  Vm*  and  are  cal¬ 
culated  taking  the  fueling  method  into  account.  Since  the  weight 
method  provides  the  loading  of  weight  doses  of  oxidixer  and  fuel  in^e-^ 
pendent  of  their  temperature,  the  maximum  possible  fueling  volumes  are 
determined  for  the  maximum  temperature  of  a  given  range: 


(8.38) 


where  3  -  the  propellant  cotaponent  subscript  (on  [ox]  or  *'  [f]). 
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With  the  volume  fueling  method  the  maximum  volume  fueling  doses 
are  equal  to  the  optimum: 


0/ 

yT*  * 


- (8.39) 


To  the  maximum  possible  volume  fueling  doses  it  is  necessary  to 
add  the  minimally  permissible  .free  volumes  in  the  tanks,  necessary  for 
normal  operation  of  the  pressurization  system  V^Sin/,  and  also  the  vol¬ 
umes  ,  necessary  for  variations  in  the  fueling  doses  due  to  random 
factors  -  errors- in  fueling  (metering)  the  propellant  components  and 
errors  in  manufacturing  the  propellant  tanks. 


Finally  the  necessary ’volumes  of  propellant  systems  are  determined 
by  the  formula 

(8.40) 


Determining  Fueling  Doses  with  Assigned  • 

Propellant  System  Volumes 

To  increase  maximum  firing  range  it  .is  necessary  to  as  completely 
as  possible  use  the  volumes  of  the  propellant  tanks.  Let  us  examine 
how  it  is  possible  to  solve  this  problem  with  weight  and  volume  methods 
of  fueling  a  rocket  with  propellant  components. 

For  the  woi'klng  range  of  temperature  variation  in  the  propellant 
components  let  us  determine  the  rated  volumes  of  pro¬ 

pellant  systems  (let  us  disregard  the  effect  of  temperature  on  the 
volumes  of  the  main  propellant  lines 

l'r'(rJ=V,;(rj+V./-KS5-AK*  (8.41) 

wh-ere  V(!,(r„)  -  the  volume  of  the  propellant  tanks  depending  on  tem¬ 
perature: 

v./Cr vir  Ii  +3<ii(7-„  -  7-K*)]: 

Uj  -  the  coefficient  of  linear  expansion  of  the  tank  material. 

Let  us  find  the  ratio  of  the  working  reserves  of  the  propellant 
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components  Ks=GUGl  which  is  mainly  determined  by  the  rated  volumes 
of  the  propellant  systems: 

nr'(r„) 

^ (8.42) 

tr  Tr  • 

Parameter  K6{Tok)  is  necessary  in  order  to  determine,  which  of 
the  propellant  component  tanks  is  limiting  depending  on  propellant 
temperature.  The  temperature  range  of  the  propellant  components,  in 
which  the  rated  volume  of. the  oxidizer  system  is  limiting,  is  deter¬ 
mined  from  condition  KiToti)>Kis{ToK)‘  If  K{Tm)<Ks{Tttit)i  then  the 
volume  of  the  fuel  system  is  limiting. 

Let  us  determine  the  loading  of  propellant  component  doses  with 
the  weight  method  in  the  following  manner. 

Using  the  formula  (8.4l)  we  find  the  rated  volumes  of  propellant 
systems  at  maximum  possible  temperature  The  ratio  of 

'  luclX 

working  propellant  component  reserves  determined  by  these  rated  volumes, 
is  equal  to 

/yp  \ _ 

It  is  natural  to  assume  the  non-working  and  the  guaranteed  pro¬ 
pellant  reserves  with  the  weight  fueling  method  in  the  working  temper¬ 
ature  range  is  constant  in  weight. 

Let  us  compare  value  with  the  optimum  value  of  parameter 

K.  For  the  case,  when  7C“®“^/Co(^max^ >  compute  the  weight  fueling 
doses  of  propellant  components  in  the  following  manner; 

the  weight  fueling  dose  of  oxidizer 

(T) = V'oH*"  (r VoK  (T 

the  weight  of  the  working  oxidizer  reserve 

aUTi) =o;,{T)-a"^-\o^i 


(8.44) 

(8.45) 
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(8.i|6) 


the  weight  of  the  working  fuel  reserve 


the  weight  fueling  dose  of  fuel 


o,(n=of(r)  +o;''+o;*' 


(8.47) 


For  the  case,  when  IC  ”*^/C6(T  y),  we  calculate  the  weight  fueling 

uicLX 

doses  in  a  similar  manner,  first  determining  the  fueling  dose,  then 
the  working  fuel  reserve  and  finally  the  working  oxidizer  reserve  and 
the  oxidizer  fueling  dose. 

With  the  volume  method  the  determination  of  the  fueling  doses  is, 
carried  out  in  the  following  manner.  The  rated  volumes  of  the  propel¬ 
lant  systems  and  the  ratio  of  the  rated  working  component  reserves  are 
calculated  by  formulas  (8.^1)  and  (8,42). 

When  the  weight  fueling  doses  of  oxidizer  and  fuel 

are  determined  by  formulas: 

<7,  (n=I/e'"(T)v„(rV  (8.48) 


0»(n=VS'"(7-)v..(n: 
o,(r) + 0”'+ of*'. 


(8.49) 


When  7c«(r“'  ")  the  determination  of  the  weight  fueling  doses 

is  carried  out  in  a  similar  manner,  with  the  exception  of  the  order 
of  calculating  the  doses:  first  the  fuel  dose  is  calculated  proceeding 
from  the  rated  volume  of  the  fuel  system,  and  after  that  the  oxidizer 
dose. 

With  the  volume  method  of  calculating  the  fueling  doses  with  a 
temperature  Increase  the  weight  of  the  propellant  being  loaded 
decreases,  which  gives  rise  to  a  certain  reduction  in  maximum  range. 
However  the  volume  method  of  fueling  makes  it  possible  to  use  a  tank 
simultaneous  emptying  system,  which  increases  the  maximum  firing  range. 


8.4.  THE  EFFECT  OF  FIRING  CONDITIONS  ON 
MAXIMUM  RANGE 

As  was  noted  above,  certain  perturbing  factors  are  not  considered 
in  calculating  the  fueling  doses  and  the  guai’anteed  propellant 
reserves.  The  effect  on  maximum  range  of  such  factors,  as  geodetic 
and  meteorological  conditions  can  be  considered  by  introducing  appro¬ 
priate  corrections  into  the  value  of  maximum  range.  For  this  reason 
maximum  range  is  a  function  of  certain  firing  conditions. 

Most  frequently  the  arguments  of  maximum  range  are  the  tempera¬ 
tures  of  the  propellant  components  of  the  time  of  rocket  launch  and 
the  geodetic  launch  conditions. 

The  effect  of  propellant  temperature  on  maximum  range  (or  on  the 
maximum  control  functional)  is  manifested  in  two  ways;  through  the 
variation  in  the  engine  parameters  as  well  as  through  the  variation 
in  the  engine  parameters  as  well  as  through  the  variation  in  the  com-  , 
ponents  of  the  fueling' doses,  and  it  can  be  approximately  evaluated 
with  the  aid  of  the  expressions  given  below. 

A ^ (  dS  dG  I  d.S  dGo  i  dS  BOk  \  ij*  •  »  (8.50) 
UpyA.n  ’^dOdT’^dGo  ar 

With  the  presence  of  an  apparent  velocity  control  system 

AS'ss  ^  f^L  ^0  I  I  I 

~ao/\a(7o  ar‘’''dr  •  dp,,,„  ar 

.  •  (8.51) 

I  /'n  T*  “  \ 

where  S  -  the  firing  distance  L  or  the  value  of  the  control  functional 
J;  ^  -  the  derivatives  of  specific  thrust  and  of  the 

*  ar  ’  ar  ’  ^ 

per-second  expenditures  of  the  engine  system  and  the  controlling 
engines  with  respect  to  propellant  temperature}  derivatives 

of  the  launch  and  final  weights  of  the  rocket  (stage)  with  respect  to 
propellant  temperature. 

With  large  deviations  in  the  launch  and  final  weights  more 
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accurate  results,  than  with  the  use  of  formulas  (8.50)  and  (8.51),  can 
be  obtained  by  mathematical  modeling  of  rocket  motion  on  a  digital 
computer. 

A  substantial  effect  on  maximum  range  is  rendered  by  the  geodetic 
launch  conditions  which  are  characterized  by  the  values  of  the  geodetic 
latitude  of  the  launch  point  (|ipQ  and  the  azimuth  of  the  aiming  direc¬ 
tion  Aq.  The  dependence  of  maximum  range  on  the  geodetic  launch  con¬ 
ditions  Z.iip(<|>n)i  Ao)  is  used  for  determining  rocket  operational  zone, 
within  the  limits  of  which  the  reaching  of  targets  is  possible.  This 
zone  can  be  found  as  a  result  of  calculating  the  trajectories  of  the 
powered-  and  unpowered-f light  phases  with  various  values  ^pQ  and  Ag, 
and  also  using  the  final  formulas  of  elliptical  theory.  In  the  latter 
case  it  is  necessary  to  disregard  the  variation  in  the  parameters  of 
the  trajectory  in  the  powered- flight  phase  because  of  the  rotation  of 
the  earth. 

The  characteristic  dependence  of  the  variations  in  maximum  range 
on  the  geodetic  firing  conditions  for  rocket  conditions  is  represented 
in- Pig.  8.8> 


Pig.  8.8.  Variation  in 
maximum  firing  range 
under  various  geodetic 
conditions. 

Key;  (1)  grid. 


(1) 


In  the  case  of  rocket  launches  under  various  geodetic  conditions 
variation  in  the  values  of  the  guaranteed  propellant  component  reserves 
is  also  possible,  in  order  not  to  permit  substantial  variations  in 
the  maximum  firing  range  and  in  the  reliability  of  ensuring  it.  Thus, 
for  instance,  for  rockets,  not  having  RKS  systems,  during  launches  in 
a  westward  direction  the  value  of  guaranteed  reserves  should  be  in¬ 
creased,  and  during  launches  eastwards  -  decreased  with  respect  to  the 
value  of  the  guaranteed  reserves  calculated  for  launches  in  a  northerly 
direction.  Another  approach  is  also  possible,  when  for  constant  max¬ 
imum  range  the  value  of  the  guaranteed  propellant  reserves  is  main¬ 
tained  constant  under  all  geodetic  firing  conditions  and  the  variation 
in  the  reliability  of  ensuring  maximum  range  is  considered. 
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